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Abstract
We study “large” nonnegative solutions for a class of quasilinear equations model of

which is

𝑢𝑡 −
𝑛∑

𝑖=1

(
𝑢𝑚𝑖−1𝑢𝑥𝑖

)
𝑥𝑖

+
𝑛∑

𝑖=1

|||𝑢𝑥𝑖

|||𝑞𝑖 = 0.

We give a sufficient condition on the exponents 𝑚𝑖 and 𝑞𝑖 for the removability of

isolated singularities.

K E Y W O R D S
anisotropic porous medium equation, Keller–Osserman a priori estimates, removability of isolated singu-

larity

M S C ( 2 0 1 0 )
35B40, 35B45

1 INTRODUCTION AND MAIN RESULTS

In this paper we study nonnegative solutions to the quasilinear parabolic equation in the divergent form. This class of equations

has numerous applications and has been attracting attention for several decades (see, e.g. the monographs [4,17,38,40] and

references therein)

𝑢𝑡 − 𝑑𝑖𝑣𝐴(𝑥, 𝑡, 𝑢,∇𝑢) + 𝑔(𝑥, 𝑡,∇𝑢) = 𝑏(𝑥, 𝑡, 𝑢,∇𝑢), (𝑥, 𝑡) ∈ Ω𝑇 = Ω × (0, 𝑇 ), (1.1)

where Ω is a bounded domain in 𝑅𝑛, 𝑛 ≥ 2, 0 < 𝑇 < +∞, 0 ∈ Ω, satisfying the initial condition

𝑢(𝑥, 0) = 0, 𝑥 ∈ Ω ⧵ {0}. (1.2)

Throughout the paper we suppose that the functions 𝐴 ∶ Ω ×𝑅1
+ ×𝑅1

+ × 𝑅𝑛 → 𝑅𝑛, 𝑔, 𝑏 ∶ Ω ×𝑅1
+ × 𝑅1

+ ×𝑅𝑛 → 𝑅1 and such

that 𝐴(., ., 𝑢, 𝜉), 𝑔(., ., 𝜉), 𝑏(., ., 𝑢, 𝜉) are Lebesque measurable for all 𝑢 ∈ 𝑅1
+, 𝜉 ∈ 𝑅𝑛, and 𝐴(𝑥, 𝑡, ., .), 𝑔(𝑥, 𝑡, .), 𝑏(𝑥, 𝑡, ., .) are con-

tinuous for almost all (𝑥, 𝑡) ∈ Ω𝑇 , 𝐴 = (𝑎1, 𝑎2,… , 𝑎𝑛). We also assume that the following structure conditions are satisfied

𝐴(𝑥, 𝑡, 𝑢, 𝜉)𝜉 ≥ 𝜈1

𝑛∑
𝑖=1

𝑢𝑚𝑖−1|𝜉𝑖|2,
|𝑎𝑖(𝑥, 𝑡, 𝑢, 𝜉)| ≤ 𝜈2𝑢

𝑚𝑖−1|𝜉𝑖|, 𝑖 = 1, 𝑛,
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𝜈1

𝑛∑
𝑖=1

|𝜉𝑖|𝑞𝑖 ≤ 𝑔(𝑥, 𝑡, 𝜉) ≤ 𝜈2

𝑛∑
𝑖=1

|𝜉𝑖|𝑞𝑖 ,
|𝑏(𝑥, 𝑡, 𝑢, 𝜉)| ≤ 𝜈2𝑢

𝑚−1
2

(
𝑛∑

𝑖=1
𝑢𝑚𝑖−1|𝜉𝑖|2)

1
2

, (1.3)

where 𝜈1, 𝜈2 are positive constants and

1 − 2
𝑛

< 𝑚1 ≤ 𝑚2 ≤ ⋯ ≤ 𝑚𝑛 < 𝑚 + 2
𝑛
, 𝑚 = 1

𝑛

𝑛∑
𝑖=1

𝑚𝑖, (1.4)

2 + 𝑛𝑚

1 + 𝑛
≤ 𝑞 < 2, max

0≤𝑖≤𝑛
𝑞𝑖 < 𝑞

(
1 + 1

𝑛

)
,

1
𝑞
= 1

𝑛

𝑛∑
𝑖=1

1
𝑞𝑖

. (1.5)

The qualitative behavior of solutions to quasilinear elliptic and parabolic equations near the point singularity was investigated

by many authors stating from the seminal papers of Serrin [30,31] and Aronson, Serrin [3]. The question of the removability

of isolated singularity for the Laplace equation with absorption was studied by Brezis and Veron [14]. Subsequently various

extension of these results have been obtained by many authors. We refer to the monograph by Veron [39] for an account of these

results.

A model example of an equation (1.1) in the nonanisotropic case (𝑚 = 𝑚1 = ⋯ = 𝑚𝑛, 𝑞 = 𝑞1 = ⋯ = 𝑞𝑛) is

𝑢𝑡 −△
(|𝑢|𝑚−1𝑢) + |∇𝑢|𝑞 = 0,

existence and nonexistence of singular solutions of such type equations were considered in [1,2,5–8,10–12,16,19,20,24,28,29,32,

37]. Particularly, the removability of isolated singularity for solutions of these equations has been proved under the assumption

𝑞 ≥ 2+𝑛𝑚

1+𝑛
.

During the last decade has been growing interest and substantial development in the qualitative theory of second order quasi-

linear elliptic and parabolic equations with nonstandart growth conditions. Some results of [15,18,21,23,25–27,33–36] we men-

tion here. The basic prototypes of such equations are

𝑛∑
𝑖=1

(|||𝑢𝑥𝑖

|||𝑝𝑖−2𝑢𝑥𝑖

)
𝑥𝑖

= 0, (1.6)

𝑢𝑡 −
𝑛∑

𝑖=1

(|||𝑢𝑥𝑖

|||𝑝𝑖−2𝑢𝑥𝑖

)
𝑥𝑖

= 0, (1.7)

𝑢𝑡 −
𝑛∑

𝑖=1

(|𝑢|𝑚𝑖−1𝑢𝑥𝑖

)
𝑥𝑖

= 0. (1.8)

The question of the removability of isolated singularity for anisotropic elliptic equations (1.6) with gradient absorption term was

studied in [35].

The main goal of our paper is to establish the pointwise estimates of solutions to the problem (1.1), (1.2), depending on the

relations between the exponents 𝑚𝑖 and 𝑞𝑖 which guarantee that point singularity is removable. The main difficulty lies in the

fact that part of 𝑚𝑖 < 1 (singular case), and another part of 𝑚𝑖 > 1 (degenerate case). Particularly, we cover the case 𝑚 = 1.

Before formulation the main results, let us remind the reader the definition of a weak solution to the problem (1.1), (1.2). We

say that 𝑢 ∈ 𝐿𝑞
(
0, 𝑇 ;𝑊 1,𝑞(Ω)

)
if ∬

Ω𝑇

|𝑢|𝑞𝑑𝑥 𝑑𝑡 +
𝑛∑

𝑖=1
∬
Ω𝑇

|||𝑢𝑥𝑖

|||𝑞𝑖𝑑𝑥 𝑑𝑡 < ∞. Let 𝑚− = min(1, 𝑚1), we also say that 𝑢 ∈ 𝑉𝑚(Ω𝑇 )

if 𝑢 ∈ 𝐶
(
0, 𝑇 ;𝐿1+𝑚−(Ω)

)
and

𝑛∑
𝑖=1

∬
Ω𝑇

|𝑢|𝑚𝑖+𝑚−−2|||𝑢𝑥𝑖

|||2𝑑𝑥 𝑑𝑡 < ∞. By a weak solution of the problem (1.1), (1.2) we mean the

function 𝑢(𝑥, 𝑡) ≥ 0 satisfying the inclusion 𝑢𝜓 ∈ 𝑉𝑚(Ω𝑇 ) ∩ 𝐿𝑞
(
0, 𝑇 ;𝑊 1,𝑞(Ω)

)
∩ 𝐿∞(Ω𝑇 ) and the integral identity

∫
Ω

𝑢(𝑥, 𝜏)𝜓𝑝𝜑𝑑𝑥 +
𝜏

∫
0

∫
Ω

(
−𝑢(𝜓𝑝𝜙)𝑡 + 𝐴(𝑥, 𝑡, 𝑢,∇𝑢)∇(𝜓𝑝𝜑) + 𝑔(𝑥, 𝑡,∇𝑢)𝜓𝑝𝜑 − 𝑏(𝑥, 𝑡, 𝑢,∇𝑢)𝜓𝑝𝜑

)
𝑑𝑥 𝑑𝑡 = 0 (1.9)
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holds true for 𝑝 = max
(
2 + 𝑚𝑛, max

1≤𝑖≤𝑛
𝑞𝑖
)
, for any 0 < 𝜏 < 𝑇 , any testing function 𝜑 ∈ 𝑊 1,2(0, 𝑇 ;𝐿2(Ω)

)
∩ 𝐿2(0, 𝑇 ; 𝑜

𝑊

1,2
(Ω)

)
and any 𝜓 ∈ 𝐶1(Ω𝑇

)
vanishing in a neighborhood of {(0, 0)}.

This guarantees that lim
𝜏→0

∫
Ω

𝑢(𝑥, 𝜏)𝜓𝑝𝜑𝑑𝑥 = 0 and all the integrals in (1.9) are convergent.

Our main result reads as follows.

Theorem 1.1. Let 𝑢 be a weak nonnegative solution to the problem (1.1), (1.2). Let the conditions (1.3)–(1.5) be fulfilled, and
assume also that if 𝑞 = 2+𝑛𝑚

1+𝑛
then 𝑞𝑖 =

2+𝑛𝑚

1+𝑛+ 𝑛

2 (𝑚−𝑚𝑖)
, 𝑖 = 1, 𝑛. Then the singularity at the point 𝑥 = 0, 𝑡 = 0 is removable, that is,

the integral identity (1.9) holds for 𝜓 ≡ 1.

The proof of Theorem 1.1 is based on the new a priori estimates of “large” type solutions. In particular, we prove the following

theorem, which is the Keller–Osserman type estimate of the solution to the problem (1.1), (1.2).

Theorem 1.2. Let the conditions (1.3)–(1.5) be fulfilled. Then there exists a positive constant 𝑐 depending only on
𝜈1, 𝜈2, 𝑛, 𝑚1,… , 𝑚𝑛, 𝑞1,… , 𝑞𝑛 such that the following inequality

𝑢(𝑥, 𝑡) ≤ 𝑐

(
𝑛∑

𝑖=1
|𝑥𝑖| 2

(2−𝑚)𝑞+(𝑞−2)𝑚𝑖 + 𝑡
1

𝑞(1−𝑚)+2(𝑞−1)

)𝑞−2

(1.10)

holds for (𝑥, 𝑡) ∈ Ω𝑇 ⧵ {(0, 0)}.

The rest of the paper contains the proof of the above theorems.

2 KELLER–OSSERMAN A PRIORI ESTIMATES, PROOF OF THEOREM 1.2

2.1 Auxiliary propositions
The following lemmas will be used in the sequel. The first one is the well known embedding lemma (see [9]).

Lemma 2.1. Let Ω ⊂ 𝑅𝑛, 𝑛 ≥ 2, be a bounded domain, let 𝑣 ∈
𝑜

𝑊 1,1(Ω) and let

𝑛∑
𝑖=1

∫
Ω

|𝑣|𝛼𝑖 |||𝑣𝑥𝑖

|||𝑝𝑖𝑑𝑥 < ∞, 𝛼𝑖 ≥ 0, 𝑝𝑖 > 1.

If 1 < 𝑝 < 𝑛, then 𝑣 ∈ 𝐿𝑞(Ω), 𝑞 = 𝑛𝑝

𝑛−𝑝

(
1 + 1

𝑛

𝑛∑
𝑖=1

𝛼𝑖

𝑝𝑖

)
, 1
𝑝
= 1

𝑛

𝑛∑
𝑖=1

1
𝑝𝑖

and the following inequality

‖𝑣‖𝐿𝑞(Ω) ≤ 𝛾

𝑛∏
𝑖=1

⎛⎜⎜⎝∫Ω |𝑣|𝛼𝑖 |||𝑣𝑥𝑖

|||𝑝𝑖𝑑𝑥⎞⎟⎟⎠
1

𝑛𝑝𝑖

(
1+ 1

𝑛

𝑛∑
𝑖=1

𝛼𝑖
𝑝𝑖

)

holds, where the positive constant 𝛾 depends only on 𝑛, 𝑝𝑖, 𝛼𝑖, 𝑖 = 1, 𝑛.

In what follows we will use the following lemma [17].

Lemma 2.2. Let {𝑦𝑗}𝑗∈𝑁 be a sequence of nonnegative numbers such that for any 𝑗 = 0, 1, 2,… the inequality

𝑦𝑗+1 ≤ 𝐶𝑏𝑗𝑦1+𝜀
𝑗

holds with positive 𝜀, 𝐶 > 0, 𝑏 > 1. Then the following estimate

𝑦𝑗 ≤ 𝐶
(1+𝜀)𝑗−1

𝜀 𝑏
(1+𝜀)𝑗−1

𝜀2
− 𝑗

𝜀 𝑦
(1+𝜀)𝑗
0

is true. Particulary, if 𝑦0 ≤ 𝐶
−1

𝜀 𝑏
− 1

𝜀2 , then lim
𝑗→∞

𝑦𝑗 = 0.
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2.2 Integral estimates of solutions
For 𝑟 > 0 set

𝐷(𝑟) =

{
(𝑥, 𝑡) ∈ 𝑅𝑛 ×𝑅1

+ ∶
𝑛∑

𝑖=1
|𝑥𝑖| 2(𝑞−𝑚)

(2−𝑚)𝑞+(𝑞−2)𝑚𝑖 + 𝑡
𝑞−𝑚

𝑞(1−𝑚)+2(𝑞−1) < 𝑟

}
.

Let 𝑅0 be a sufficiently small fixed number such that 𝐷(𝑅0) ⊂ Ω𝑇 , and for 0 < 𝑟 < 𝑅0 we define

𝑀(𝑟) ∶= ess sup{𝑢(𝑥, 𝑡) ∶ (𝑥, 𝑡) ∈ 𝐷(𝑅0)⧵𝐷(𝑟)},

it follows from [21] that 𝑀(𝑟) < ∞ for 0 < 𝑟 < 𝑅0.

Fix a positive number 𝑙 ≥ 𝑝 + 1, in the sequel, 𝛾 stands for a constant which depends only on 𝑙, 𝜈1, 𝜈2, 𝑛, 𝑚1,… , 𝑚𝑛, 𝑞1,… , 𝑞𝑛

and 𝑅0 which may vary from line to line. Let 0 < 𝜌 <
𝑅0
2 , 0 < 𝜎 <

1
2 ,

𝜌

2 ≤ 𝑠(1 − 𝜎) ≤ 𝑠 ≤ 3
2𝜌, 𝑢2𝜌 = (𝑢 −𝑀(2𝜌))+, for 𝑘 > 0

and 𝑗 = 0, 1, 2,… set 𝑠𝑗 = 𝑠(1 − 𝜎2−𝑗), 𝑠𝑗+1 =
1
2

(
𝑠𝑗 + 𝑠𝑗+1

)
, 𝑘𝑗 = 𝑘(1 − 2−𝑗), 𝑄𝑠𝑗

= 𝑅𝑛+1
+ ⧵𝐷

(
𝑠𝑗
)
, 𝐴𝑘𝑗,𝑠𝑗

=
{
(𝑥, 𝑡) ∈ 𝑄𝑠𝑗

∶

𝑢2𝜌(𝑥, 𝑡) > 𝑘𝑗

}
. Let 𝜍𝑗 ∈ 𝐶∞(𝑅𝑛+1

+
)
, 0 ≤ 𝜍𝑗 ≤ 1, 𝜍𝑗 = 1 in 𝑄𝑠𝑗+1

, 𝜍𝑗 = 0 in 𝐷
(
𝑠𝑗
)
, and

||| 𝜕𝜍𝑗𝜕𝑡

||| ≤ 𝛾𝜎−𝛾2𝑗𝛾𝑠−
𝑞(1−𝑚)+2(𝑞−1)

𝑞−𝑚 ,
|||| 𝜕𝜍𝑗𝜕𝑥𝑖

|||| ≤
𝛾𝜎−𝛾2𝑗𝛾𝑠−

(2−𝑚)𝑞+(𝑞−2)𝑚𝑖
2(𝑞−𝑚) , 𝑖 = 1, 𝑛.

Lemma 2.3. Let the conditions of Theorem 1.2 be fulfilled. Then

sup
0<𝑡<𝑇 ∫

Ω

(
𝑢2𝜌 − 𝑘𝑗+1

)2
+ 𝜍𝑙

𝑗
𝑑𝑥 +

𝑛∑
𝑖=1

∬
Ω𝑇

(
𝑢2𝜌 − 𝑘𝑗+1

)
+
|||𝑢𝑥𝑖

|||𝑞𝑖𝜍𝑙𝑗 𝑑𝑥 𝑑𝑡 ≤ 𝛾𝜎−𝛾2𝑗𝛾𝜌−
2+𝑞(1−𝑚)

𝑞−𝑚 𝐻(𝑠, 𝜌)|||𝐴𝑘𝑗+1,𝑠̄𝑗+1
|||, (2.1)

where

𝐻(𝑠, 𝜌) =
(
𝜌

2−𝑞

𝑞−𝑚𝑀(𝑠(1 − 𝜎))
)2

+
𝑛∑

𝑖=1

(
𝜌

2−𝑞

𝑞−𝑚𝑀(𝑠(1 − 𝜎))
)𝑚𝑖+1

+ 𝜌2
(
𝜌

2−𝑞

𝑞−𝑚𝑀(𝑠(1 − 𝜎))
)𝑚+1

.

Proof. Testing (1.9) by 𝜑 =
(
𝑢2𝜌 − 𝑘𝑗+1

)
+𝜍

𝑙−𝑝

𝑗
, 𝜓 = 𝜍𝑗 , using conditions (1.3) and the Young inequality, we obtain (2.1), this

proves the lemma. □

By Lemma 2.1 we obtain

∬
𝐴𝑘𝑗+1 ,𝑠̄𝑗+1

(𝑢2𝜌 − 𝑘𝑗+1)2+𝑑𝑥 𝑑𝑡 ≤
⎛⎜⎜⎜⎝ ∬

𝐴𝑘𝑗+1 ,𝑠̄𝑗+1

(𝑢2𝜌 − 𝑘𝑗+1)
𝑞+1+ 2𝑞

𝑛

+ 𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎠
2

𝑞+1+ 2𝑞
𝑛 |||𝐴𝑘𝑗+1,𝑠̄𝑗+1

|||1− 2
𝑞+1+ 2𝑞

𝑛

≤ 𝛾

⎛⎜⎜⎜⎝ sup
0<𝑡<𝑇 ∫

𝐴𝑘𝑗+1 ,𝑠̄𝑗+1×{𝑡}

(𝑢2𝜌 − 𝑘𝑗+1)2+𝜍
𝑙
𝑗
𝑑𝑥

⎞⎟⎟⎟⎠
2𝑞

𝑛(𝑞+1+ 2𝑞
𝑛
)

×

⎛⎜⎜⎜⎜⎝
𝑛∏

𝑖=1

⎛⎜⎜⎜⎝ ∬
𝐴𝑘𝑗+1 ,𝑠̄𝑗+1

(𝑢2𝜌 − 𝑘𝑗+1)+
|||𝑢𝑥𝑖

|||𝑞𝑖𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎠
1
𝑛𝑞𝑖
⎞⎟⎟⎟⎟⎠

2
𝑞+1+ 2𝑞

𝑛 |||𝐴𝑘𝑗+1,𝑠̄𝑗+1
|||1− 2

𝑞+1+ 2𝑞
𝑛 ,

from this, using the evident inequality
|||𝐴𝑘𝑗+1,𝑠̄𝑗+1

||| ≤ 𝛾2𝑗𝛾𝑘−2 ∬
𝐴𝑘𝑗 ,𝑠̄𝑗

(𝑢2𝜌 − 𝑘𝑗)2+𝑑𝑥 𝑑𝑡, by Lemma 2.3 we obtain

𝑦𝑗+1 = ∬
𝐴𝑘𝑗+1 ,𝑠̄𝑗+1

(𝑢2𝜌 − 𝑘𝑗+1)2+𝑑𝑥 𝑑𝑡

≤ 𝛾𝜎−𝛾2𝑗𝛾𝑘
−2

(
1+ 2𝑞

𝑛(𝑞+1+ 2𝑞
𝑛
)

)
𝜌
−2+𝑞(1−𝑚)

𝑞−𝑚

(
1+ 𝑞

𝑛

)
2

𝑞+1+ 2𝑞
𝑛 (𝐻(𝑠, 𝜌))

(
1+ 𝑞

𝑛

)
2

𝑞+1+ 2𝑞
𝑛 𝑦

1+ 2𝑞
𝑛(𝑞+1+ 2𝑞

𝑛
)

𝑗
, 𝑗 = 0, 1, 2…
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By Lemma 2.2, 𝑦𝑗 → 0 as 𝑗 → ∞, provide 𝑘 is chosen from

𝑘
4+𝑛+ 𝑛

𝑞 = 𝜌
−2+𝑞(1−𝑚)

𝑞−𝑚

(
1+ 𝑛

𝑞

)
𝐻

1+ 𝑛

𝑞 (𝑠, 𝜌)∬
𝑄𝑠̄𝑜

𝑢22𝜌 𝑑𝑥 𝑑𝑡. (2.2)

Let us estimate the integral on the right-hand side of (2.2). Let 𝜍 ∈ 𝐶∞(𝑅𝑛+1
+

)
, 0 ≤ 𝜍 ≤ 1, 𝜍 = 1 in 𝑄𝑠̄0

, 𝜍 = 0 in 𝐷(𝑠(1 − 𝜎)),

and
||| 𝜕𝜍𝜕𝑡 ||| ≤ 𝛾𝜎−𝛾𝑠

− 𝑞(1−𝑚)+2(𝑞−1)
𝑞−𝑚 ,

|||| 𝜕𝜍

𝜕𝑥𝑖

|||| ≤ 𝛾𝜎−𝛾𝑠
− (2−𝑚)𝑞+(𝑞−2)𝑚𝑖

2(𝑞−𝑚) , 𝑖 = 1, 𝑛.

Testing (1.9) by 𝜑 = 𝑢2𝜌𝜍
𝑙−𝑝, 𝜓 = 𝜍, and using the inequality 𝐷(𝑠) ≤ 𝛾𝑠

𝑛+ 𝑞(1−𝑚)+2(𝑞−1)
𝑞−𝑚 , similarly to (2.1) we have

∬
𝑄𝑠̄0

𝑢22𝜌 𝑑𝑥 𝑑𝑡 ≤ 𝛾𝑠
𝑞(1−𝑚)+2(𝑞−1)

𝑞−𝑚 sup
0<𝑡<𝑇 ∫

𝑄𝑠̄0×{𝑡}

𝑢22𝜌𝜍
𝑙𝑑𝑥 ≤ 𝛾𝜎−𝛾𝜌

𝑛+2 𝑞(1−𝑚)+2(𝑞−1)
𝑞−𝑚

−2+𝑞(1−𝑚)
𝑞−𝑚 𝐻(𝑠, 𝜌).

Hence (2.2) implies

(𝑀(𝑠) −𝑀(2𝜌))4+𝑛+ 𝑛

𝑞 ≤ 𝛾𝜎−𝛾𝜌
𝑛+2 𝑞(1−𝑚)+2(𝑞−1)

𝑞−𝑚
−2+𝑞(1−𝑚)

𝑞−𝑚

(
2+ 𝑛

𝑞

)
𝐻

2+ 𝑛

𝑞 (𝑠, 𝜌).

If 𝜀 ∈ (0, 1) then by (1.4), (1.5) and the Young inequality from the previous inequality we obtain

𝑀(𝑠) ≤ 𝜀𝑀(𝑠(1 − 𝜎)) +𝑀(2𝜌) + 𝛾𝜎−𝛾𝜀−𝛾𝜌
𝑞−2
𝑞−𝑚 . (2.3)

For 𝑗 = 0, 1, 2,… define the sequences
{
𝜎𝑗

}
,
{
𝑠𝑗
}
,
{
𝑀𝑗

}
by 𝜎𝑗 ∶=

1
2+2𝑗 , 𝑠𝑗 ∶=

𝜌

2

(
1 + 2−𝑗+1), 𝑀𝑗 = 𝑀

(
𝑠𝑗
)
, from (2.3) we

arrive at recursive inequalities.

𝑀𝑗 ≤ 𝜀𝑀𝑗+1 +𝑀(2𝜌) + 𝛾2𝑗𝛾𝜀−𝛾𝜌
𝑞−2
𝑞−𝑚 , 𝑗 = 0, 1, 2…

From this, by iteration

𝑀0 ≤ 𝜀𝑗𝑀𝑗+1 +𝑀(2𝜌)
𝑗∑

𝑖=0
𝜀𝑖 + 𝛾𝜀−𝛾𝜌

𝑞−2
𝑞−𝑚

𝑗∑
𝑖=0

(𝜀2𝛾 )𝑖,

for every 𝑗 ≥ 1. We choose 𝜀 ≤ 2−𝛾−1𝜀0 such that the second sum on the right-hand side can be majorized by a convergent series

and let 𝑗 → ∞ to obtain

𝑀(𝜌) ≤ 𝑀0 ≤ (1 − 𝜀)−1𝑀(2𝜌) + 𝛾𝜀−𝛾𝜌
𝑞−2
𝑞−𝑚 .

For 𝑗 = 0, 1, 2,… define the sequence 𝜌𝑗 ∶= 2−𝑗𝑅0, then the previous inequality can be written in the form

𝑀
(
𝜌𝑗
) ≤ (1 − 𝜀)−1𝑀

(
𝜌𝑗−1

)
+ 𝛾𝜀−𝛾𝜌

𝑞−2
𝑞−𝑚

𝑗
, 𝑗 = 1, 2…

From this, by iteration

𝑀
(
𝜌𝑗
) ≤ (1 − 𝜀)−𝑗𝑀(𝑅0) + 𝛾𝜀−𝛾𝜌

𝑞−2
𝑞−𝑚

𝑗

𝑗∑
𝑖=0

(
2−

2−𝑞

𝑞−𝑚

1 − 𝜀

)𝑖

,

choosing 𝜀 from the condition 𝜀 < 1 − 2−
𝑞−2
𝑞−𝑚 so that the sum on the right-hand side of the previous inequality can be majorized

by a convergent series to obtain

𝑀
(
𝜌𝑗
) ≤ 𝛾𝜌

𝑞−2
𝑞−𝑚

𝑗

(
𝑅

2−𝑞

𝑞−𝑚

0 𝑀(𝑅0) + 1

)
, 𝑗 = 1, 2,… ,

which proves Theorem 1.2. □
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3 PROOF OF THEOREM 1.1

3.1 Integral estimates for the gradient of solutions
For 0 ≤ 𝜆 < 𝑛 let us define the following numbers

𝜅(𝜆) = 2 + (𝑛 − 𝜆)(𝑚 − 1), 𝑎𝑖(𝜆) = 1 + 𝑛 − 𝜆

2
(𝑚 − 𝑚𝑖), 𝑖 = 1, 𝑛, (3.1)

and set

𝜌𝜆(𝑥, 𝑡) =
⎧⎪⎨⎪⎩
(

𝑛∑
𝑖=1

|𝑥𝑖| 𝑎1(𝜆)𝑎𝑖(𝜆)

) 𝜅(𝜆)
𝑎1(𝜆)

+ 𝑡

⎫⎪⎬⎪⎭
1
𝜅

, 𝐺𝜆(𝑟) =
{
(𝑥, 𝑡) ∈ 𝑅𝑛 ×𝑅1

+ ∶ 𝜌𝜆(𝑥, 𝑡) < 𝑟
}
.

Assume that 𝐺𝜆(𝑅0) ⊂ Ω𝑇 and for 0 < 𝑟 < 𝑅0 we set 𝑀𝑟(𝜆) = sup{|𝑢(𝑥, 𝑡)| ∶ (𝑥, 𝑡) ∈ 𝐺𝜆(𝑅0) ⧵ 𝐺𝜆(𝑟)}, 𝐸(𝑟, 𝜆) =
{(𝑥, 𝑡) ∈ Ω𝑇 ∶ 𝑢(𝑥, 𝑡) > 𝑀𝑟(𝜆)}, 𝑢𝑟(𝑥, 𝑡, 𝜆) = (𝑢(𝑥, 𝑡) −𝑀𝑟(𝜆))+ and consider the function 𝜓𝑟(𝑥, 𝑡) = 𝜂𝑟(𝜌𝜆(𝑥, 𝑡)),
where 𝜂𝑟 ∶ 𝑅1 → 𝑅1 is a function taking the following values: 𝜂𝑟(𝑠) = 0 if 𝑠 ≤ 𝑟, 𝜂𝑟(𝑠) = 1 if 𝑠 ≥ 𝑅(𝑟), 𝜂𝑟(𝑠) =[
(1 − 𝛿) ln ln 1

𝑟

]−1(
ln ln 1

𝑟
− ln ln 1

𝑠

)
if 𝑟 ≤ 𝑠 ≤ 𝑅(𝑟), here 𝛿 is a number from the interval (0, 1) specified in what follows and

𝑅(𝑟) defined by the equality

ln 1
𝑅(𝑟)

= ln𝛿 1
𝑟
. (3.2)

Note that by the evident equalities

𝑞 − 2
𝑞(1 − 𝑚) + 2(𝑞 − 1)

= −𝑛 − 𝜆

𝜅(𝜆)
,

2(𝑞 − 2)
(2 − 𝑚)𝑞 + (𝑞 − 2)𝑚𝑖

= −𝑛 − 𝜆

𝑎𝑖(𝜆)
, 𝑖 = 1, 𝑛,

with 𝜆 ≥ 0 defined by

𝜆 = 𝑞(1 + 𝑛) − 2 − 𝑛𝑚

𝑞 − 𝑚
≥ 0,

the Keller–Osserman estimate (1.10) yields

𝑀𝜌(𝜆) ≤ 𝛾𝜌𝜆−𝑛, 𝜌 > 0. (3.3)

To simplify the following calculations we will write 𝑀𝑟,𝐸(𝑟) and 𝑢𝑟(𝑥, 𝑡) instead of 𝑀𝑟(𝜆), 𝐸(𝑟, 𝜆) and 𝑢𝑟(𝑥, 𝑡, 𝜆).
In the case 𝜆 = 0, i.e. 𝑞 = 2+𝑛𝑚

1+𝑛
and 𝑞𝑖 =

2+𝑛𝑚

1+𝑛+ 𝑛

2 (𝑚−𝑚𝑖)
, 𝑖 = 𝑖, 𝑛, fix 𝜀1, 𝜀2 ∈ (0, 1) by the conditions

1
𝑞𝑛

< 𝜀1 <

(
1
𝑞
− 1

𝑛

)
𝑞

𝑞𝑛 − 𝑞
,

1
𝑛
+

𝜀1𝑞𝑛 − 1
𝑞

< 𝜀2 < 𝜀1,

and let

0 <
𝜀1𝑞𝑛 − 1

𝑞

(
𝜀2 −

1
𝑛

) < 𝛿 < 1. (3.4)

Consider the functions 𝐹1(𝑟, 𝜆), 𝐹2(𝑟, 𝜆), 𝐹3(𝑟, 𝜆) defined by the following equalities

𝐹1(𝑟, 𝜆) =
⎧⎪⎨⎪⎩
𝑅𝜆(𝑟), if 𝜆 > 0,[
ln 1

𝑅(𝑟)

]2−𝑞′1
, if 𝜆 = 0,
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𝐹2(𝑟, 𝜆) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑅𝜆(𝑟), if 𝜆 > 0,[
ln 1

𝑟

]1−(𝜀1−𝜀2)𝑞′
, if 𝜆 = 0, (𝜀1 − 𝜀2)𝑞′ < 1,

ln ln 1
𝑟
, if 𝜆 = 0, (𝜀1 − 𝜀2)𝑞′ = 1,[

ln 1
𝑅(𝑟)

]1−(𝜀1−𝜀2)𝑞′
, if 𝜆 = 0, (𝜀1 − 𝜀2)𝑞′ > 1.

𝐹3(𝑟, 𝜆) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑅𝜆(𝑟), if 𝜆 > 0,[
ln 1

𝑟

]1−(1−𝛿1)𝑞1−𝑞𝛿
(
𝜀2−

1
𝑛

)
, if 𝜆 = 0, (1 − 𝜀1)𝑞1 < 1,[

ln 1
𝑟

]−𝑞𝛿
(
𝜀2−

1
𝑛

)
, if 𝜆 = 0, (1 − 𝜀1)𝑞1 = 1,[

ln 1
𝑅(𝑟)

]1−(1−𝜀1)𝑞1−𝑞
(
𝜀2−

1
𝑛

)
, if 𝜆 = 0, (1 − 𝜀1)𝑞1 > 1.

Here 𝑞′ = 𝑞

𝑞−1 , 𝑞′
𝑖
= 𝑞𝑖

𝑞𝑖−1
, 𝑖 = 1, 𝑛.

Lemma 3.1. Let the assumptions of Theorem 1.1 be fulfilled. Then the following estimate holds:

𝐼0 = sup
0<𝑡<𝑇 ∫

𝐸
(

𝜌

2

)
×{𝑡}

𝑢

∫
𝑀𝜌

2

ln 𝑠

𝑀𝜌

2

𝑑𝑠𝜓𝑙
𝑟
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢𝑚𝑖−2|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) ln 𝑢

𝑀𝜌

2

|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾(𝐹1(𝑟, 𝜆) + 𝐹2(𝑟, 𝜆) + 𝐹3(𝑟, 𝜆)) + 𝛾𝜌2 ln2 1
𝜌
. (3.5)

Proof. Testing (1.9) by 𝜑 = ln+
𝑢

𝑀𝜌

2

𝜓
𝑙−𝑝
𝑟 , 𝜓 = 𝜓𝑟, using conditions (1.3) and the Young inequality we obtain

𝐼𝑜 ≤ 𝛾

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

)
𝑢

∫
𝑀𝜌

2

ln 𝑠

𝑀𝜌

2

𝑑𝑠
||||𝜕𝜓𝑟

𝜕𝑡

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) ln 𝑢

𝑀𝜌

2

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

||| ||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡

+ 𝛾 ∬
𝐸
(

𝜌

2

) 𝑢𝑚 ln2 𝑢

𝑀𝜌

2

𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 = 𝐼1 + 𝐼2 + 𝐼3. (3.6)

By (3.3) the last term on the right-hand side of (3.6) is estimated as follows

𝐼3 ≤ 𝛾𝜌2 ln2 1
𝜌
. (3.7)

If 𝜆 > 0, then by Young's inequality and by (3.3) we have

𝐼1 + 𝐼2 −
1
4

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢𝑚𝑖−2|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾 ∬
𝐸
(

𝜌

2

) (𝑢 −𝑀𝜌

2
) ln 𝑢

𝑀𝜌

2

||||𝜕𝜓𝑟

𝜕𝑡

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢𝑚𝑖 ln2 𝑢

𝑀𝜌

2

||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||2 𝜓𝑙−2
𝑟

𝑑𝑥 𝑑𝑡

≤ 𝛾 ∬
𝐺𝜆(𝑅(𝑟))

𝜌
𝜆−𝑛−𝜅(𝜆)
𝜆

𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐺𝜆(𝑅(𝑟))

𝜌
(𝜆−𝑛)𝑚𝑖−2𝑎𝑖(𝜆)
𝜆

𝑑𝑥 𝑑𝑡

≤ 𝛾

𝑅(𝑟)

∫
0

𝑠𝜆−1𝑑𝑠 ≤ 𝛾𝑅𝜆(𝑟). (3.8)
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If 𝜆 = 0, then by the Young inequality we have

𝐼2 −
1
4

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) ln 𝑢

𝑀𝜌

2

|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 ≤ 𝛾

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢(𝑚𝑖−1)𝑞′𝑖 ln 𝑢

𝑀𝜌

2

||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝑞
′
𝑖

𝜓
𝑙−𝑞′

𝑖
𝑟 𝑑𝑥 𝑑𝑡

≤ 𝛾

𝑛∑
𝑖=1

∬
𝐺𝜆(𝑅(𝑟))⧵𝐺𝜆(𝑟)

𝜌
−(𝑛(𝑚𝑖−1)+2𝑎𝑖(0))𝑞′𝑖
0

[
ln 1

𝜌0

]1−𝑞′
𝑖

𝑑𝑥 𝑑𝑡

≤ 𝛾

𝑛∑
𝑖=1

𝑅(𝑟)

∫
𝑟

[
ln 1

𝑠

]1−𝑞′
𝑖 𝑑𝑠

𝑠
≤ 𝛾𝐹1(𝑟, 𝜆). (3.9)

Set

𝑣 =
⎛⎜⎜⎜⎝

𝑢

∫
𝑀𝜌

2

ln𝑎 𝑠

𝑀𝜌

2

𝑑𝑠

⎞⎟⎟⎟⎠+
𝜓𝑙−1

𝑟
, 𝜌(𝑥) =

(
𝑛∑

𝑖=1
|𝑥𝑖| 𝑎1(0)𝑎𝑖(0)

) 1
𝑎1(0)

,

then by the Young inequality we obtain

𝐼1 ≤ 𝛾 ∬
𝐸
(

𝜌

2

)
[
ln 𝑢

𝑀𝜌

2

](1−𝜀1)𝑞′[
ln 1

𝜌(𝑥)

]𝜀2𝑞′
𝜌𝑞

′ (𝑥)
||||𝜕𝜓𝑟

𝜕𝑡

||||𝑞
′

𝑑𝑥 𝑑𝑡 + 𝛾 ∬
𝐸
(

𝜌

2

) 𝑣𝑞𝜌−𝑞(𝑥)
[
ln 1

𝜌(𝑥)

]𝜀2𝑞
𝑑𝑥 𝑑𝑡 = 𝐼4 + 𝐼5. (3.10)

By (3.3) we estimate the first term on the right-hand side of the previous inequality as follows

𝐼4 ≤ 𝛾

𝑅(𝑟)

∫
𝑟

[
ln 1

𝑠

]−(𝜀1−𝜀2)𝑞′ 𝑑𝑠

𝑠
≤ 𝛾𝐹2(𝑟, 𝜆), (3.11)

here we also used the evident equality 𝑞′ − 𝜅(0)𝑞′ = −2 − 𝑛𝑚.

The second term on the right-hand side of (3.10) we estimate, using the Hölder inequality and Lemma 2.1 with 𝛼1 = 𝛼2 =
⋯ = 𝛼𝑛 = 0, we have

𝐼5 ≤ 𝛾

𝑇

∫
0

⎛⎜⎜⎜⎝ ∫
𝐺0(𝑅(𝑟))

𝜌−𝑛(𝑥)
[
ln 1

𝜌(𝑥)

]−𝜀2𝑛

𝑑𝑥

⎞⎟⎟⎟⎠
𝑞

𝑛 ⎛⎜⎜⎜⎜⎝ ∫
𝐸
(

𝜌

2

)
×{𝑡}

𝑣
𝑛𝑞

𝑛−𝑞 𝑑𝑥

⎞⎟⎟⎟⎟⎠

𝑛−𝑞

𝑛

𝑑𝑡

≤ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞
(
𝜀2−

1
𝑛

)
𝑛∑

𝑖=1
∬

𝐸
(

𝜌

2

) |𝑣𝑥𝑖
|𝑞𝑖𝑑𝑥 𝑑𝑡

≤ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞
(
𝜀2−

1
𝑛

)
𝑛∑

𝑖=1
∬

𝐸
(

𝜌

2

) ln𝜀1𝑞𝑖 𝑢

𝑀𝜌

2

|||𝑢𝑥𝑖

|||𝑞𝑖𝜓 (𝑙−1)𝑞𝑖
𝑟 𝑑𝑥 𝑑𝑡

+ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞
(
𝜀2−

1
𝑛

)
𝑛∑

𝑖=1
∬

𝐸
(

𝜌

2

) 𝑢𝑞𝑖

[
ln 𝑢

𝑀𝜌

2

]𝜀1𝑞𝑖 ||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝑞𝑖 𝜓 (𝑙−2)𝑞𝑖
𝑟 𝑑𝑥 𝑑𝑡.
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By our assumptions 𝜀1𝑞𝑖 > 1, 𝑖 = 1, 𝑛, hence choosing 𝑙 sufficiently large, using (3.3), from the previous we obtain

𝐼5 ≤ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞
(
𝜀2−

1
𝑛

)[
ln 1

𝑟

]𝜀1𝑞𝑛−1 𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) ln 𝑢

𝑀𝜌

2

|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

+𝛾

[
ln 1

𝑅(𝑟)

]−𝑞
(
𝜀2−

1
𝑛

)
𝑛∑

𝑖=1

𝑅(𝑟)

∫
𝑟

[
ln 1

𝑠

](𝜀1−1)𝑞𝑖 𝑑𝑠
𝑠
,

by our choice 𝜀1𝑞𝑛 − 1 − 𝛿𝑞

(
𝜀2 −

1
𝑛

)
< 0, hence assuming that 𝑅0 is small enough, satisfying the condition[

ln 1
𝑅0

]𝜀1𝑞𝑛−1−𝛿𝑞

(
𝜀2−

1
𝑛

)
≤ 1

4𝛾
,

we obtain

𝐼5 ≤ 1
4

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) ln 𝑢

𝑀𝜌

2

|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 + 𝛾𝐹3(𝑟, 𝜆). (3.12)

Collecting estimates (3.6)–(3.12) we arrive at the required (3.5). □

In the case 𝜆 = 0, i. e. 𝑞 = 2+𝑛𝑚

1+𝑛
and 𝑞𝑖 =

2+𝑛𝑚

1+𝑛+ 𝑛

2 (𝑚−𝑚𝑖)
, 𝑖 = 1, 𝑛, fix numbers 𝜀3, 𝜀4, 𝜀5 by the conditions 𝜀3 ∈ (0, 1), 1−𝜀3

𝑞1
<

𝜀4 < 1,
1−𝜀3
𝑛

< 𝜀5 <
1−𝜀3
𝑞

, and let

𝐹4(𝑟, 𝜆) =

{
𝑅𝜆(𝑟), if 𝜆 > 0,
ln−1 1

𝑅(𝑟) , if 𝜆 = 0,

𝐹5(𝑟, 𝜆) =
⎧⎪⎨⎪⎩
𝑅𝜆(𝑟), if 𝜆 > 0,[
ln 1

𝑅(𝑟)

]1−(1−𝜀5)𝑞′
, if 𝜆 = 0,

𝐹6(𝑟, 𝜆) =
⎧⎪⎨⎪⎩
𝑅𝜆(𝑟), if 𝜆 > 0,[
ln 1

𝑅(𝑟)

]−𝑞
(

𝜀5
1−𝜀3

− 1
𝑛

)
(𝑅(𝑟))𝜀3𝑛𝑞1 , if 𝜆 = 0.

Here 𝑞 = 𝑞

1−𝜀3
, 𝑞′ = 𝑞

𝑞−1 .

For 1 < 𝜃 < 1 + 2
𝑛

set Φ𝜌(𝑢) =
(
(𝑀𝜌

2
−𝑀2𝜌)1−𝜃 − 𝑢1−𝜃

2𝜌

)
+

.

Lemma 3.2. Under the conditions of Theorem 1.1 the following inequality

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢−𝜃
2𝜌 𝑢

𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) Φ𝜌(𝑢)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 ≤ 𝛾𝐻1(𝑟, 𝜌, 𝜆) (3.13)

holds, where

𝐻1(𝑟, 𝜌, 𝜆) =
(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃
(
𝐹1(𝑟, 𝜆) + 𝐹2(𝑟, 𝜆) + 𝐹3(𝑟, 𝜆) + 𝜌2 ln2 1

𝜌

) 1
2
𝐹

1
2
4 (𝑟, 𝜆)

+

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1
) 1−𝜀3

𝑞−1+𝜀3
𝐹5(𝑟, 𝜆)

+
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4𝑞𝑖
1−𝜀3

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4𝑞𝑖
1−𝜀3

−1
)−1

𝐹6(𝑟, 𝜆) +
(
𝑀𝜌

2
−𝑀2𝜌

)2(1−𝜃)
𝜌2+𝑛−𝜃𝑛+𝜆𝜃.
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Proof. Testing (1.9) by 𝜑 = Φ𝜌(𝑢)𝜓
𝑙−𝑝
𝑟 , 𝜓 = 𝜓𝑟 and using conditions (1.3) we get

sup
0<𝑡<𝑇 ∫

𝐸𝜌

2
×{𝑡}

𝑢

∫
𝑀𝜌

2

Φ𝜌(𝑠) 𝑑𝑠𝜓𝑙
𝑟
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢−𝜃
2𝜌 𝑢

𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐸𝜌

2

Φ𝜌(𝑢)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾 ∬
𝐸
(

𝜌

2

)
𝑢

∫
𝑀𝜌

2

Φ𝜌(𝑠) 𝑑𝑠
||||𝜕𝜓𝑟

𝜕𝑡

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃
𝑛∑

𝑖=1
∬

𝐸
(

𝜌

2

) 𝑢𝑚𝑖−1|||𝑢𝑥𝑖

||| ||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃

∬
𝐸
(

𝜌

2

) 𝑢
𝑚−1
2

(
𝑛∑

𝑖=1
𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2
) 1

2

𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

= 𝐼6 + 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃

(𝐼7 + 𝐼8). (3.14)

By (3.3) the Hölder inequality and Lemma 3.1 we have

𝐼7 ≤
𝑛∑

𝑖=1

⎛⎜⎜⎜⎜⎝ ∬
𝐸
(

𝜌

2

) 𝑢𝑚𝑖−2|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2 ⎛⎜⎜⎜⎜⎝ ∬

𝐸
(

𝜌

2

) 𝑢𝑚𝑖
||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||2 𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2

≤ 𝛾

(
𝐹1(𝑟, 𝜆) + 𝐹2(𝑟, 𝜆) + 𝐹3(𝑟, 𝜆) + 𝜌2 ln2 1

𝜌

) 1
2
𝐹

1
2
4 (𝑟, 𝜆). (3.15)

By our choice of 𝜃 we have

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃

𝐼8 −
1
4𝛾

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) 𝑢−𝜃
2𝜌 𝑢

𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)2(1−𝜃)

∬
𝐸
(

𝜌

2

) 𝑢𝜃+𝑚−1𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)2(1−𝜃)

∬
𝐺𝜆(2𝜌)⧵𝐺𝜆(𝑟)

𝜌
−(𝑛−𝜆)(𝜃+𝑚−1)
𝜆

𝑑𝑥 𝑑𝑡

≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)2(1−𝜃)
2𝜌

∫
𝑟

𝑠−(𝑛−𝜆)(𝜃+𝑚−1)+2+(𝑛−𝜆)(𝑚−1)+𝑛 𝑑𝑠

𝑠

≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)2(1−𝜃)
𝜌2+𝑛−𝜃𝑛+𝜆𝜃. (3.16)

If 𝜆 > 0 then by (3.3)

𝐼6 ≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃

∬
𝐺𝜆(𝑅(𝑟))⧵𝐺𝜆(𝑟)

𝜌
𝜆−𝑛−𝜅(𝜆)
𝜆

ln−1 1
𝜌𝜆

𝑑𝑥 𝑑𝑡 ≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)1−𝜃

𝑅𝜆(𝑟). (3.17)
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If 𝜆 = 0, set 𝑤 =
⎛⎜⎜⎝

𝑢∫
𝑀𝜌

2

Φ𝜀4
𝜌 (𝑠)𝑠−𝜀3 𝑑𝑠

⎞⎟⎟⎠+𝜓
𝑙−1
𝑟

, then by the Young inequality we obtain

𝐼6 ≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1
) 1−𝜀3

𝑞−1+𝜀3

∬
𝐸
(

𝜌

2

) 𝑢𝜀3𝑞
′ (𝜌(𝑥))(1−𝜀3)𝑞′

[
ln 1

𝜌(𝑥)

]𝜀5𝑞′ ||||𝜕𝜓𝑟

𝜕𝑡

||||𝑞
′

𝑑𝑥 𝑑𝑡

+ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1
)−1

∬
𝐸
(

𝜌

2

) 𝑤𝑞𝜌−𝑞(𝑥)
[
ln 1

𝜌(𝑥)

]−𝜀5𝑞

𝑑𝑥 𝑑𝑡 = 𝐼9 + 𝐼10. (3.18)

By (3.3), the first term on the right-hand side of (3.18), we estimate as follows

𝐼9 ≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1
) 1−𝜀3

𝑞−1+𝜀3
𝑅(𝑟)

∫
𝑟

[
ln 1

𝑠

]−(1−𝜀5)𝑞′ 𝑑𝑠

𝑠

≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1
) 1−𝜀3

𝑞−1+𝜀3
𝐹5(𝑟, 𝜆), (3.19)

here we also use the evident equality (𝑛𝜀3 − 1 + 𝜀3 + 𝜅(0))𝑞′ = 2 + 𝑛𝑚.

The second term on the right-hand side of (3.18) we estimate, using the Höldeer inequality and Lemma 2.1 with 𝛼𝑖 =
𝜀3

1−𝜀3
𝑞𝑖, 𝑖 = 1, 𝑛, and choosing 𝑙 sufficiently large, we have

𝐼10

𝑛∑
𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4
1−𝜀3

𝑞𝑖−1 ≤ 𝛾

𝑇

∫
0

⎛⎜⎜⎜⎝ ∫
𝐺0(𝑅(𝑟))×{𝑡}

𝜌−𝑛(𝑥)
[
ln 1

𝜌(𝑥)

]− 𝜀5𝑛
1−𝜀3

𝑑𝑥

⎞⎟⎟⎟⎠
𝑞

𝑛 ⎛⎜⎜⎜⎜⎝ ∫
𝐸
(

𝜌

2

)
×{𝑡}

𝑤
𝑛𝑞

𝑛−𝑞 𝑑𝑥

⎞⎟⎟⎟⎟⎠

𝑛−𝑞

𝑛

𝑑𝑡

≤ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
𝑛∑

𝑖=1
∬

𝐸
(

𝜌

2

) (Φ𝜌(𝑢)
) 𝜀4𝑞𝑖
1−𝜀3 |||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

+ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4𝑞𝑖
1−𝜀3 ∬

𝐸
(

𝜌

2

) 𝑢(1−𝜀3)𝑞𝑖
||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝑞𝑖 𝑑𝑥 𝑑𝑡.

From this by our choice of 𝜀3, 𝜀4, 𝜀5, using the equality (𝑛 + 𝑎𝑖(0))𝑞𝑖 = 2 + 𝑛𝑚, and choosing 𝑅0 from the condition

[
ln 1

𝑅0

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
≤ 1

4𝛾
,

we obtain

𝐼10 −
1
4

𝑛∑
𝑖=1

∬
𝐸
(

𝜌

2

) Φ𝜌(𝑢)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 ≤ 𝛾

𝑛∑
𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4𝑞𝑖
1−𝜀3

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀4𝑞𝑖
1−𝜀3

−1
)−1

𝐹6(𝑟, 𝜆). (3.20)

Collecting estimates (3.14)–(3.20) we arrive at the required (3.13). □
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Define a function 𝑢(𝜌)(𝑥, 𝑡) and a set 𝐸
(

𝜌

2 , 2𝜌
)

as follows 𝑢(𝜌) = min
(
𝑀𝜌

2
−𝑀2𝜌, 𝑢2𝜌

)
, 𝐸
(

𝜌

2 , 2𝜌
)
= 𝐸(2𝜌) ∩

{
𝑢 < 𝑀𝜌

2

}
.

Lemma 3.3. Under the assumptions of Theorem 1.1 the next inequality holds:

sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐸( 𝜌2 ,2𝜌)×{𝑡}

𝑢22𝜌 𝑑𝑥 +
𝑛∑

𝑖=1
∬

𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝑑𝑥 𝑑𝑡 +
𝑛∑

𝑖=1
∬

𝐸(2𝜌)

𝑢(𝜌)
|||𝑢𝑥𝑖

|||𝑞𝑖𝑑𝑥 𝑑𝑡 ≤ 𝛾𝜌2−𝑛+2𝜆. (3.21)

Proof. Testing (1.9) by 𝜑 = 𝑢(𝜌) 𝜓𝑙−𝑝
𝑟 , 𝜓 = 𝜓𝑟, using (1.3) we get

sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐸( 𝜌2 ,2𝜌)×{𝑡}

𝑢22𝜌𝜓
𝑙
𝑟
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐸(2𝜌)

𝑢(𝜌)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾 ∬
𝐸(2𝜌)

𝑢(𝜌)𝑢2𝜌
||||𝜕𝜓𝑟

𝜕𝑡

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐸(2𝜌)

𝑢(𝜌)𝑢𝑚𝑖−1|||𝑢𝑥𝑖

||| ||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝜓𝑙−1
𝑟

𝑑𝑥 𝑑𝑡

+ 𝛾 ∬
𝐸(2𝜌)

𝑢
𝑚−1
2 𝑢(𝜌)

(
𝑛∑

𝑖=1
𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2
) 1

2

𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 = 𝐼11 + 𝐼12 + 𝐼13. (3.22)

By the Hölder and Young inequalities and Lemmas 3.1, 3.2 we obtain

𝐼12 + 𝐼13 −
1
4 ∬
𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾

𝑛∑
𝑖=1

∬
𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖+1
||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||2 𝜓𝑙−2
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾 ∬
𝐸( 𝜌2 ,2𝜌)

𝑢𝑚+1𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑛∑
𝑖=1

⎛⎜⎜⎜⎜⎝ ∬
𝐸
(

𝜌

2

) 𝑢𝑚𝑖−2|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2 ⎛⎜⎜⎜⎜⎝ ∬

𝐸
(

𝜌

2

) 𝑢𝑚𝑖
||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||2 𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑛∑
𝑖=1

⎛⎜⎜⎜⎜⎝ ∬
𝐸
(

𝜌

2

) 𝑢−𝜃
2𝜌 𝑢

𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2 ⎛⎜⎜⎜⎜⎝ ∬

𝐸
(

𝜌

2

) 𝑢𝜃+𝑚−1𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎟⎠

1
2

≤ 𝛾

𝑛∑
𝑖=1

𝑀
𝑚𝑖+1
𝜌

2
𝑅𝑛𝑚𝑖 (𝑟) + 𝛾𝜌2−𝑛+2𝜆

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)(
𝐹1(𝑟, 𝜆) + 𝐹2(𝑟, 𝜆) + 𝐹3(𝑟, 𝜆) + 𝜌2 ln 1

𝜌

) 1
2
𝐹

1
2
4 (𝑟, 𝜆) + 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)
𝐻

1
2
1 (𝑟, 𝜌, 𝜆)𝜌

2+𝑛−𝜃𝑛+𝜆𝜃

2 . (3.23)
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Let us estimate the first term on the right-hand side of (3.22). If 𝜆 > 0, then

𝐼11 ≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)
∬

𝐺𝜆(𝑅(𝑟))

𝜌
𝜆−𝑛−𝜅(𝜆)
𝜆

ln−1 1
𝜌𝜆

𝑑𝑥 𝑑𝑡 ≤ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)
𝑅𝜆(𝑟). (3.24)

If 𝜆 = 0, set 𝜔 = (𝑢(𝜌))
1−𝜀3
𝑞1 𝑢1−𝜀3𝜓𝑙−1

𝑟
, where 𝜀3 ∈ (0, 1) is an arbitrary number. By the Young inequality we have

𝐼11 ≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
) 1−𝜀3

𝑞−1+𝜀3

∬
𝐸(2𝜌)

(
𝑢(𝜌)

)𝜀3𝑞′
𝑢
𝜀3𝑞

′

2𝜌 (𝜌(𝑥))(1−𝜀3)𝑞′
[
ln 1

𝜌(𝑥)

]𝜀5𝑞′ ||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝑞
′

𝑑𝑥 𝑑𝑡

+ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
)−1

∬
𝐸(2𝜌)

𝜔𝑞𝜌−𝑞(𝑥)
[
ln 1

𝜌(𝑥)

]−𝜀5𝑞

𝑑𝑥 𝑑𝑡

= 𝐼14 + 𝐼15.

Here 𝜀5, 𝑞 and 𝑞′ were defined in Lemma 3.2. The first term on the right-hand side of the previous inequality was estimated in

(3.19):

𝐼14 ≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
) 1−𝜀3

𝑞−1+𝜀3 (
𝑀𝜌

2
−𝑀2𝜌

)𝜀3𝑞
′

𝐹5(𝑟, 𝜆). (3.25)

The second term on the right-hand side of the previous inequality we estimate, using the Hölder inequality and Lemma 2.1 with

𝛼𝑖 =
𝜀3

1−𝜀3
𝑞𝑖, 𝑖 = 1, 𝑛 and choosing a sufficiently large 𝑙, we get

𝐼15

𝑛∑
𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1 ≤ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
𝑛∑

𝑖=1
∬

𝐸(2𝜌)

(
𝑢(𝜌)

) 𝑞𝑖
𝑞1
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

+ 𝛾

(
ln 1

𝑅(𝑟)

)−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
𝑛∑

𝑖=1
∬

𝐸(2𝜌)

(
𝑢(𝜌)

) 𝜀3𝑞𝑖
𝑞1 𝑢𝜀3𝑞𝑖

||||𝜕𝜓𝑟

𝜕𝑥𝑖

||||𝑞𝑖 𝑑𝑥 𝑑𝑡,

from this, choosing 𝑅0 sufficiently small, so that
[
ln 1

𝑅0

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
≤ 1

4𝛾 , we obtain

𝐼15 −
1
4

𝑛∑
𝑖=1

∬
𝐸(2𝜌)

𝑢(𝜌)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
)−1 𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀3𝑞𝑖
𝑞1

[
ln 1

𝑅(𝑟)

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
−𝑞1

(𝑅(𝑟))𝑛(1−𝜀3)𝑞1 . (3.26)

Combining estimates (3.22)–(3.26) we arrive at

sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐸( 𝜌2 ,2𝜌)

𝑢22𝜌𝜓
𝑙
𝑟
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐸(2𝜌)

𝑢(𝜌)
|||𝑢𝑥𝑖

|||𝑞𝑖𝜓𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾(𝑅(𝑟))𝑛𝑚1

𝑛∑
𝑖=1

𝑀
𝑚𝑖+1
𝜌

2
+ 𝛾𝐹5(𝑟, 𝜆)

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
) 1−𝜀3

𝑞−1+𝜀3 (
𝑀𝜌

2
−𝑀2𝜌

)𝜀3𝑞
′
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+ 𝛾

[
ln 1

𝑅(𝑟)

]−𝑞

(
𝜀5

1−𝜀3
− 1

𝑛

)
−𝑞1

(𝑅(𝑟))𝑛(1−𝜀3)𝑞1

(
𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝑞𝑖
𝑞1
−1
)−1 𝑛∑

𝑖=1

(
𝑀𝜌

2
−𝑀2𝜌

) 𝜀3𝑞𝑖
𝑞1

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)(
𝐹1(𝑟, 𝜆) + 𝐹2(𝑟, 𝜆) + 𝐹3(𝑟, 𝜆) + 𝜌2 ln2 1

𝜌

) 1
2
𝐹

1
2
4 (𝑟, 𝜆)

+ 𝛾

(
𝑀𝜌

2
−𝑀2𝜌

)
𝐻

1
2
1 (𝑟, 𝜌, 𝜆)𝜌

2+𝑛−𝜃𝑛+𝜃𝜆

2 + 𝛾𝜌2−𝑛+2𝜆. (3.27)

In the equality (3.27) we will pass to the limit as 𝑟 → 0. By our choices

lim
𝑟→0

𝐹1(𝑟, 𝜆)𝐹4(𝑟, 𝜆) = lim
𝑟→0

𝐹5(𝑟, 𝜆) = lim
𝑟→0

𝐹6(𝑟, 𝜆) = 0.

Using (3.2) we deduce that for 𝜆 = 0 and (𝜀1 − 𝜀2)𝑞′ ≤ 1 the following relation is valid

𝐹2(𝑟, 0)𝐹4(𝑟, 0) =
[
ln 1

𝑟

]1−(𝜀1−𝜀2)𝑞′
ln−1 1

𝑅(𝑟)
=
[
ln 1

𝑟

]1−(𝜀1−𝜀2)𝑞′−𝛿

,

similarly, for 𝜆 = 0, and (1 − 𝜀1)𝑞1 ≤ 1, we have

𝐹3(𝑟, 0)𝐹4(𝑟, 0) =
[
ln 1

𝑟

]1−(1−𝜀1)𝑞1−𝑞𝛿

(
𝜀2−

1
𝑛

)
−𝛿

,

choose 𝛿 from the condition

max
⎛⎜⎜⎜⎝
1
2
, 1 − (𝜀1 − 𝜀2)𝑞′, 1 − (1 − 𝜀1)𝑞1,

𝜀1𝑞𝑛 − 1

𝑞

(
𝜀2 −

1
𝑛

)⎞⎟⎟⎟⎠ < 𝛿 < 1,

now passing to the limit as 𝑟 → 0 in (3.27) and using inequality (3.3) we complete the proof of Lemma 2.3. □

3.2 Pointwise estimates of solutions
Set 𝐼 ′ =

{
𝑖 = 1, 𝑖𝑜 ∶ 𝑚𝑖 ≤ 1

}
, 𝐼 ′′ =

{
𝑖 = 𝑖0 + 1, 𝑛 ∶ 𝑚𝑖 > 1

}
, 𝑚′ = 1

𝑛

∑𝑖0
𝑖=1 𝑚𝑖, 𝑚

′′ = 1
𝑛

∑𝑛

𝑖=𝑖0+1
𝑚𝑖, and 𝑖0 = 0 if 𝐼 ′ is empty,

𝑖0 = 𝑛 if 𝐼
′′

is empty. Let (𝑥̄, 𝑡) ∈ 𝐺𝜆(𝑅0) ⧵ 𝐺𝜆(𝜌) be an arbitrary point, similarly to (2.2), using the De Giorgi type iteration, we

prove the following estimate

(
𝑢(𝑥̄, 𝑡) −𝑀2𝜌

)4+𝑛−
(
1−𝑚

′′) 𝑛

2
+ ≤ 𝛾𝑀

(1−𝑚′) 𝑛2
𝜌

2

⎛⎜⎜⎜⎝
𝑀2

𝜌

2

𝜌𝜅(𝜆)
+

𝑛∑
𝑖=1

𝑀
𝑚𝑖+1
𝜌

2

𝜌2𝑎𝑖(𝜆)

⎞⎟⎟⎟⎠
𝑛+2
2

∬
𝑄𝜌

2 ,( 𝜌

2 )
𝜅(𝜆) (𝑥̄,𝑡)

𝑢22𝜌 𝑑𝑥 𝑑𝑡,

where 𝑄𝜌,𝜌𝜅(𝜆) (𝑥̄, 𝑡) = 𝐵𝜌(𝑥̄) ×
(
𝑡 − 𝜌𝜅(𝜆), 𝑡 + 𝜌𝜅(𝜆)

)
.

From this, since (𝑥̄, 𝑡) is an arbitrary point in 𝐺𝜆(𝑅0) ⧵ 𝐺𝜆(𝜌), using (3.3) we obtain

(
𝑀𝜌 −𝑀2𝜌

)4+𝑛−(1−𝑚
′′ ) 𝑛2 ≤ 𝛾𝜌

−(𝑛−𝜆)(1−𝑚′) 𝑛2−(2+(𝑛−𝜆)(𝑚+1)) 𝑛+22 ∬
𝑄𝜌

2 ,( 𝜌

2 )
𝜅(𝜆) (𝑥̄,𝑡)

𝑢22𝜌 𝑑𝑥 𝑑𝑡.

Since 𝑢2𝜌 ≤ 𝑢(𝜌) on 𝐺𝜆(𝑅0) ⧵ 𝐺𝜆

( 𝜌

2

)
, by Lemma 2.1 with 𝛼𝑖 = 2𝑚𝑖−𝑚1

𝑚1+1
≥ 0, 𝑖 = 1, 𝑛 and Lemma 3.3 we get

∬
𝑄𝜌

2 ,( 𝜌

2 )
𝜅(𝜆) (𝑥̄,𝑡)

𝑢22𝜌 𝑑𝑥 𝑑𝑡 ≤ 𝛾𝜌2−(𝑛−𝜆)(1−𝑚)
𝑛∑

𝑖=1
∬

𝐸( 𝜌2 ,2𝜌)

𝑢𝑚𝑖−1|||𝑢𝑥𝑖

|||2 𝑑𝑥 𝑑𝑡 ≤ 𝛾𝜌4−𝑛−(𝑛−𝜆)(1−𝑚)+2𝜆.
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From the previous we obtain

𝑀𝜌 −𝑀2𝜌 ≤ 𝛾𝜌−𝑛+𝜆+𝜆0 , with 𝜆0 =
2

4 + 𝑛 − (1 − 𝑚
′′ ) 𝑛2

> 0.

Iterating the last inequality we arrive at

Theorem 3.4. Let all the conditions of Theorem 1.1 be fulfilled. Then

𝑀𝜌(𝜆) ≤ 𝛾𝜌−𝑛+𝜆+𝜆0 . (3.28)

3.3 Boundedness of solutions

Let 𝜉𝑟 ∶= 𝜉𝑟(𝑥, 𝑡) ∈ 𝐶∞(𝑅𝑛+1
+

)
, 𝜉𝑟 = 0 for 𝜌𝜆(𝑥, 𝑡) ≤ 𝑟, 𝜉𝑟 = 0 for 𝜌𝜆(𝑥, 𝑡) ≥ 2𝑟, 0 ≤ 𝜉𝑟 ≤ 1, and

||| 𝜕𝜉𝑟𝜕𝑡

||| ≤ 𝛾𝑟−𝜅(𝜆),
|||| 𝜕𝜉𝑟𝜕𝑥𝑖

|||| ≤ 𝛾𝑟𝑎𝑖(𝜆),

𝑖 = 1, 𝑛. For 𝑗 = 0, 1, 2,… , set 𝜌𝑗 =
𝑅0
2 (1 + 2−𝑗), 𝜌̄𝑗 =

1
2

(
𝜌𝑗 + 𝜌𝑗+1

)
, 𝑘𝑗 = 𝑘(1 − 2−𝑗), 𝑘𝑗 =

1
2

(
𝑘𝑗 + 𝑘𝑗+1

)
, 𝐴𝑘𝑗,𝜌𝑗

= 𝐺𝜆

(
𝜌𝑗
)
∩

{𝑢 > 𝑘𝑗}, where 𝑘 is positive number which will be specified later. Let 𝜑𝑗 ∈ 𝐶∞
0
(
𝐺𝜆

(
𝜌̄𝑗
))

, 𝜑𝑗 = 1 in 𝐺𝜆

(
𝜌𝑗
)
, 0 ≤ 𝜑𝑗 ≤ 1, and||| 𝜕𝜑𝑗

𝜕𝑡

||| ≤ 𝛾2𝑗𝛾𝑅−𝜅(𝜆)
0 ,

|||| 𝜕𝜑𝑗

𝜕𝑥𝑖

|||| ≤ 𝛾2𝑗𝛾𝑅𝑎𝑖(𝜆)
0 , 𝑖 = 1, 𝑛.

Test (1.9) by 𝜑 =
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)
+
𝜑𝑙

𝑗
𝜉
𝑙−𝑝
𝑟 , 𝜓 = 𝜉𝑟, where 𝜀 > 0 is small enough to be determined later. Using (1.3) and the Young

inequality we get

sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐴𝑘̄𝑗 ,𝜌̄𝑗

×{𝑡}

𝑢

∫̄
𝑘𝑗

(
𝑠𝜀 − 𝑘̄𝜀

𝑗

)
𝑑𝑠𝜑𝑙

𝑗
𝜉𝑙
𝑟
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢𝑚𝑖+𝜀−2|||𝑢𝑥𝑖

|||2𝜑𝑙
𝑗
𝜉𝑙
𝑟
𝑑𝑥 𝑑𝑡

+
𝑛∑

𝑖=1
∬

𝐴𝑘̄𝑗 ,𝜌̄𝑗

(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)
+
|||𝑢𝑥𝑖

|||𝑞𝑖𝜑𝑙
𝑗
𝜉𝑙
𝑟
𝑑𝑥 𝑑𝑡

≤ 𝛾 ∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢

∫̄
𝑘𝑗

(
𝑠𝜀 − 𝑘̄𝜀

𝑗

)
𝑑𝑠
||||𝜕𝜉𝑟𝜕𝑡

||||𝜑𝑙
𝑗
𝜉𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢𝑚𝑖−𝜀
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)2
+

|||| 𝜕𝜉𝑟𝜕𝑥𝑖

||||2 𝜑𝑙
𝑗
𝜉𝑙−2
𝑟

𝑑𝑥 𝑑𝑡

+ 𝛾 ∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢

∫̄
𝑘𝑗

(
𝑠𝜀 − 𝑘̄𝜀

𝑗

)
𝑑𝑠

|||||
𝜕𝜑𝑗

𝜕𝑡

|||||𝜑𝑙−1
𝑗

𝜉𝑙
𝑟
𝑑𝑥 𝑑𝑡 + 𝛾

𝑛∑
𝑖=1

∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢𝑚𝑖−𝜀
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)2
+

|||||
𝜕𝜑𝑗

𝜕𝑥𝑖

|||||
2

𝜑𝑙−2
𝑗

𝜉𝑙
𝑟
𝑑𝑥 𝑑𝑡

+ 𝛾 ∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢𝑚−𝜀
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)2
+
𝜑𝑙

𝑗
𝜉𝑙
𝑟
𝑑𝑥 𝑑𝑡. (3.29)

Let us estimate the first two terms on the the right-hand side of (3.29). By Theorem 3.4 we obtain

∬
𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢

∫̄
𝑘𝑗

(
𝑠𝜀 − 𝑘̄𝜀

𝑗

)
𝑑𝑠
||||𝜕𝜉𝑟𝜕𝑡

||||𝜑𝑙
𝑗
𝜉𝑙−1
𝑟

𝑑𝑥 𝑑𝑡 +
𝑛∑

𝑖=1
∬

𝐴𝑘̄𝑗 ,𝜌̄𝑗

𝑢𝑚𝑖−𝜀
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)2
+

|||| 𝜕𝜉𝑟𝜕𝑥𝑖

||||2𝜑𝑙
𝑗
𝜉𝑙−2
𝑟

𝑑𝑥 𝑑𝑡

≤ 𝛾𝑟𝜆0(𝜀+1)−𝜀𝑛 + 𝛾𝑟𝜆0(𝑚1+𝜀)−𝜀𝑛.

Set 𝑚∗ = max
(
𝑚𝑛,max1≤𝑖≤𝑛 𝑞𝑖

)
+ 𝜀, 𝑞∗ = (𝜀 + 1) 𝑞

𝑛
+ 𝑞 + 𝜀, if 0 < 𝜀 <

𝜆0𝑚
−

𝑛
, then by the evident inequalities

𝑢 ≤ 𝛾2𝑗𝛾
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

) 1
𝜀

+
on 𝐴𝑘̄𝑗 ,𝜌̄𝑗

,
(
𝑢𝜀 − 𝑘̄𝜀

𝑗

)
+
≤ (

𝑢 − 𝑘̄𝑗

)𝜀
+ and

(
𝑢 − 𝑘𝑗+1

)
+ ≤ 𝛾

(
𝑢𝜀 − 𝑘𝜀

𝑗+1
) 1

𝜀

+
+ 𝛾𝑘1−𝜀

𝑗+1
(
𝑢𝜀 − 𝑘𝜀

𝑗+1
)
+
≤

𝛾
(
𝑢𝜀 − 𝑘𝜀

𝑗+1
) 1

𝜀

+
+ 𝛾2𝑗𝛾

(
𝑢𝜀 − 𝑘̄𝜀

𝑗

) 1−𝜀

𝜀

+

(
𝑢𝜀 − 𝑘𝜀

𝑗+1
)
+
≤ 𝛾2𝑗𝛾

(
𝑢𝜀 − 𝑘̄𝜀

𝑗

) 1
𝜀

+
passing to the limit 𝑟 → 0 in (3.29), we obtain
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sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐴𝑘𝑗+1 ,𝜌̄𝑗×{𝑡}

(
𝑢 − 𝑘𝑗+1

)𝜀+1
+ 𝜑𝑙

𝑗
𝑑𝑥 +

𝑛∑
𝑖=1

∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗

(
𝑢 − 𝑘𝑗+1

)𝜀
+
|||𝑢𝑥𝑖

|||𝑞𝑖𝜑𝑙
𝑗
𝑑𝑥 𝑑𝑡

≤ 𝛾𝑅
−𝛾

0 2𝑗𝛾
⎛⎜⎜⎜⎝ ∬

𝐴𝑘𝑗
,𝜌𝑗

(
𝑢 − 𝑘𝑗

)𝑚∗
+ 𝑑𝑥 𝑑𝑡 + |||𝐴𝑘̄𝑗

, 𝜌̄𝑗
|||
⎞⎟⎟⎟⎠ .

From this, using Lemma 2.1 with 𝛼𝑖 = 𝜀 > 0, 𝑖 = 1, 𝑛, we obtain

𝑦𝑗+1 = ∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗+1

(
𝑢 − 𝑘𝑗+1

)𝑚∗
+ 𝑑𝑥 𝑑𝑡

≤ ∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗

(
𝑢 − 𝑘𝑗+1

)𝑚∗
+ 𝜑

𝑙𝑚∗
𝑗

𝑑𝑥 𝑑𝑡

≤ 𝛾

⎛⎜⎜⎜⎝ ∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗+1

(
𝑢 − 𝑘𝑗+1

)𝑞∗
+ 𝜑

𝑙𝑞∗
𝑗

𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎠
𝑚∗
𝑞∗ |||𝐴𝑘𝑗+1

, 𝜌̄𝑗
|||1−𝑚∗

𝑞∗

≤
⎛⎜⎜⎜⎝ sup
0<𝑡<𝑅

𝜅(𝜆)
0

∫
𝐴𝑘𝑗+1 ,𝜌̄𝑗×{𝑡}

(
𝑢 − 𝑘𝑗+1

)𝜀+1
+ 𝜑𝑙

𝑗
𝑑𝑥

⎞⎟⎟⎟⎠
𝑚∗𝑞
𝑛𝑞∗ |||𝐴𝑘𝑗+1

, 𝜌̄𝑗
|||1−𝑚∗

𝑞∗

×
⎛⎜⎜⎜⎝

𝑛∑
𝑖=1

∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗

(
𝑢 − 𝑘𝑗+1

)𝜀
+
|||𝑢𝑥𝑖

|||𝑞𝑖𝜑𝑙
𝑗
𝑑𝑥 𝑑𝑡 +

𝑛∑
𝑖=1

∬
𝐴𝑘𝑗+1 ,𝜌̄𝑗

(
𝑢 − 𝑘𝑗+1

)𝜀+𝑞𝑖

+

|||||
𝜕𝜑𝑗

𝜕𝑥𝑖

|||||
𝑞𝑖

𝜑
𝑙−𝑞𝑖
𝑗

𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎠
𝑚∗
𝑞∗

≤ 𝛾𝑅
−𝛾

0 2𝑗𝛾
(
𝑦𝑗 +

|||𝐴𝑘̄𝑗 ,𝜌̄𝑗

|||)𝑚∗𝑞
𝑛𝑞∗

+𝑚∗
𝑞∗ |||𝐴𝑘𝑗+1,𝜌̄𝑗

|||1−𝑚∗
𝑞∗

≤ 𝛾𝑅
−𝛾

0 2𝑗𝛾𝑘−𝑚∗
(
1−𝑚∗

𝑞∗

)
(1 + 𝑘−𝑚∗ )

𝑚∗𝑞
𝑛𝑞∗

+𝑚∗
𝑞∗ 𝑦

1+𝑚∗𝑞
𝑛𝑞∗

𝑗
.

Due to Lemma 2.2 this inequality implies that 𝑦𝑗 → 0 as 𝑗 → ∞, if 𝑘 satisfies the condition 𝑘
𝑚∗+

𝑛𝑞∗
𝑞 = 𝛾𝑅

−𝛾

0 𝑦0 + 1, which

implies

ess sup
{

𝑢 ∶ (𝑥, 𝑡) ∈ 𝐺𝜆

(
𝑅0
2

)}
≤ 𝛾𝑅

−𝛾

0

⎛⎜⎜⎜⎝ ∬
𝐺𝜆(𝑅0)

𝑢𝑚∗𝑑𝑥 𝑑𝑡

⎞⎟⎟⎟⎠
1

𝑚∗+
𝑛𝑞∗
𝑞

+ 𝛾,

if 0 < 𝜀 <
𝜆0𝑚1
𝑛

, then the integral on the right-hand side of the previous inequality is finite, this completes the proof of the

boundedness of 𝑢 in the whole 𝐺𝜆

(
𝑅0
2

)
.
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3.4 End of the proof of Theorem 1.1

Let 𝜍 ∈ 𝑊 1,2(0, 𝑇 ;𝐿2(Ω)
)
∩ 𝐿2(0, 𝑇 ; 𝑜

𝑊

1,2
(Ω)

)
be an arbitrary function, testing (1.9) by 𝜑 = (𝑢 + 𝜀)𝑚−−1𝜍𝜓𝑙−𝑝

𝑟 , 𝜓 = 𝜓𝑟, using

(1.3), the Young inequality, the boundedness of 𝑢 and passing to the limit 𝑟 → 0 and 𝜀 → 0 we obtain

sup
0<𝑡<𝑇 ∫

Ω

𝑢1+𝑚−
𝜍 𝑑𝑥 +

𝑛∑
𝑖=1

∬
Ω𝑇

𝑢𝑚𝑖+𝑚−−2|||𝑢𝑥𝑖

|||2𝜍 𝑑𝑥 𝑑𝑡 ≤ 𝛾 ∬
Ω𝑇

(
1 + |𝜍𝑡| + 𝑛∑

𝑖=1

|||𝜍𝑥𝑖

|||2
)

𝑑𝑥 𝑑𝑡.

Testing (1.9) by 𝜑 = 𝜍𝜓
𝑙−𝑝
𝑟 , 𝜓 = 𝜓𝑟, using (1.3), the previous inequality, the boundedness of 𝑢 and passing to the limit 𝑟 → 0

we obtain

𝑛∑
𝑖=1

∬
Ω𝑇

|||𝑢𝑥𝑖

|||𝑞𝑖𝜍 𝑑𝑥 𝑑𝑡 ≤ 𝛾 ∬
Ω𝑇

(
1 + |𝜍𝑡| + 𝑛∑

𝑖=1

|||𝜍𝑥𝑖

|||2
)

𝑑𝑥 𝑑𝑡.

From this, testing (1.9) by 𝜓 = 𝜓𝑟, using the boundedness of solution, and passing to the limit 𝑟 → 0, we obtain the integral

identity (1.9) with an arbitrary 𝜑 ∈ 𝑊 1,2(0, 𝑇 ;𝐿2(Ω)
)
∩ 𝐿2(0, 𝑇 ; 𝑜

𝑊

1,2
(Ω)

)
and 𝜓 ≡ 1. Thus Theorem 1.1 is proved.
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