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1 | INTRODUCTION AND MAIN RESULTS

In this paper we study nonnegative solutions to the quasilinear parabolic equation in the divergent form. This class of equations
has numerous applications and has been attracting attention for several decades (see, e.g. the monographs [4,17,38,40] and
references therein)

u, —divA(x,t,u, Vu) + g(x,t, Vu) = b(x,t,u, Vu), (x,1) € Qr =Qx(0,7T), (1.1)
where Q is a bounded domain in R",n > 2,0 < T < +00,0 € Q, satisfying the initial condition
u(x,0) =0, x € Q\ {0}. (1.2)

Throughout the paper we suppose that the functions A : QX R, x R} x R" - R", g,b : @ x R! x R} x R - R' and such
that A(.,.,u, &), g(.,., &), b(., ., u, §) are Lebesque measurable for all u € R! ,E € R" and A(x,t,.,.), g(x,t,.), b(x,t,.,.) are con-
tinuous for almost all (x,?) € Qr, A = (ay, a,, ..., a,). We also assume that the following structure conditions are satisfied

n

AL, OF 2 vy ) u" g,

i=1

la;(x,t,u,&)| < Vzumi_l|§i|s i=1,n,
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n n
v DG < gl 1,8) < vy Y IEIY,
i=1 i=1

1

L :
|bCx, 1,1, €)] szu—(Zumf“lf:[lz) : (13)

i=1

where v;, v, are positive constants and

n
1—2<m1§m2$---§mn<m+%, m=12mi, (1.4)
n n n &
2 +nm 1y 1_1y1
Zrmm <o, <q(1+), 2==Y 15
T+n 1 ozizn 1 <1 n q nzq,- (1-5)

The qualitative behavior of solutions to quasilinear elliptic and parabolic equations near the point singularity was investigated
by many authors stating from the seminal papers of Serrin [30,31] and Aronson, Serrin [3]. The question of the removability
of isolated singularity for the Laplace equation with absorption was studied by Brezis and Veron [14]. Subsequently various
extension of these results have been obtained by many authors. We refer to the monograph by Veron [39] for an account of these
results.

A model example of an equation (1.1) in the nonanisotropic case (m =m; = -+ =m,,g =q; = - = q,) IS

= A\ (lul™ ") + [Vl = 0,

existence and nonexistence of singular solutions of such type equations were considered in [1,2,5-8,10-12,16,19,20,24,28,29,32,
37]. Particularly, the removability of isolated singularity for solutions of these equations has been proved under the assumption

During the last decade has been growing interest and substantial development in the qualitative theory of second order quasi-
linear elliptic and parabolic equations with nonstandart growth conditions. Some results of [15,18,21,23,25-27,33-36] we men-
tion here. The basic prototypes of such equations are

- pi—2
> ( u, uxi) =0, (1.6)
i=1 X
n =2
w=y < u, | uxi> =0, (1.7)
i=1 X
U, — <|u|’""_lux‘_)x. = 0. (1.8)

i=1

The question of the removability of isolated singularity for anisotropic elliptic equations (1.6) with gradient absorption term was
studied in [35].

The main goal of our paper is to establish the pointwise estimates of solutions to the problem (1.1), (1.2), depending on the
relations between the exponents m; and g; which guarantee that point singularity is removable. The main difficulty lies in the
fact that part of m; < 1 (singular case), and another part of m; > 1 (degenerate case). Particularly, we cover the case m = 1.

Before formulation the main results, let us remind the reader the definition of a weak solution to the problem (1.1), (1.2). We

-_— -_ n 5
say that u € L9(0, T; WH(Q)) if J[ [ul%dxdt+ Y, [f “dxdr < co. Let m™ = min(1, m,), we also say that u € V,,(Qr)
Qr i=1 Qp

uxi

_ n _ 2
ifue C(O,T; Li+m (Q)) and Y, [f |u|™tm -2 dx dt < co. By a weak solution of the problem (1.1), (1.2) we mean the
i=1 Qp

function u(x, ) > 0 satisfying the inclusion uy € V,, (Q1) N LE(O, T; Wl’a(Q)) N L*®(Q7) and the integral identity

lel_

T
/ u(x, )y e dx + / / (—uw?®), + A(x,t,u, V)V (P @) + g(x, 1, Viyyp — b(x, 1,u, Vu)y’ @) dx dt = 0 (1.9)
Q 0 Q
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o 12
holds true for p = max(2 + m,, maxgq;), forany 0 < = < T, any testing function ¢ € W12(0,T; L2(Q)) n L2(0,T; W (Q)
no (DX di y y g
SIsn

and any y € Cl(ﬁT) vanishing in a neighborhood of {(0, 0)}.
This guarantees that lin(1) / u(x, 7)yPpdx = 0 and all the integrals in (1.9) are convergent.
g Q

Our main result reads as follows.

Theorem 1.1. Let u be a weak nonnegative solution to th_eproblem (1.1), (1.2). Let the conditions (1.3)—(1.5) be fulfilled, and

assume also that if ¢ = ZEm then q; = —Ztnm i 7, n. Then the singularity at the point x = 0, t = 0 is removable, that is,
1+n 1+n+5(m—mi)

the integral identity (1.9) holds for v = 1.

The proof of Theorem 1.1 is based on the new a priori estimates of “large” type solutions. In particular, we prove the following
theorem, which is the Keller—Osserman type estimate of the solution to the problem (1.1), (1.2).

Theorem 1.2. Let the conditions (1.3)—(1.5) be fulfilled. Then there exists a positive constant ¢ depending only on
Vi, Vo, My, ..., M, qy, ..., q, such that the following inequality

n 2 1 -2
u(e, 1) < e[ D 1x| TG 4 =2 (1.10)

i=1
holds for (x,1) € Q; \ {(0,0)}.

The rest of the paper contains the proof of the above theorems.

2 | KELLER-OSSERMAN A PRIORI ESTIMATES, PROOF OF THEOREM 1.2

2.1 | Auxiliary propositions

The following lemmas will be used in the sequel. The first one is the well known embedding lemma (see [9]).

[
Lemma 2.1. Let Q C R", n > 2, be a bounded domain, let v € W1(Q) and let
n
ALK
i=1 g

If1<p<n, thenv e L1(Q),q = ﬂ<1 + % Y ﬁ) 1= % 3 L and the following inequality

n=p

s
le_| ‘dx <0, @ >0, p;> 1.

1

n
1 a;j
Di np~<l+7zf>
v, | dx| \ AT
Xi

n
ol < v TT| [ 101"
i=1 o

holds, where the positive constant y depends only on n, p;, a;,i = E
In what follows we will use the following lemma [17].

Lemma 2.2. Let {y;};cn be a sequence of nonnegative numbers such that for any j =0, 1,2, ... the inequality
Vi SCHy;*e
holds with positive €, C > 0, b > 1. Then the following estimate

(1+e) -1 (1+e) -1

L ey
yy<C oo b @ i

1

-
is true. Particulary, if y) < C ¢b &, then limy; = 0.
Jj=oo
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2.2 | Integral estimates of solutions

For r > 0 set

n

2(g—m) q—m
D(r) = {(x, 7)€ R"x Rl+ . Z ;| @ mata=2mi 4 fa=-m+24-D < r} .

i=1

Let R be a sufficiently small fixed number such that D(R,)) C Qr, and for 0 < r < R\ we define
M(r) :=esssup{u(x,?) : (x,t) € D(Ry)\D(r)},

it follows from [21] that M (r) < oo for 0 < r < R,
Fix a positive number / > p + 1, in the sequel, y stands for a constant which depends only on Lvi,vo,n,my,....,m,, qq,...,q,

and R, which may vary from line to line. Let 0 < p < ,0<o < 5 5 <s(l—-o0)<s< 2p, Uy, = (u— M(Zp))+, for k >0

2= _ 1 —
and j =0,1,2,... sets; =s(1-0627),5,,, _5(s.+sj+1),k._k(1— h, 0, =R\ D(s j),Akj,Sj _{(x,t)eQSj :

_a=m)+2(g-1)

_J’ZjVS q—m ai

tr,(x,1) > k;}. Letg; € CX(R{™),0<¢; < 1,¢;=1in Q. ¢;=0in D(5), o] <

C @-mgtg=2m; I
yo 727y 2g-m | j=1,n.

Lemma 2.3. Let the conditions of Theorem 1.2 be fulfilled. Then

n
sup /(uzp—kj+1)ig;dx+2//(uzp—kj+1)+
0<t<TQ i=1g
T

where

2+4¢(1-m)

Uy, g dxdt <yoc 7207 p aem H(s, p)‘

@2.1)

Kjpr:Sje1 |

2—q 2 n 2—g m;+1 2—g
H(s,p) = <pq_'" M(s(1 - 6))) + Z (pq_'" M(s(1 - 6))) +p° <pq_'"M(S(1 - 6)))

i=1

m+1

Proof. Testing (1.9) by ¢ = (uzp - kj+1)+g;_p, ¥ = ¢, using conditions (1.3) and the Young inequality, we obtain (2.1), this
proves the lemma. O

By Lemma 2.1 we obtain

2

q+1+2q . N
(= ki dxdt < (u Yy " dxdi A, |
2p j+1/+ = 2p T +1 + kjp1:5j41
Akji15741 Akjy15)41
2q
n(q+l+ )
2
<y| sup / (U = kjy1)y6; dx
0<t<T
ki1 XU}
2
L 2
el AR ,
_—24
q+1+="
// (u2p /+l)+ |Akj+1,§j+1
j+1 Sjtl

from this, using the evident inequality |A k)15 41

yj+1 = // (uzp J+1) dxdt

/+1 Sj+1

<y2irk2 ff (uy, — k;)3dx dt, by Lemma 2.3 we obtain

Arj )

- 2q

—2<1+ 2 ) Szl (14g) 2 (148) 25
—ynj % g=m n 2 g+
<yo YJY K n(g+1+<) p) g1+ w (H(s, P)) g+1+5 yj g =0,1,2...
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By Lemma 2.2, y; — 0 as j — oo, provide k is chosen from

n _ZtgU=m) (g n n
K =p am <1+q>H1+q(s,p)//u%p dxdt. (2.2)
os,

Let us estimate the integral on the right-hand side of (2.2). Let¢ € C® (Ri+1 ), 0<¢<l,¢g=1lin Qio, ¢ = 0in D(s(1 — o)),
_ g(I=m)+2(g=1) _ (2=-m)g+(g=2)m; N

a _ 0 _ .
and |ﬁ—f| <yo's m | E | <yoTs Ae-m | j=1,n.

ox;

qd=m+2(g=1)

Testing (1.9) by ¢ = ung’_l’, v = ¢, and using the inequality D(s) < ys' e-m  similarly to (2.1) we have

5 g(=m)+2(g=1) - g L=mA2g=1) _ 24q(1=m)
U, dxdt<ys am sup U6 dx <yoc'p q—m am H(s, p).

0<t<T
05, 05, x(1)

Hence (2.2) implies

n+2 g(1=m)+2(g=1) _ 2+q(1—m) <2+ﬂ
q

(M(s) = M2p) "0 <yo7p )H“&(s,p).

If € € (0, 1) then by (1.4), (1.5) and the Young inequality from the previous inequality we obtain

=2
M(s) <eM(s(1—0)+ MQp)+yc7e T pim, (2.3)
For j =0,1,2,... define the sequences {O'j}, {sj}, {M]} byo; := ﬁ, 5; = g(l + 2‘j+1), M; = M(sj), from (2.3) we
arrive at recursive inequalities.
q-2

M; <eM; | +MQ2p)+y27e7pem, j=0,1,2...
From this, by iteration
4 S 2 J .
Mo <&/ My +M@p) Y e +yepi Y (€2,
i=0 i=0

for every j > 1. We choose € < 277~ !¢ such that the second sum on the right-hand side can be majorized by a convergent series
and let j — oo to obtain

q-2
M(p) < My < (1—2)"'MQ2p) +ye 7 pin.

For j =0,1,2,... define the sequence p; := 27/ R, then the previous inequality can be written in the form
q J 0

q=2

M(p;) S ="M (pjy) +7e7p] ", j=12...

From this, by iteration

. 2—qg \ |
=2 J -4
. _ y— 2 q-m
M(p;) <(1—&) ' M(Ry) +7e ’p! Z ( > ,

o\1-¢
_4=2
choosing € from the condition € < 1 — 2 ¢-m so that the sum on the right-hand side of the previous inequality can be majorized
by a convergent series to obtain
=2

2—q
M(p;) <vp! (R(;“" M(R) + 1>, ji=12 ...,

which proves Theorem 1.2. O
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3 | PROOF OF THEOREM 1.1

3.1 | Integral estimates for the gradient of solutions

For 0 < 4 < n let us define the following numbers

n—2

k(D) =2+m-Dm-1), aA)=1+ (m—m,), i=1,n, 3.1)

and set

1

K(A) K

ay(4)

n a )\ aa@
p,(x,1) = (2 |xi|”i<‘>> +tg . G ={(x0n eR”xR‘+ D pix ) <r.
i=1

Assume that G,(Ry)) C Qr and for 0 <r< R, we set M, (A1) =sup{lu(x,t)| : (x,7) € G;(Ry) \ G,(r)}, E(r,A) =
{Ce,0) € Qp tulx,t) > M. (A}, u.(x,t,4) = @w(x,t)— M,(1)), and consider the function y,(x,1)=n.(p,(x,1)),
where 7, : R!' - R! is a function taking the following values: n(s)=0if s<r, n(s)=1 if s> R(F), n.(s) =
[(1 —6)Inln %]_l <1n In % —Inln é) if r < s < R(r), here 6 is a number from the interval (0, 1) specified in what follows and
R(r) defined by the equality

In Rir) = In® % (3.2)
Note that by the evident equalities
q—2 =_n—/17 2(g-2) =_n—/1’ i=Tn
g(I —m)+2(q—1) k() 2-mqg+(qg—2m, a;(4)
with 4 > 0 defined by
1= q(l+n)—2—nm > 0.
q—m
the Keller—Osserman estimate (1.10) yields
M, <yp*™" p>0. (3.3)

To simplify the following calculations we will write M,., E(r) and u,(x, t) instead of M,(1), E(r, A) and u,(x,t, A).

e _ 2+nm _ 2+nm LT o
Inthe case A =0,ie. g = T and ¢; = —l+n+§(m—m,~)’ i=i,n, fix g,e, € (0,1) by the conditions
I3 -1
i<51<<l—l> a N l'i‘L<€2<51,
dn q nj)q,—q n q
and let

£1q,—1
1
61<€2 - ;)

Consider the functions F(r, ), F5(r, A), F5(r, A) defined by the following equalities

0< <6< 1. (3.4

RA(r), if A>0,

F,(r,A) = 2—q
1= 4) [1nR2r)] L ifa=0,
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R}*(r), if A >0,
1 1—(e;—€2)q . ’
m;] . ifA=0, (6 —&)d <1,
Fz(r, A) =4 1 .
lnln;, ifA=0, (g, —&)d =1,
1 1—(e;—€2)q . ,
nm] s 1f/1=0’ (51 _EZ)q > 1.
(RA(r), if >0,
1 1—(1—51)(11-115(52‘£) .
]n:] s lfﬂZO, (1—61)q1<1,
By, ) =11 | 1-9(ex-1)
In?] , A= 0, (- gy = 1.
L i=O-epa—a(e-L)

Here ¢’ = 1,q—L

Lemma 3.1. Let the assumptions of Theorem 1.1 be fulfilled. Then the following estimate holds:

I, = sup / /ln—dsq/ dx + //
0 0<t<T Z

p My
5 x{t} 75

le‘_

In -4
M,

< Y(F(r, A) + Fy(r, 2) + F5(r, ) + yp* In? %.

Proof. Testing (1.9) by ¢ =1In, M y/r P w = y,, using conditions (1.3) and the Young inequality we obtain

v ! o, |
IoSyZ// /mMp ‘ tr dxdt+y2//1n “Mu,, a_x:”’r dx dt
+y // u™ In’ ﬁu/rldxdt =1+, + ;.
£(1) ’
By (3.3) the last term on the right-hand side of (3.6) is estimated as follows
Iy <yp*In’ 1.
P
If A > 0, then by Young's inequality and by (3.3) we have
1 n
Il + 12 - Z Z / um -2
i=1
£(5)
n 01// 2
rl -1 ma2 W |0Vl
<y //(u—Mg —|v dxdt+y;//u S| Wi
5 =
£(5) £(5)

<y // pj"’((’”dxdt+yz // Gmmm=2a,3) 4 1

G (R(r) GA(R(V))

R(r)

<y / s ds < yRA(r).

0

SHE J_7

4i
t//rl dxdt

(3.5)

(3.6)

3.7

(3.8)
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If A = 0, then by the Young inequality we have
_ u_ ay/,
yldxdt<y2// (m; 1)111
i= l

1 “ u
L-32 J mae
(2 (2)

X

2
—tm-v2aong [ 1]
R "f[ln—] dxdt
P0

Syzn‘, // Py

=16, (RONG, ()
(3.9)

Set
u
ap(0) \ a1(0)
L) = Z|x|a<0> :

s
v= In® M ds| v,
M) 2
2 +
then by the Young inequality we obtain
(1—61)11, | q ! €5
u r —
I <y // In [n—] dxdt+y // vip q(x)[ln—] dxdt=1I,+ 1 (3.10)
! M, () p(x) e
5) £(%)
By (3.3) we estimate the first term on the right-hand side of the previous inequality as follows
R(r)
—(e1-e)d’ ¢

— < yF(rA), 3.11)

I4SY/[ln1]

r

here we also used the evident equality ¢’ — x(0)q' = —2 — nm
The second term on the right-hand side of (3.10) we estimate, using the Holder inequality and Lemma 2.1 with o) = a, =

= qa, = 0, we have
g
r —&yn ! nq
Is<y _”(x)[ ( )] d / vadx| dt
0 \Go(R(r) E(§)X€t}
| qelet)
<y |[ln— |v, |%dx dt
R(r) = '
£(%)
a 2—;) !
<y |- / In‘19 N ax dr
R() A
£(%)
q(sz—;) n €14; 9 q
+vy [ln ! ] i | In -2 hddd (=241 g dt
R(r) =1 g axl
£(%)
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By our assumptions £,g; > 1,i = 1, n, hence choosing [ sufficiently large, using (3.3), from the previous we obtain

lel_

4di
Is <y q/rl dxdt

1 _‘1(‘52_%) 116191 & u
£(8)

+y

1 _‘1(52_%) n K0 171€=Da 4
ln—] 2/ [ln—] —S,
R(r) Z s 5
r

1
n

by our choice £,g, — 1 — 6q<62 - ) < 0, hence assuming that R is small enough, satisfying the condition

<

Slqn_1_54<52_£) 1
| i
we obtain

L u "yl dx di + y Fy(r ).

Collecting estimates (3.6)—(3.12) we arrive at the required (3.5).

Inthe case A =0,1.e. ¢ = 2;:’”'” and q; = %, i = 1, n, fix numbers €3, €4, €5 by the conditions €5 € (0, 1),
g4 < 1, 1_:3 <g5< 1_%, and let
o RYr),  if A>0,
4\r, A) = -1 _1 : _
In m, if A= 0,
RA(r), if 1>0,
Fs(rnA) =31 | 1-U-ed
[ n m:l N if A= 0,
RA(r), if A>0,
Fg(r, A) =3 { —q(,ES —l)
—e3 n . _
[n R(r)] (RGP, if A =0.
G— 4 g —_4
Here g = 1_EB,q =
For1<0<1+2 set®,(u)= <(M§ — M,,)10 — u5;0)+.

Lemma 3.2. Under the conditions of Theorem 1.1 the following inequality

2 // u;fumf—l ijr’dxdt+2 // D, (u)
i=1 i=1
£(3) £(3)

qiy/rl dxdt <yH(r,p, A)

lei

lei

holds, where

1
1-60 2 1
Hy(rp.4) = (Mg - My, ) <F1 (r, ) + Fy(r, A) + F3(r, A) + p* In? 1) FZ(r, )
p
l—e3

li_i%qi_l q—l+eg
‘ Fs(r, 2)

£44i

T—e5
—M2p> 3

Mo,

-1
> Fé(r,/l)+<M§—M2p

>2(1—9)

P

2+n—0n+10

1—63

MATHEMATISCHE [ B
[NACHRICHTEN

(3.12)

|

<

(3.13)



10 MATHEMATISCHE SHAN AND SKRYPNIK

NACHRICHTEN

Proof. Testing (1.9) b = (u) I_p, =y, and using conditions (1.3) we get
g Yy @ W T W =Y g g

@ (s)dsy'd —0ymi—
s [ [ o x+2//

Epx{t} Mp
2

w!"ldxdt

lldxdt+y<Mp sz Z// mi=1|,

1
1-0 _ "
+y<M§ _sz) // “ 21<Z”mi_l
i=1
£(5)

2\ 2
y/rldxdt

=1+ y(Mg - M2p> (I, + Iy).

uxl_

By (3.3) the Holder inequality and Lemma 3.1 we have

I, < é / U™y
E(8)

1
2 1
<y (Fl (. A) + Fy(r, A) + Fy(r, A) + p* In? %) F2(r, ),

r

dxdt

//u

£(4)

By our choice of # we have

2
u, | y,.dxdt

-0 1 g 0 m,
(M/E’_sz> IS_EZ} / ungum, 1
£(%)

< M, — M. 21-9) 6+m—1 ld d
> £ 2p u Y. dxdt

£(4)

2(1-0)
< Y(Mg _ Mz,,) p;(n—/l)(6'+m—l)dx dt

G,(2p\G;(r)

2p

21-6
<y ( M, — Mg,,) (1=6) / G~ (1= AO+m=1)+2+(n=2)m= 1)+ ds
2 S
r

2(1-6)
< y( M, — MQ,,) pRn=0n+i0,
2

If 4 > 0 then by (3.3)

1-6 Jmn=rc(A) 1 —1 1 1-6 i
165y(M§—M2p> o In p—dxdtsy<M§—M2p> RAKr).
A
GA(REING, ()

(3.14)

(3.15)

(3.16)

(3.17)
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u
IfA=0,setw=| [ @ (s)s™ds| y'~!, then by the Young inequality we obtain
Mg N
1*53
q—1+e3 g;q 0 q_,
(-7 |1y L i
T < y(; (M” sz) ) // S (p(x)) (1737 [ (x)] at’ dxdt
E(%)

n —€5q
+y<z (M sz 1 63 > // wq q(x)[ ( )] 5 dxdt= Ig+[10. (318)

i=1

By (3.3), the first term on the right-hand side of (3.18), we estimate as follows

1= R(r)

" “og-1| 071t 11-U-54d" g
Igsy<Z<M - ) ) AL .

i=1 p

l—e3

n 15_44,__1 q—1+e3
< (> (Mg —sz) =3 Fy(r, ), (3.19)

i=1

here we also use the evident equality (ne; — 1 + e5 + k(0))§’ = 2 + nm.
The second term on the right-hand side of (3.18) we estimate, using the Holdeer inequality and Lemma 2.1 with a; =
i» i = 1, n, and choosing / sufficiently large, we have

€3
1-¢g3

‘ =g e g
Lo Z <M§ - sz) o < 7/ / P (%) [ln ﬁ] *dx / wradx| dt
i=1

0 \Go(R(Mx{1) E(2)xin)
£5 1
In —— 5 g (@,w) 5 luy [y dx di
n u 3 lu X
=7 R(r) i=1 ’ Y

£5 1 g
1 —4(143—;) - 14_111; (1-e3) d
- — €3 3)gi | 2L
+y[ln R(r)] ' (Mg M2p> // u

we obtain

1 <& ‘ n U e\ 7!
i 1—¢ 1—¢
072 // ) ! < (Mg —sz) 3< (Mg —sz) 3 ) Fy(r, ). (3.20)
i=1 i=1 i
E(%)

Collecting estimates (3.14)—(3.20) we arrive at the required (3.13). O
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Define a function u”(x, 7) and a set E(%, 2p> as follows u'”) = min(Ms — M, u,,), E(g, Zp) =EQ2p)n {u <M, }
2 2

Lemma 3.3. Under the assumptions of Theorem 1.1 the next inequality holds:

sup / 2pdx+z // | dxdt+z // <ﬂ>| | ‘dxdt < ypPT (3.21)
()

O<i<R, E(g,zp)x{ E( 22p) E(2p)

Proof. Testing (1.9) by ¢ = u® y'™”, y = y,, using (1.3) we get

sup " / 2p‘V dx + Z //

0<t<R =

(/’)’ ’ v, Udx dt

0 E(42p)x{1) E(” 20) T EQp)
a 01//
< WPy, v~ ldxdi + // = "yl ~ldx dt
sY // at yz i ax; ¥r
E2p)
1
=t TR Sy
+y // 2 umi_ |ux'_| wldxdi =1 + I, + 5. (3.22)
ECp)

By the Holder and Young inequalities and Lemmas 3.1, 3.2 we obtain

1 m=1| %
112+113_Z ut |uxi| q/rdxdt

EB(220)
rl_zdxdt+y // um"']l//rldxdl

<y2 // ymit]

~E22p) E5.20)

n

My = M, ) my=2
+J/( 2 2 /u u

el £(2)

—0
+y(M§ sz // Wi

n
Z J R— _
S y MZ’ R”ml (r) + yp2 n+24
2

[S1RSY

©
=

i=1

2+n—6n+40

1
E l l n
+y<M§—M2p><F](r,ﬂ)+F2(r,i)+F3(r,/1)+p21n%> F42(r,/1)+y(M§—M2p>H12(r,p,/1)p+ T (3.23)




SHAN AND SKRYPNIK MATHEMATISCHE 13
NACHRICHTEN

Let us estimate the first term on the right-hand side of (3.22). If 4 > 0, then
I, < y<M£ - M, ) // P Ot L gear < y(Mz - My, )R, (3.24)
2 P, 2
G(R(r)

1—e3

If A=0,setw= @) @ u'~¢3y!~!, where e5 € (0, 1) is an arbitrary number. By the Young inequality we have

1—e3

c q1 e (p) 37 6%‘1 (1—e3)7 es? oy, |7
I, <y (Mp -M // T(px)1 [ ] dxdt
" ; ) p)|  lox,

E2p)
“ —&5q
+y (Mg -M "1 // @l p=9(x) [m —] dx di
(; ;=) (x)
E2p)

= Il4+115‘

Here €5, g and ¢’ were defined in Lemma 3.2. The first term on the right-hand side of the previous inequality was estimated in
(3.19):

l—¢e3

" T i
Lo<r( Y (Mg - sz) “ (Mg - sz) Fy(r, ). (3.25)

i=1

The second term on the right-hand side of the previous inequality we estimate, using the Holder inequality and Lemma 2.1 with

= 1_ ——q;, i = 1,nand choosing a sufficiently large /, we get

l
n gi .
- 1 T=e3 53 n i
ns Y (Mg =My,)" <y [m R(r)] Z // ()
i=1

0]

q;
ux[| l[/rl dx dt

V/r

1 T-e3 53 ; 0
1 (p) q1 £34;
+y< n R(r)> Z // 7 ox

E(2p)

dxdt,

i

€5 1
gl
from this, choosing R, sufficiently small, so that [ln RL] (1_53 ") < —, we obtain
0

_4,
——Z// (")| |u/dxdt

E2p)

d e 2t ~a(753)
SY(Z(M" sz)'“ 1) > (Mo -a,) " [lnﬁ] (#57) (R, (3.26)

i=1 i=1

Combining estimates (3.22)—(3.26) we arrive at

supm / 2pl// dx+z // |1//dxdt+z // (”)‘ ‘ q/dxdt
0<t<RY

0 E(£.2p) E(5.2p) " EQp)

l—e3

n 4gi

<J/(R(r))"”"2Mm+1+7Fs(r,/1)< (M sz)”_l)q_lm (Mo - m5,)"

i=1

4
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e5 |

—4( ==+ ) n 4 _ -1 n £34i
+y[ln$] (1 3 ) I(R(r))n(l—e3)ql<z (Mg_sz)‘Il 1> ) <M§_M2p> a1

i=1 i=1

1
2 1
v <M§ - M2p> <F1(r, A+ Fy(r, A) + Fy(r, A) + p* In’ %) Fl(r, 2)

2+n—0n+60 4

+y (Mg - M2p>H1% g Ap 2 4y (3.27)
In the equality (3.27) we will pass to the limit as » — 0. By our choices
}i_% Fi(r, )Fy(r, 4) = lg% Fs(r,2) = 121(1) Fg(r,2)=0
Using (3.2) we deduce that for A = 0 and (g, — &,)q’ < 1 the following relation is valid

[l

Fo(r OVE-(r.0 | 1 1—(61—52)4’1 o1 . 1 1-(e|~€3)q' =6
2.0 Fy(r,0) = [n - n %—[n—]

similarly, for A = 0, and (1 — £{)q; < 1, we have

1 1—(1—61)[]1—()5(62—%)—5
Fy(r, 0)Fy(r,0) = [m —]

)

choose 6 from the condition

1 ' 19, — 1
max > 1-(e;—¢&)g, 1 -1 —-¢€)q, N <6<,
q (52 - ;)
now passing to the limit as » — 0 in (3.27) and using inequality (3.3) we complete the proof of Lemma 2.3. d
3.2 | Pointwise estimates of solutions
Set I’ = {z =Li,:m <1y, 1" ={i=ig+Ln:m>1},m ZELmi’ m' = %Zf:ioﬂmi’ and i, = 0 if I’ is empty,

ig =nif I"is empty. Let (%,7) € G,;(R,) \ G,(p) be an arbitrary point, similarly to (2.2), using the De Giorgi type iteration, we
prove the following estimate
n+2

M Mm,»+l 2
n

4tn—(1-m" )2 (1-m')" 2
(u(x.0)— M,,), <yM, sy +) o // w, dxdt,
i=1

[STRN S}

Q (Xt
P k(A
()<)

where Q,, (X, 1) = B, (X) X (f— AR p’((’l)).
From this, since (X, f) is an arbitrary point in G ,(R;) \ G,(p), using (3.3) we obtain

4+n—(1— m )—

3 <y A=) 3=k 1) 52 2 dx dt

(Mp _MZP)

o k(4 (%,0)
505

Since u,, < u'” on G;(Ry) \ G, (5), by Lemma 2.1 with @; = 2221 > 0, i = 1,n and Lemma 3.3 we get

/ dxdt < ypr=A0- m)z // ’ dx dit < yp*-r=(=A0=-m+2i,

0 () (%D TEG2
%.(%) ] E(5.2p)
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From the previous we obtain
M - M2 < YP_VH—/H'/IU, with ),0 = 2 > 0.
? ? 4+n—(1-m"j
Iterating the last inequality we arrive at

Theorem 3.4. Let all the conditions of Theorem 1.1 be fulfilled. Then

M, (4) <yp "o, (3.28)
3.3 | Boundedness of solutions
Leté, 1= &.(x,1) € C®(RMM), &, =0forp,(x,t) <1, & =0forp,(x,1) > 2r,0 < &, < —x(), % < yra,

i=1,nForj=0,1,2,... setp; = 70(1 +27),p; = E(pj +pj41)s k= k(1 —27), kj = E(kj +kj+1), Ap,p, = G,(p;) N
{u> k;}, where k is positive number which will be specified later. Let ¢; € C(‘)"’(G,l(ﬁj)), @;=1lin G,l(pj), 0<¢;<1 and

|2 " i T

jr R
5| SY2YTRT, =1,n

ﬁ ZJYR
ox;

i

Test (1.9) by ¢ = (u — k§)+(pj.§, ,w = &,., where € > 0 is small enough to be determined later. Using (1.3) and the Young
inequality we get

sup / / s —kE )ds @' 5’dx+z // mite=21y
0<t<RK(A)

Axj5 X Axjp

n
+y // (w - ko),
i=1

A0

/
L dxdt

"olel dxdi

X

0¢ 1 el—1 zey2 | 9¢ : | gl=2
<y/// s —K5) ’ “lolel dxa’t+y2// mie( ﬁ—k;)+a—’ olE 2 dxdi
Xi
"J"J J “/”/
0p; 2
+y/// s© = k5) lléldxdt+y2// mi—e E—‘f.)i a—’ <pj.—2§jdxdt
Xi
k/"/ J k/"/
_ =\2
+y // u" f(uf—k;)+(p§§ﬁdxdt. (3.29)
A5

Let us estimate the first two terms on the the right-hand side of (3.29). By Theorem 3.4 we obtain

%,

d
/// ":zr 51 1dxdt+2/ m,-—e ut —k ) a l§l2dxdl
Xi
kj 55 K A%jj
< 7/r}bo(e+])—£n + yrlo(m1+£)—£n.

2™ then by the evident inequalities

Set m, =max(m,, max ¢, q;) +& 4, =(+DI+q+e,
1
uSJ/ZJ'}'(u‘g—l_cf)_;F on A ;. (ug—l_c;)JrS(u—l_cj)i and (u—kj+1)+Sy(u£—k§+) +}/k15(u -k, )+S
1-¢ 1

y(uf - K ) + 277 (uf — k‘g) < (uf - ij) < y207(uf - l_cj)j_r passing to the limit » — 0 in (3.29), we obtain



16 MATHEMATISCHE
NACHRICHTEN

SHAN AND SKRYPNIK

£+1
sup / (u—=kjp1), (pdx+z // u—kjpp),
O<t<R8“)A

x{t)

k

J+1Pj Akj41.7)
<yRJ2" // (u— *dxdt+|Ak,p]|
Akj7pj
From this, using Lemma 2.1 with a; = € > 0, i 1 n, we obtain
m*
Yit1 = // j+1 dxdt
j+1/’j+1
m* lm*d d
J+1 j xat
/+1”/
Py
Vi@ dxdt]| |A .5 e
/+1 X kip>Pj
j+1 Pjt1
msyq
ngs
e+1 ! — 1__:
< supu) / (u kj+1)+ @ dx |Ak ’PJ| q
0<t<R:
<I<R, Akj+1ﬂ,><{’
q; I
u— j+1 ”x,- (pjdxdt+z
i=
j+l/’/ /+11’1
SJ/1{0 2 <yj+|Al_(jvﬁj ) kj+l7ﬁj
I ma m 142t
SyR0y2”k ( )(1+km>»)nq* “y 4

u

X

d(pj
0x;

4i
qoj. dxdt

4q;

My
G

¢§_qidx dt

s -
Due to Lemma 2.2 this inequality implies that y; — 0 as j — oo, if k satisfies the condition KM = yROy Yo + 1, which

implies

if0<e< 0:’1

boundedness of u in the whole G, ( % )

then the integral on the right-hand side of the previous inequality is finite, this completes the proof of the
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3.4 | End of the proof of Theorem 1.1

0 12
Let¢ € W'2(0,T; L*(Q)) n L*(0,T; W (Q)) be an arbitrary function, testing (1.9) by ¢ = (u + )" ey P,y = w,, using
(1.3), the Young inequality, the boundedness of u and passing to the limit ¥ — 0 and € — 0 we obtain

- ! _ 2 !
sup /u1+m gdx+2//u’""+'” —2‘%‘ gdxdtgy// L+lgl+ )
0<t<T i=1 ! i=1

Qr Qr

dxdt.

2
Sy,

Q

Testing (1.9) by ¢ = ¢ V/;_p, v = y,, using (1.3), the previous inequality, the boundedness of u and passing to the limit » — 0

we obtain
n @ n
2// ’ga’xdtgy// 1+|g,|+z
i=IQT o, i=1

From this, testing (1.9) by y = vy, using the boundedness of solution, and passing to the limit » — 0, we obtain the integral
1,2

o L,
identity (1.9) with an arbitrary ¢ € W'2(0,T; L*(Q)) n L*(0,T; W (Q)) and y = 1. Thus Theorem 1.1 is proved.

dxdt.

2
uxi gx,»
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