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PREFACE 

Metal oxides have been a subject to enormous research activities in recent years due to 
their wealth of interesting properties and applications in a diverse range of areas from electronic 
devices, components for catalysts, novel energy materials, and sensors. Among them, transition-
metal oxides form a special class with very different electrical properties from metals, 
superconductors, semiconductors and insulators. Their magnetic characteristics are exciting as 
well. To understand the most basic physics of transition-metal oxides and the recent progress in 
this field was our aim in writing this book.  

More than a hundred years has been passed from the time when P.-E. Weiss formulated a 
hypothesis of the self-consistent molecular field for magnetic materials that remains to be a 
useful tool for studying basic properties of systems with localized magnetic moments. Moreover, 
having an unperturbed Hamiltonian with selected order parameters, there appears possibility to 
account correlation effects for describing various fluctuation phenomena. Unfortunately, in the 
systems with collectivized electrons the situation is not so simple because a kinematic part of the 
corresponding total Hamiltonians does not allow correct selection of the basic order parameters 
that form an effective self-consistent field. The urgency of the problem has increased after 
discovery of metal-dielectric phase transitions in metal oxides, high-temperature 
superconductivity, as well as non-trivial features of the magnetic structure and conductivity in 
multiferroics, magnetic semiconductors and other multifunctional materials. In this book, we 
develop the effective field theory applying it to the condensed matter and hybrid structures on 
the base of diagram methods of the time-dependent perturbation theory. In this case, the main 
concern is with the correct account for both charge and spin degrees of freedom. One can say 
that the method of extracting an effective field to some extent is related to the well-known Dyson 
equation for Green’s functions that generalizes infinite series of similar diagrams. In the simplest 
case, the mass operator is considered as the simplest interaction line, which is determined by the 
perturbation Hamiltonian. If such approximation is not acceptable as for the Hubbard model, the 
first non-vanishing approximation is used to take into account the one-loop diagrams. 

Effective field approach to transition-metal oxide systems: Magnetism, transport and 
spectral properties covers theoretical aspects related to transport and magnetic properties of 
heterostructures based on metal oxides. The book concludes with the current research carried out 
by the authors within the Fundamental Research Programme funded by the Ministry of 
Education and Science of Ukraine, Project “Spectral and transport properties of metal-oxide 
compounds with transition-group elements” No. 0117U002360 as well as future prospective 
applications of these materials.  

We express our sincere thanks to all colleagues who contributed to our joint results used 
in the book, in particular, Ivan Fita, Vladimir Dyakonov, Henryk Szymczak, Andrej Plecenik, 
and Peter Kúš. Thanks are due to Mikhail Belogolovskii for his suggestions and improvements. 
We are grateful to all colleagues from the Vasyl’ Stus Donetsk National University for their 
great help during the book preparation. 

Vinnytsia, May 2019 Eduard Zubov 
Elena Zhitlukhina   
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ABBREVIATIONS – SHORT LIST 

AFM – antiferromagnetic 

ARPES – angle-resolved photoemission spectroscopy 
BCS – Bardeen, Copper, and Schrieffer theory of superconductivity 
BTK – Blonder-Tinkham-Klapwijk theory 
CPA – coherent potential approximation  
DE – double-exchange  
DMF – dynamic mean-field approximation  
FM – ferromagnetic 
HR – high resistance 
HTSC – high-temperature superconductivity  
LR – low resistance 
PM – paramagnetic 
ReRAM – resistive random access memory 
YBCO – YBa2Cu3O7-δ  
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FOREWORD 

Transition-metal oxides are known as a very challenging problem in condensed matter 
physics and materials chemistry [1]. The delicate balance between itinerancy and localization of 
electrons stemming from partially-filled d-orbitals in the compounds creates many intriguing 
phenomena, among them different electronic phases, namely, conventional (normal) metal, 
superconductor, band insulator and Mott insulator, which demonstrate different forms of 
transport and magnetism [2]. The identification of high-temperature superconductivity (HTSC) 
in CuO2-based systems [3], eventually well above the liquid-nitrogen temperature, still marks the 
most impressive finding in this group of compounds. 

To explain a rich variety of bulk transition-metal oxides with a weakly screened local Coulomb 
interaction and so vast variety of physical characteristics was and remain to be a difficult theoretical task. 
Restriction to a conventional single-particle scheme valid for ordinary metals often misses key oxide 
features such as local-moment formation or the many-body concept of Hubbard bands. Therefore, density 
functional theory in the Kohn-Sham representation, which is a standard first-principles tool of materials 
science, is not sufficient for oxides. Realistic methods beyond conventional approaches that take into 
account importance of strong local Coulomb interactions together with many-body electron states are 
nowadays routinely applicable to the correlated electronic structure of bulk oxides. 

Some of transition-metal oxides exhibit significant amount of complexity. As an 
example, we can mention perovskites, complex oxides with a cubic structure and the general 
formula ABX3, see Fig. I.1 where the A-site ion is usually an alkaline earth or rare earth element, 
the B-site ions can be 3d, 4d, and 5d transition-metal elements and form an octahedral BX6 with 
the X ion. The most popular perovskites contain oxygen at the X-ion cites and the most known 
ones are the HTSC compounds. A few other perovskites are formed with X = B, C, F, or Ni. The 
recent demonstration of high power conversion up to 22 % in photovoltaic films of complex 
hybrid halides with X = I, Br, or Cl made these materials widespread. The symmetry breaking 
under the influence of pressure, temperature or doping can lead to tetragonal, orthorhombic or 
rhombohedral structures. When additional sheets are inserted in the basic materials, various 
layered structures can be realized with novel properties, as for example, it was shown by 
J. G. Bednorz and K. A. Müller in 1986 for cuprates exhibiting high-temperature 
superconductivity effect. 

Fig. 1. Cubic perovskite structure of ABX3 type 
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In the transition-metal oxides, the key many-body aspects reside within the electronic 
subsystem. The Pauli principle and the mutual Coulomb interaction among the electrons give rise to 
an intricate many-particle wave function. While the former exchange physics, in its pure appearance, 
may be cast into a Slater determinant, the explicit interaction leads to more intriguing modifications 
of the wave function. Electronic correlations, as defined from quantum chemistry, are routed in the 
latter. Though the Coulomb interaction is long-ranged, screening processes in the solid restrict in 
most cases its actual relevant range to rather short distances. To a good approximation for many 
systems, a sole local interaction appears sufficient to describe the dominant physics. Given that 
viewpoint, the Hubbard model stands out as the seminal picturing of the competition between 
localization and itinerancy among interacting condensed matter electrons, i.e. 

 Hubbard
, ,

ˆ ˆ h.c.is js i i
i j s i

H t c c U n n
       

with i and j, site indices, s = and , spin projection and ˆ ˆis is isn c c . The nearest-neighbor

hopping t describes the tendency of an electron to delocalize on the lattice, giving rise to the 
noninteracting band structure while the Hubbard U value originates from the local Coulomb 
interaction. The given basic Hamiltonian is appropriate and effective for dealing with a one-band 
problem whereas the case of multi-band systems needs an addition of the local Hund’s physics 
described by the Hund’s exchange JH. Depending on the ratio of the two parameters U and t the 
Hubbard model provides very different solutions. For small U/t ratios the system is a very good 
metal, close to a Fermi gas, with a maximum spectral weight at the Fermi level EF. On the 
contrary for large U/t ratios, the lattice is in an insulating state, since the electrons localize in the 
real space due to the strong Coulomb repulsion. In spectral terms, removing or adding an 
electron is associated with states in the lower or upper Hubbard bands, respectively. This Mott-
insulating state strongly differs from a conventional band insulator which arises due to complete 
band filling in reciprocal space. When U and t are of the same order, i.e., between the limits 
discussed above, the system is in the most interesting regime of a correlated metal when it is 
balancing between the emerging Hubbard bands and the coherent quasiparticle peak close to the 
Fermi energy.  

A new stage of the oxides research activities started in the early 2000s, when systematic 
studies of oxide heterostructures appeared [4]. Ever since, that topical field belongs to a key 
focus in condensed matter and materials science, see e.g. the references [5–7] for reviews). 
Important advancements in scaling down heterostructures and having an improved interface 
quality together with atomically-thin two-dimensional materials allow researchers to design 
novel oxide materials which do not exist in nature. Before it, creation of novel materials, 
especially in the case of semiconductors, was based on the doping effect. However, such 
techniques often lead to unintended materials changes. A radically new approach for tailoring 
oxides with desired properties has recently emerged from proximity effects which can transform 
a given material through its adjacent regions to become magnetic, or superconducting, or 
topologically nontrivial. The paradigm of proximitized materials may be very important for 
future technological applications providing a ubiquitous path for modifying a wide class of 
materials that could overcome limitations inherent to doping and functionalization. Hybrid 
heterostructures, made of two non-alloying materials with different and even mutually exclusive 
properties, have recently come at the forefront of materials research [8]. Strong mutual 
interaction between two subsystems at their interface may dramatically modify main 
characteristics of the proximitized films. This trend becomes dominant in determining composite 
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functionalities when it takes place at the nanoscale. In particular, the combination of different 
properties from the constituent materials has attracted an ever growing interest for thermal 
management or energy harvesting applications [9]. Another example is van der Waals 
heterostructures where constituent monolayers which display the dominance of interfacial over 
bulk behavior, providing an ideal setting to tailor and test proximitized materials. The two 
examples, which certainly open new avenues for practical applications, can and (in some cases) 
have been already realized in oxide-based heterostructures.  

Returning to the fundamental issues, we should emphasize that oxide heterostructures 
furthermore challenge known paradigms in condensed matter physics due to the unique 
combination of materials properties. Coexistence and mutual affection of intriguing bulk-like 
electronic phases associated with a certain oxide compound within a single oxide heterostructure 
as well as the seminal role of the interface in the novel systems lead to new exotic phases, 
unknown in present bulk compounds. Powerful perspectives for two different materials placed in 
the contact can be exemplified by the emergence of the triplet superconductivity in a 
semiconductor host with strong spin-orbit coupling where the conventional pairing between spin-
up and spin-down electrons is removed making their spin-triplet pairing preferable [8]. 

The goal of this book is to highlight the many-body and complex character of some oxide 
heterostructure problems and to discuss recent theoretical advances in this field achieved by the 
authors of the monograph.  

In the first chapter, we discuss the concept of a self-consistent field in the theory of 
superconductivity based on the diagram method of the time-dependent perturbation theory. It is 
shown that the well-known BCS equation for the superconducting order parameter is already 
realized in a zero approximation. The form of the interaction Hamiltonian uniquely determines a 
chain of interconnected Green’s functions easily calculated within this approximation. The 
proximity effect in a normal metal-superconductor heterostructure is analysed using the proposed 
approach. In contrast to the traditional McMillan and de Gennes theories with self-consistent 
Green's functions, the self-consistency over the order parameter provides a significantly smaller 
gap value induced in a normal metal. The frequency dependence of the homogeneous spectral 
density qualitatively agrees with the experiment. 

The second chapter presents a possible mechanism of the step-like metal-insulator phase 
transition for a half-filled band within the framework of the Hubbard model and an effective self-
consistent field. Detailed analysis of the well-known Hubbard I approximation is carried out. The 
correlation corrections were accounted for a minimal number of self-consistency parameters. It 
was determined that the typical order parameters are unique for metal or dielectric states. Based 
on the analysis of the electron spectral density positions of the chemical potential level and 
critical value of the Coulomb energy of repulsion in bandwidth units at the metal-insulator phase 
transition have been determined. The estimations of the inner energy value for a half-filled band 

exhibit a stable metal state at 2.1U   whereas a dielectric state is stable for 2.1U   and only in 
the extremely small electron-doping limit. That is why the chemical potential level underlies by 
the lower edge of the upper Hubbard band where the spectral density equals zero. A finite 
electron or hole doping causes the metal state with the Fermi level inside the upper band or a 
doped dielectric state with the Fermi level inside the lower band, respectively. It results in a step-
like rise of conductivity at the metal-insulator phase transition. 

The third chapter is dealing with the effect of the electron-phonon interaction on the 
excitation spectrum and damping in a narrow-band electron subsystem of cuprates. Within the 
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framework of the t-J model, we have proposed a new approach for accounting of both strong 

electron correlations and local electron-phonon binding with a characteristic Einstein mode 0 in 
the normal state. Within the Hubbard-I approximation an exact solution for the polaron bands was 
found. We have found that in a low-dimensional system with a pure kinematic part of the 
Hamiltonian a complicated excitation spectrum determined mainly by peculiarities of the lattice 
Green’s function is realized. In the definite area of the electron concentration and hopping 
integrals, a correlation gap may be arise on the Fermi level. We found that the strong electron-
phonon binding enforces a degree of coherence of electron-polaron excitations near the Fermi level 
and spectrum along the nodal direction weakly depends on the wave-vector module. It corresponds 
to the ARPES data. Possible origin of the experimentally observed kink in the nodal direction of 

cuprates is explained by a fine structure of the polaron band formed near the mode -0.  
In the fourth chapter, we discuss the nature of the high-temperature superconductivity 

in cuprates. We have supposed that the electron-phonon interaction determines a strong-
correlation narrowing of the electron band. It provides conditions for the formation of a singlet 
electron pair coupled by the exchange interaction. For a pure t-J model, it is proved that these 
electron pairs are destroyed by a strong effective kinematic field. The detailed analysis of an 
effect of Holstein polaron excitations upon normal and superconducting properties of the 
strongly correlated electrons is presented. Calculated superconducting critical temperature and 
gap function are in good agreement with experimental data for cuprates.  

In the fifth chapter, we present a framework of the scattering-matrix formalism for the 
nonlinear Kubo theory of the electron transport in a metal with a tunnel barrier. A general 
expression for the mean electrical current was obtained. It significantly simplifies the calculation 
of nonlinear contributions to the conductivity of various hybrid structures. Within the tunnel 
Hamiltonian model, all linear and nonlinear contributions to a mean electrical current are 
evaluated. The linear approximation agrees with results of other theories. For effective barrier 

transmission 1/ 5T   the ballistic transport is realized with a value of the Landauer conductivity 

equal to 22 /e h . 
The aim of the sixth chapter was to evolve an effective-field theory of magnetic and 

resistive properties of manganites with account of a strong Hund exchange coupling and 
electron-phonon interactions. In parallel with the Lang-Firsov unitary transformation of the 
zeroth Hamiltonian, we have realized the diagonalization of the Hund Hamiltonian neglecting 
the upper triplet. The diagram technique taking into account quantum spin fluctuations of lower 
quintet and hole state with spin S = 3/2 was developed. The magnetic structure of the ground 
state and an influence of the electron-phonon interaction have been analysed using the first non-
vanishing approximation of perturbation theory. Since a simple self-consistent equation for the 
Green’s function is lacking, two approximations for effective interaction line have been applied, 
one of which is based on the assumption of the Green’s function symmetry with respect to the 
change of the polaron energy sign near the phase transition. The calculated resistivity-versus- 
temperature dependence agrees well with experimental data including those obtained in external 
magnetic fields. 

In the seventh chapter, we report theoretical and experimental studies of the resistive 
bipolar switching phenomenon in oxide-based heterostructures. Its first part is devoted to such 
effect in c-axis oriented normal-state YBa2Cu3O7-c (YBCO) thin films at room temperature. We 
have assumed that the hysteretic phenomena in current-voltage characteristics of such contacts 
can be explained by migration of oxygen-vacancy defects and, as a result, by the formation or 
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dissolution of more or less conductive regions near the metal–YBCO interface. To support our 
interpretation of the macroscopic resistive switching phenomenon, a minimalist model that 
describes radical modifications of the oxygen-vacancy effective charge in terms of a charge-wind 
effect was proposed. It was shown theoretically that due to the momentum exchange between 
current carriers (holes in the YBCO compound) and activated oxygen ions, the direction in 
which oxygen vacancies are moving is defined by the balance between the direct electrostatic 
force on them and that caused by the current-carrier. Next, we discuss a novel device based on 
the resistive-switching phenomenon in a nanometer-thick transition-metal oxide interlayer 
separating two layers, a superconductor under study and a normal counter-electrode is 
developed. The method proposed enables to modify the transparency of the normal-
superconducting interface over a wide range and thus to probe the superconducting spectra in 
two limiting regimes, a perfect (without any barrier) contact and a tunneling-like configuration. 
To calculate expected conductance-versus-voltage curves for the experimental verification, we 
have modified the conventional Blonder-Tinkham-Klapwijk formalism by replacing the constant 
gap value with a related function in order to take into account the phonon-induced structure and 
introducing a constant imaginary part into the electron energy. We believe that this technique can 
be successfully applied for studying spectra of quasi-particle excitations in novel 
superconducting materials with improved characteristics. 
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1. EFFECTIVE-FIELD CONCEPT IN THE FRAMEWORK  
OF DIAGRAM TECHNICS 

 
1.1. Introduction 

 
The study of the induced superconductivity in a normal metal adjacent to a superconductor 

has attracted the attention of many researchers for a long time [10–13]. It should be noted that despite 
the rather tremendous list of theoretical publications on this topic in most cases the main statements 
of the de Gennes [14] and McMillan [15] theories have been used. As a rule, in this case, for 
coordinate dependence of the gap, an integral relation directly connected to the well-known 
Gor'kov’s equations is realized [16]. If we consider the self-consistent field, it is very difficult to 
extract it within the framework of these theories due to the fact that self-consistency is always carried 
out by Green's functions and not by the order parameter. For example, McMillan [15] uses the matrix 
form of the Green function proposed by Eliashberg [17] in the framework of the Nambu formalism 
for superconductors with a strong coupling and time delay effects. Here, in the framework of the 
Dyson equation the self-consistency is carried out for Green's functions as well. Such approach 
significantly complicates the solution of the equations obtained and leads to the necessity to include 
additional unknown parameters. In this case, the induced gap is self-consistently connected with the 
energy gap of the superconductor. It is not correct since the role of the superconducting order 
parameter consists only in inducing a gap in a normal metal. As a result, the concept of the critical 
temperature TC of the superconducting transition arises for the whole hybrid structure. Although it is 
obvious that TC is determined solely by the value of the electron-phonon coupling parameter for 
superconductor. This leads to an overestimation of the induced energy gap value in the proximity 
effect. It should be noted that such consideration leads to a need to take into account the spatial 
dependence of the energy gap function satisfying the Eilenberger differential equation [18] with 
corresponding boundary conditions. The problem of the proximity effect in the case of a 
homogeneous gap that is quite natural for the ballistic limit remains open. 

This chapter proposes a new approach to solving the problem of superconductivity in 
both homogeneous and inhomogeneous structures. It is based on the use of the diagram method 
of a time-dependent perturbation theory with selected order parameters according to which 
subsequent rigorous self-consistency is carried out. The advantages of such theory are the 
presence of the minimum number of parameters used, a simpler form of the obtained equations 
for order parameters, as well as a clear knowledge of the realization of one or another state of the 
electron ensemble in a metal. Also, starting from the indicated approximation a subsequent 
account for the influence of fluctuations using the loop diagrams is possible. 

The structure of the chapter is as follows: the second subsection presents basic tenets of 
the self-consistent theory for a normal metal; in the third subsection, the BCS equation for the 
gap was first obtained by presented diagrammatic method. The derivation of this equation is 
based only on the graphical representation of the effective self-consistent field. In the fourth 
subsection, the proximity effect in the normal metal-superconductor hybrid structure within the 
framework of a tunnel Hamiltonian is considered. The general expression for the order parameter 
is obtained and the temperature dependences of the induced superconducting energy gap in a 
normal metal are calculated. In the fifth subsection, we study the spectral density of states of a 
normal metal with an induced energy gap function. In the sixth subsection, the main conclusions 
of the presented theory are given. 
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1.2. Self-consistent field in a metal. Diagrammatic method 

The Hamiltonian of a normal metal in a site representation can be written as 

, ,

ˆ
ij i j i i

i j i

H t c c c c   
 

    , (1.1) 

where the hopping integral tij  determines the band energy ( )i ji
ij

ij

t e   q r r
q , μ and σ are the 

chemical potential and the electron spin, respectively. Creation 
1

ii R
ic e c

N
 

   k
k

k

 and 

annihilation 
1

ii R
ic e c

N
   k

k
k

 operators are presented as the Fourier transforms in a wave 

space. It is convenient to take a part of Hamiltonian (1.1) associated with the chemical potential 
energy as an unperturbed Hamiltonian. The question immediately arises about the validity of 
such choice. Strictly speaking, the remaining part in (1.1) is not a perturbation for the metal. 
However, this choice is fully justified since the chemical potential in the ground state always 
limits the electron energy. Therefore, an infinite series of perturbation theory with 

0
ˆ

i i
i

H c c 


    (1.2) 

and perturbation Hamiltonian 

, ,
ij i j

i j

V t c c 


  (1.3) 

will be converging. Indeed, we associate the bold line with the total causal Green’s function 

( ) ( ) (0)Y Tc c       k k k  presented in Fig.1.1. Here, the symbol <…> denotes the statistical 

averaging over the full Hamiltonian (1.1), and Tτ is the time operator of chronological ordering, τ 
is the imaginary time in the Matsubara formalism.  

A thin line corresponds to the unperturbed Green’s function 

0,

1
( ) ( ) (0)

( )nn i
n

G i T c c
i     

  
     

p p p , (1.4) 

where a symbol 0,...
ni   means  the averaging with Hamiltonian 0Ĥ . An imaginary index iωn 

=i(2n+1)/β  is the standard notation for the Fourier transform of the Matsubara Green’s 
function and 1 / β = T is the temperature. The diagram in Fig. 1 represents an infinite series of 

convergent geometric series with a denominator ( ) 1nq G i  p p .  

Fig.1.1. Complete diagram series for the Fourier transform of the causal Green's function 

( )p nY i   in the zero approximation of the self-consistent field 
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In the Fourier space, we have the following algebraic equation for unknown ( )nY i 
k : 

 

                               ( ) ( ) ( ) ( )p n n n nY i G i Y i G i           p p p p ,                                      (1.5)                       
 

whose solution is trivial. In view of Eq. (1.4) it gives the traditional causal Green's function of 
the electron gas in a metal [10]: 

                                 
1

( )
( )n

n

Y i
i 

   
 

 p
p

 .                                         (1.6)   

Despite the triviality of deriving Eq. (1.6) for a zero-approximation of the self-consistent 
field this consideration has a deep physical meaning since it allows us to consider successively 
the contributions of correlation corrections related to the interaction of electrons and ions. As an 
example, in the next section we will consider the phenomenon of electron Cooper pairing in a 
system with electron-phonon coupling. 
 
 
1.3. Self-consistent field in a superconducting metal 
 

As is known, the basis for describing the phenomenon of superconductivity in a metal is 
the Bardeen-Cooper-Schrieffer Hamiltonian approach [11]: 

              *

, , , ,
ij i j ij i j ij i j

i j i j

V t a a a a a a       
 

  
      ,                             (1.7) 

where for convenience the symbols of the creation and annihilation operators in the superconductor 
are denoted by the letter a+ and a, respectively. In this case, in the framework of the suggested 
diagram method, the Hamiltonian (1.7) is a perturbation. The unperturbed part of a total Hamiltonian, 
over which all averaging of the perturbation theory series is performed, has the form 

                                             0
ˆ

i i
i

H a a 


                                                               (1.8) 

Fourier components q  of the order parameters ij  satisfy the self-consistency equation 

                           

2
M

a a  
    k-q

-q- q
q k-q

k ,                                              (1.9) 

where M k-q  and k-q  are a matrix element of the electron-phonon interaction [19] and a phonon 

frequency, respectively. Thus, to calculate the order parameter it is necessary to know the 

expression for the correlator a a  -q- q . The classical expression for k  known as the BCS 

equation was obtained [20] using the Bogolyubov’s unitary transformation in a wave space. An 
elegant derivation of the BCS equation based on the equations of motion for Green’s function 
was done by Gorkov in [16]. 

We will show that a zero-approximation of the self-consistent field also eventually leads 
to the BCS equation for the order parameter. In full analogy with the previous subsection it is 
necessary to present graphic images of interactions of the perturbation Hamiltonian (1.7). In a 
wave representation, the types of interaction lines are shown in Fig.2. Now two total Green’s 

functions ( ) ( ) (0)
nn iZ i Ta a        q -q- q  and ( ) ( ) (0)

nn iZ i Ta a        +
q q q are connected 

and it is necessary to take into account two unperturbed Green functions: 
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0, 1

0, 2 1

1
( ) ( ) ( ) (0) ( )

( )

( ) ( ) ( ) (0) ( ) ( )

n

n

n n i n
n

n n i n n

G i G i Ta a G i
i

G i G i Ta a G i G i

    

    

   
  

    

  

  

      


        

q -q- q q

q -q- q q

               (1.10) 

Fig. 1.2. All possible types of interaction lines for the Hamiltonian (1.7) 

It directly follows from the graphic equation in Fig. 1.3 since a symbol of the end of the Green’s 
line must always coincide with a corresponding symbol at the origin of interaction line and vice 
versa (see Fig. 1.3). Also, the interaction line overturn changes a sign of the corresponding 
parameter to the opposite one. 

Fig. 1.3. The graphic system of equations for unknown total causal Green 

functions ( )nZ i 
q  and ( )nZ i 

q

The following system of algebraic equations corresponds to the graphical system of 
equations in Fig. 1.3 for unknown terms: 

1 1

*
2 2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

n n n n n

n n n n n n

Z i G i Z i G i Z i

Z i G i G i Z i G i Z i

   

   

      

       

  


  

  

   
-q- q q q -q-

q q q q -q-

             (1.11) 
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It is not difficult to find a solution of this system with obvious condition εq = ε-q . It can be written 
in the form: 

2 2
2 1( )(1 ( ))(( ) )

( )
( )( )

n q n n
n

n n

G i G i i
Z i

i E i E
 

    


 
  


 q

q q

, (1.12) 

1 1
( )

2n
n n

Z i
E i E i E



  


  


        

q
q

q q q

 , (1.13) 

where
22( )E      q q q  is the electron excitation energy with Cooper pairing. The 

solution (1.12) determines a spectral density of excitations and infinitesimal corrections to the 
chemical potential. Therefore, below we will consider the solution (1.13) that gives an 

expression for the correlator a a  -q- q . It determines the self-consistent equation for the 

unknown gap function q  according to Eq. (1.9). Indeed, for the times 0    we have

0
( 0) ( 0) (0) lim ( )ni

n
n

Z Ta a e Z ia a  
       


 




           -q- -q- q -q--q- q      (1.14) 

Summation over an infinite number of frequencies is carried out on the basis of the method 
proposed by Luttinger and Ward in [21] for calculating the residues of the Green’s function 

( )Z  
-q-  with a factor ( ( ) 1)f   , where 

1
( )

1
f

e 


 is the Fermi distribution function. 

Thus, one can write 

Res ( )( ( ) 1)
i i

Z fa a            -q--q- q              (1.15) 

From Eq. (1.13) it follows that the poles of ( )Z  
-q-  are roots i E    q  that allows to 

immediately write for the correlator (1.15) 

 ( ) ( )
2

f E f E
E

a a 
 


 


    q

q q
q

-q- q (1.16) 

Substituting Eq. (1.16) into Eq. (1.9), we obtain the well-known BCS equation for the 
superconducting energy gap: 

2

tanh
22

E

T

M

E



 

 
 
 


  qk-q q

q qk-q
k , (1.17) 

where 

2
M


k-q

k-q

 is a matrix element of the electron-electron attraction. 

In this subsection, it is obtained that a zero approximation of the self-consistent field is in 
fact an approximation of the molecular field in the theory of superconductivity. An influence of 
fluctuations can be taken into account by considering the contributions of loop diagrams in 
expressions for Green’s functions. The presented theory allows us to consider the hybrid 
structure with a normal metal and a superconductor in which the induced superconductivity is 
realized as a phenomenon of the proximity effect. 
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1.4. Induced superconductivity in a normal metal 

Let us consider a hybrid structure with a normal metal and a superconductor on the two 
sides of the junction. We assume that the connection between the metal and superconductor is 
carried out through a tunnel junction. Without applied voltage, the two subsystems are in 
equilibrium with a chemical potential μ. It turns out to be the simplest approximation of the self-
consistent field and allows us to describe a proximity effect in the hybrid structure. It is supposed 
that the electronic subsystem of a normal metal can be in an ordered magnetic state. Then the 
unperturbed Hamiltonians of normal "left" and superconducting "right" metals in the site 
representation have the following form, respectively: 

0
ˆ

L i i
i

H c c  


   (1.18) 

0
ˆ

R i i
i

H a a 


    , (1.19) 

where 0J    , 0J  is the exchange parameter and 0J > 0 for a ferromagnetic metal. Here, 

1    in the case of a saturated state and 2 z      for a magnet with a mean spin z  .  

The total perturbation Hamiltonian for a whole system is 

 *
1 2

, , , , , ,

ˆ
ij i j ij i j ij i j ij i j T

i j i j i j

V t c c t a a a a a a H         
  

   
         ,               (1.20) 

where the tunnel Hamiltonian is presented by the next manner 

 *ˆ
i iT il l il l

il
H T c a T a c  



        (1.21) 

In a full analogy with a diagram technique described in the previous subsections let us 
draw graphically possible types of interaction lines in a wave space in Fig. 1.4. In this case, one 
can assume that the wave vectors p and q with energies εp and εq belong to the “left” normal and 
“right” superconducting metals, respectively.  

Fig. 1.4. All possible types of interaction lines for the Hamiltonian (1.20) 

Here Tpq  and *Tpq  are a matrix element and its complex conjugate value in a wave space, respectively.

It is also necessary to consider that they depend on two wave vectors. Therefore, in the equations for 
Green’s functions, which depend only on a single wave vector, the remaining one “internal” should be 
summed. Then one can write the graphical equations which determine the number of mutual connected 
Green’s functions. In the presence of previously defined two unperturbed Green’s functions 1( )nG i  

and 2 ( )nG i  for the superconducting "right" metal there are new functions 
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            (1.22) 

for a part of the hybrid structure with a normal metal. Then the correlator c c  -p- p  for the 

“left” normal metal is connected with four complete Green’s functions, i.e., 

( ) ( ) (0)Y Tc c       p -p- p , ( ) ( ) (0)Z Ta c       qp -q- p , ( ) ( ) (0)Z Ta c       qp q p  

and ( ) ( ) (0)Y Tc c       +
p p p . 

Fig. 1.5 presents the graphical equations which are determined by the Hamiltonian (1.20) 
with all possible lines of the interaction in Fig. 1.4. The equations connect the Fourier 
components of the indicated total Green’s functions. Bold points in the diagrams denote 
summation over the inner wave vector. 

Fig. 1.5. Graphic system of equations for unknown total causal Green’s functions  

( )nY i 
p , ( )nZ i 

qp , ( )nZ i 
qp  и ( )nY i 

p  
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One can write this graphical system of equations in the algebraic form: 

1 1

1 1 1

*
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 
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qp q qp q qp

*
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

     

  

      



       
pq p

p p pq qp
q

    (1.23) 

In spite of the fact that this system of equations is integral it is easy to find its solution. 
Indeed, the 2-nd and 3-rd equations are linear with respect to the Green’s functions depending 

simultaneously on the p and q wave vectors. Thus, expressing the off-diagonal ( )nZ i 
qp  and 

( )nZ i 
qp  in terms of diagonal we have 

 

 

1
2 2

*2
1 1

( )
( ) (1 ( )) ( ) ( ) ( )

( )

( )
( ) (1 ( )) ( ) ( ) ( )

( )

n
n n n n n

n

n
n n n n n

n

G i
Z i T G i Y i T G i Y i

d i

G i
Z i T G i Y i T G i Y i

d i

   


   


       


       


  
 

  
 

   

    

*
qp p q q p pq q p

q

*
qp pq q p p q q p

q

,   (1.24)  

where  

    
22

1 2 1 2( ) (1 ( ))(1 ( )) ( ) ( )n n n n nd i G i G i G i G i            q q q q (1.25) 

Substituting the solutions (1.24) into the 1-st and 4-th equations of system (1.23) we obtain a 

system of two linear equations for the unknowns ( )nY i 
p  and ( )nY i 

p  which do not depend 

on the summation over the wave vector q. For convenience, we put the following notation 
22

1 1 2

23
1 1 2

22
2 2 1

3
2 1 2

1
( ) ( ) ( ) (1 ( ))

( )

1
( ) ( ) ( ) ( )

( )

1
( ) ( ) ( ) (1 ( ))

( )

( ) ( ) ( ) ( )

n n n n
n

n n n n
n

n n n n
n

n n n n

i G i G i T G i
d i

i G i G i G i T
d i

i G i G i T G i
d i

i G i G i G i

 


  


 


 

      


     


      


     





 

 

 

















p pq q
q q

p pq q
q q

p pq q
q q

p

2 *1

( )n

T
d i 

 
 pq q

q q

(1.26) 

Here, the identity *T Tpq -p-q  for the tunnel matrix element is used. Then the above system of 

linear equations takes the form: 
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      (1.27) 

The solution of this system of equations is written as follows: 
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(1.28) 
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We are interested in the Green's function ( )nY i 
p  since it defines the energy gap in a 

normal metal. In accordance with Eq. (1.15), real frequencies are used to calculate the 

correlators. Then in all functions we make a replacement ni  . Substituting the unperturbed 

Green's functions 1( )G   and 2 ( )G   in Eq. (1.25) it is easy to find  
2 2

( )
( )( )

d
E E

 

 
 




 q
q q

, (1.29) 

where E q  is the electron excitation energy from Eq.(1.13) for a superconductor. Similarly, for 

real frequencies we have 

( ) , ( ) , ( ) , ( )   
   
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  p p p p
p p p p ,       (1.30) 

where    q q  and  
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           (1.31) 

The Green’s function ( )nY i 
p  is determined as  
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        (1.32) 

It follows from Eq. (1.32) that in order to find the ( )Y  
p  poles it is necessary to solve 

complicated integral equations with a frequency ω. The problem is significantly simplified if we 

assume that the absolute value of the tunnel matrix element squared 
2

Tpq  is much less than 

electron excitation energies  01 0J   p  and 02 0J    p  in a normal metal without 

tunneling. Then in sums of Eq. (1.31) the frequencies ω can be replaced by corresponding 0i
and Green’s function poles (1.32) are written in the form: 

1 01 01

2 02 02

( )

( )





   

   

 

 




p

p

, (1.33)  

where 
2 4

( ) ~ T  
p p  is taken into account. In Eq. (1.32), this contribution to ( )Y  

p  poles is 

neglected. It should be noted that in another extreme case Tpq >> 0i  with obvious condition 

T  pq  we have 
2 3/ 2( ) ~ ( ) / ~ 0T     

p p  where ( )   is the free electron density of 

states at the Fermi level (see 1.7 Appendix, formula (1.59)). Thus, with a high barrier 
transparency, the Cooper pairs of a superconductor are destroyed in a normal metal and the 
proximity effect is not observed. 
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Now one can write the final expression for ( )Y  
p
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 (1.34) 

Further we consider the ballistic limit when T B p . Also, we put   q , i.e., the 

superconducting energy gap is real and nondispersive. Then we have 

2
0 0 0

2
0 0

( ) ( ) 2 ( )

( ) ( )

i i i

i i

B

B

 



     

   

 

 

 


p p

p

, (1.35) 

where 
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(1.36) 

It is obvious that the correlator c c  -p- p  of the electron singlet pairing in a normal 

metal is expressed in terms of  functions 0( )i   and 0( )i   using the formula 

Res ( )( ( ) 1)
i i

Y fc c            p-p- p ,          (1.37) 

as in the previous section. The result is 
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        
  

p p
-p- p (1.38) 

This correlator produces an energy gap function of the induced superconductivity which is 

determined by the matrix element Vkp  of the electron-electron attraction in a normal metal by

means of the standard equation 

V c c      
k kp

p
-p- p (1.39) 

Since the “left” metal is in the normal state, Eq. (1.39) is not self-consistent with respect to the 

order parameter  k . This parameter is induced exclusively by a gap function   of the “right”

superconducting metal. 

As can be seen from Eq. (1.38), for finding c c  -p- p  it is necessary to calculate the 

integrals (1.36) that is not difficult. We will neglect the exchange interaction of electrons, i.e. 

0 0J  . For a metal the obvious relation μ >>  is satisfied. The results of the calculations of 

integrals (1.36) are given in the Appendix to this subsection. In particular, it is obtained that at 

  p  the function ( ) 0  p , i.e., in a normal metal, electrons with an energy  p  exceeding 

the superconducting energy gap do not pair. In this case, the proximity effect in a hybrid 

structure is not realized. At   p , the expressions for ( )  p  and ( )  p  take the form (see 

(1.65) and (1.66) below): 
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Substituting functions (1.40) into Eq. (1.38) and using Eq. (1.39) we obtain the equation 
for an induced gap in a normal metal: 

 2 2

tanh
1 2
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T
r d

c



 
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 
 
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  
 , (1.41) 

where 
2 2

2 ln
4

c r




  
   

  
, 22 ( )r B    and ( )V    kp  is the effective electron

attraction constant in a normal metal with the density of state ( )   on the Fermi level. In the 

McMillan notation [15] for a superconductor unit volume the quantity 2 Nr    is determined by 

the relaxation time in a normal state. We suppose that the homogeneity condition    
k  is 

satisfied for an induced gap in the ballistic limit. 
The integral in Eq. (1.41) contains a pole singularity at c   < 0. It indicates the need to 

take into account for the adiabatic inclusion of the interaction associated with the tunnel 
Hamiltonian. Therefore, the integrand in Eq. (1.41) is analytically continued to the upper 
complex plain that makes it possible to write integral (1.41) in the form 

.... . . .... .... ( )d V p d i c d     
  

  

           (1.42) 

in accordance with the Landau bypass rule [10]. Here, V.p. denotes a principal real value of the 
integral and ( )x  is the Dirac delta-function which determines its imaginary part. It is also 

necessary to take into account that at T = 0 we get tanh sign( )
2T

    
 

. It is supposed that B << 

Δ and then 

( , ) 2 ln
4

c c r r


 
     

 
 , (1.43) 

since the corrections will be of a higher order of smallness over the parameter B. Also, c > 0 due 

to the ratio 4μ >> Δ. It should be noted that in the most cases ln ~ 10
4


  that results in ~ 8c r . 

Therefore, at least the inequality Δ > 8r is satisfied. Numerically integrating (1.41) as the main 

value we obtain the dependence of the real part of the induced gap   on both temperature T and 
Δ for different values of parameters. The imaginary part of this integral determines the phase ψ 
of the induced order parameter. At temperature T = 0 it is easy to find analytical expressions for 

both  Re   and ψ which can be written as
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where  
2 2

2 2

( , )
ln

( , )
,

c r

c r
P r

    


    





. The absolute value of the induced gap has the form 
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It can be seen from Eq. (1.44) that with 0r   both gap   and phase   also tend to zero 

despite the divergence of the natural logarithm. In Fig. 1.6a and 1.6b dependences of the relative 

gap /   and induced   on the value r and superconducting gap Δ at zero temperature for μ = 

5 eV and  = 0.14 are demonstrated, respectively. The figure shows that the induced gap value
can be amount to 5-6% percent of the original although in the area Δ ~ 6r the observed strong 
growth is associated with an error of the chosen approximation when ~ ( , )c r  . With an 

increase the tunnelling probability the proximity effect is strengthen as well as with an increase 

of the superconducting gap value a relative value of the induced   decreases. 
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Fig. 1.6. Dependencies of (a) the absolute value of relative gap /   on the doubled barrier

transparency 2 Nr    at Δ = 3, 5 and 10 K and (b) the induced gap   on the superconducting 

gap Δ at r = 0.05, 0.1 and 0.3 K (curves 1-3, respectively), temperature T = 0. The values  

μ = 5 eV and  = 0.14 were used 

The phase of the induced order parameter depends on both r and Δ. Fig. 1.7 presents the 
dependences of induced order parameter phase on the doubled transparency r (a) and the 
superconducting energy gap function Δ (b). From the figure it can be seen that for a fixed Δ the 

phase of   increases from zero to 90° with increasing the barrier transparency. For a given 
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barrier transparency an increase in Δ leads to a decrease in the phase which for a large Δ slowly 

approaches to zero in accordance with the limit Δ   in Eq. (1.44) for ψ. 
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Fig. 1.7. Dependences of the order parameter phase ψ at temperature T = 0 (a) on the doubled 

barrier transparency 2 Nr    at Δ = 3, 5 and 10 K and (b) on the superconducting energy gap 

function Δ at r = 0.05, 0.1 and 0.3 K (curves 1- 3, respectively) with a chemical potential 
 μ = 5 eV, temperature T = 0 

 
In conclusion, we will consider the temperature dependences of the absolute value of 

the induced superconducting energy gap and its phase in the hybrid structure Ti-barrier-Sn. 
The critical temperatures of phase transitions in the superconducting state for Ti and Sn are 
0.4 and 3.75 K, respectively. The electron effective-attraction constant in normal metals Ti 
and Sn are 0.141 and 0.245 [22], respectively. Fig. 1.8 presents the temperature dependence 

of the energy gap function Δ for Sn used to calculate   as a function of T using Eq. (1.41). 

To calculate Δ(T), the relation 0( ) 0.5 exp(1/ )D      for the Debye frequency is taken into 

account, where 0 = 6.6 K is the superconducting energy gap for Sn at T = 0. In this case the 

root of equation ξ = c is determined numerically but not by the approximate formula (1.43). 
Then from Eq. (1.41) it is easy to find that 

                               2 2
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 . Obviously, the phase ψ of the induced energy gap has the 

form 
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Fig. 1.8. Temperature dependence of the superconducting energy gap Δ for Sn 

In Fig. 1.9 temperature dependences of both   and ψ for the energy gap induced in Ti 

are presented. From Fig.1.9 it follows that for r = 0.3 K the maximum proximity effect is only a 
few percent of the original gap. In the area of the Δ strong decay, the calculation becomes 
difficult due to the violation of the basic requirement Δ > 8r. Note that with increasing the 
temperature the order parameter phase is non-monotonic and oscillates around its value at zero 
temperature. 
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Fig. 1.9. Temperature dependences of (a) an absolute value of the induced superconducting 

energy gap and (b) the phase ψ of   in the hybrid structure Ti-barrier-Sn for double 
transparency values r = 0.1, 0.2 and 0.3 K (curves 1-3, respectively). The chemical potential is 

assumed to be 5 eV 

Thus, in the framework of a weak-barrier transparency approximation it was obtained 
that the proximity effect is only a few percent of the initial superconducting energy gap. In the 
case of the strong-barrier transparency the tunneling destroys Cooper pairs in a normal metal that 
leads to the disappearance of the proximity effect. 
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1.5. Spectral density of states in a normal metal – superconductor structure 

It is interesting to find the spectral density of states determined experimentally by the 
differential conductivity [19]. As is known [19], the Green’s functions to be obtained in the 
previous sections (see Eqs.(1.12) and (1.28)) have imaginary parts determined by means of the 

analytic continuation ωω+iδ. In this case, the general property ( ) ( )n nG i G i     q q  is 

used. Then for a superconductor one can write the spectral density 

( ) 2 Im ( )A Z i      q q ,           (1.48) 

and for a normal metal in the considered hybrid structure 

( ) 2 Im ( )A Y i      p q    (1.49) 

Further, we are interested in homogeneous spectral densities ( )SR A ( )   q
q

 and

( )NR A ( )   p
p

 for both the superconductor and the metal, respectively. From Eq. (1.12) at       

μ >> ω it is easy to find the traditional spectral density of a superconductor at ω > Δ: 

2 2
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 (1.50) 

For a normal metal from Eq. (1.28) in the linear approximation with ГN it follows that 
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   

 
  p

p p

Taking into account Eqs. (1.31) we get for a retarded Green’s function which determines the 
spectral density of states 

1 1
( )

( )
Y i

i i


 
      

  
   p

p p

, (1.51) 

where 2( ) ( ( ) ( ))B       p  and functions ( )   and ( )   are defined by Eqs. (1.36). 

From Eqs. (1.36) it follows that the analytic continuation of functions ( )   and ( )   gives the 

imaginary parts only for ω > Δ because of the delta-functions presence. Thus, for excitation 
energies ω < Δ, i.e., in the area of the proximity effect realization, the spectrum of electronic 

excitations is coherent. From (1.63) and (1.64) at 2 2     it follows that 

2 2 2 2

2 2

( ) 2
( ) arctan

( ) ( ) 2 ln
4

   
 

   


 
   

    
             

(1.52) 

Obviously, ( )  p  is a mass operator for the Green’s function ( )Y  
p  [19]. Therefore, one can 

write the spectral density of coherent excitations in a normal metal as 

A ( )= 2 Z( ) ( - )      p p , (1.53) 

where the intensity of a quasiparticle peak is  
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( )

1
Z ( )=

1-



 


 

 





p

p

p

(1.54) 

and 

2( ) ( ( ) ( ) ( ))B       

    


 p          (1.55) 

Using Eqs. (1.52) we calculate the derivatives ( )   and ( )   and substitute in Eq. (1.55) and 

further in Eqs. (1.54) - (1.53). The sum of the functions A ( ) p  over vectors gives the final 

expression for the frequency dependence of the uniform spectral density 

2

2 2 2 2 3

2 ( )
( )

1
2 ( )

N

N

R
  

 
 


         

(1.56) 

When N = 0 we obtain the spectral density of normal metal. From Eq. (1.56) it can be seen that 

with decreasing N  the spectral density increases approaching a constant value 2 ( )    for a 

normal metal. Thus, the proximity effect weakens. If N  increases the contribution of the unit in 

the denominator Eq. (1.56) decreases and ( ) ~ 1/N
NR   , i.e., the spectral density decreases to 

zero. In this case, the normal metal approaches the superconducting state. Note that in the area 
ω < Δ of coherent excitations the spectral density has a maximum which position is determined 
only by the superconducting energy gap Δ. Indeed, the extremum point ω = ωext of the 
denominator from Eq. (1.56) is found to be from the algebraic equation 

2
4 4 2 2 2 49

( )( )
4

         .     (1.57) 

Its approximate solution can be written in the form 

2

2
0.217

9 4
ext




  


, (1.58) 

Thus, measuring the position of the maximum in the spectral density it is possible to determine 
the value of the superconducting energy gap. In Fig. 1.10 the frequency dependences of the 

uniform spectral density of states ( )NR   from Eq. (1.56) in a normal metal with an induced gap 

for the superconducting energy gap value Δ = 2.1210-4 eV and μ = 8.16 eV with different barrier 

transparency coefficients N  are presented. From this figure it can be seen that with increasing 

N  the spectral density ( )NR   approaches zero that reflects the strengthening proximity effect, 

when a normal metal acquires the properties of a superconducting one (see curve 5 in Fig. 1.10). 
On the other hand, with decreasing barrier transparency the spectral density of states approaches 

closer to a purely metallic state (see the straight line 1 in Fig. 1.10). The ( )NR   behavior is 

consistent with the experiment [23]. The differences obtained are due to only the fact that in this 

model the spatial dependence of both gap functions   and Δ is not taking into account. 
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Fig. 1.10. Frequency dependences of the homogeneous spectral density of states 
( )

2

NR 


 from 

Eq. (1.56) in a normal metal with the induced gap   for the superconducting energy gap value 

Δ=2.1210-4 eV, the chemical potential μ = 8.16 eV and the barrier transparency coefficients 

N =0., 10-5, 10-4, 10-3 and 10-2 states atomeV (curves 1-5, respectively). The density of states at 

the Fermi level ( ) 1.37   , states atom / eV is taken for Ti atom (4 electrons per atom) 

 
 

1.6. Conclusions 
 

Summing up, it can be stated that the presented diagram method of a time-perturbation theory 
in a zero approximation of the self-consistent field gives results that coincide with the approximation 
of the molecular field for a metal in the normal and superconducting states. Also, for the first time, in 
the framework of this method the appearance of a proximity effect in the form of a complex energy 
gap induced by a superconductor in a normal metal is predicted. In the low-barrier transparency limit 
an absolute value of the induced energy gap was found to be only a few percent of the 

superconducting one. The temperature and parametric dependences of the energy gap   as well as 

the phase ψ of the induced order parameter are obtained. It is consistent with the increase of the 
barrier transparency and decrease of the energy gap of a superconductor with approaching the critical 
temperature. Sufficiently large value of the tunnel matrix element leads to the destruction of the 
Cooper pairs and the absence of the proximity effect in the considered hybrid structure. 

With increasing the barrier transparency the spectral density decreases that reflects the 
proximity effect strengthening when a normal metal acquires superconducting properties. 
However, for a high transparency (8r > Δ) Cooper pairs in a normal metal are destroyed. When 
the barrier transparency decreases the density of states approaches a purely metallic one. The 
behaviour is consistent with the experiment although the existing quantitative differences are 

connected with the presence of the spatial dependence of the gap functions   and Δ that is not 
taken into account in the considered approximation. Also, this theory essentially simplifies a 
subsequent account for corrections due to the influence of fluctuations. 
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1.7. Appendix  
 

Let us calculate integrals ( )   and ( )   from Eq. (1.36). Consider a simpler case when 

    . Then for the density of states we get ( ) C    and 2 2( )d    , where 

3/ 2
2 3

(2 )
2

V
C m





 is the constant for an electron with mass m in a crystal of the volume V. 

 2 2 3/ 2
0

( ) ( )
( ) ( , ( )) ( , ( )) ln ~ 0

( ) ( ) 2 ( ) 4 4

C C d
d L d L d

d d

          
     

 
           
   (1.59) 

 2 2
0

( ) ( )
( ) 2 ( , ( )) ( , ( )) ( ) 2 ln

( ) ( ) 2 4

C C d
d C L d L d

d

             
   

  
               
 , (1.60) 

where ( , ) ln
d

L d d
d

 
 

 
 

 
 

. It is somewhat more difficult to calculate the 

indicated integrals with     when the function 2 2( )b      is real. But this case is the 

most important since the appearance of the proximity effect is connected with it. As a result, one 
can write 

          
2 2 2 2

0 0

( )
( ) ( ) ( )

C C t t
d dt

b p t pt q t pt q

   
   

 
           
  ,             (1.61) 

where  

                       
 2

2 2

( ) 2

( ) ( )

p q

q b

 

  

 

 
                                                       (1.62) 

Then it is easy to find that  

                  
( ) ( )1 1

( ) ln arctan
2 ( ) ( ) ( )( ) ( )

p qC

p a ap q

    
 

     

              
,                  (1.63) 

where 22 ( ) ( )a q    . Since ( )b    we have an approximate equality 
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2 2 2 2

1 1 1 ( )
( ) ( ) ln

2 4 2 2

      
   
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                (1.64) 

Similarly, one can show that  

                                          
( )

( ) ( ) 2 ln
4

b    


  
    

  
                                                  (1.65) 
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2. EFFECTIVE FIELD AND METAL-INSULATOR PHASE
TRANSITION IN THE HUBBARD MODEL. ROLE OF THE 

ELECTRON COULOMB REPULSION 

2.1. Introduction 

The study of the Hubbard model has a semi-centennial history starting from the moment 
when J. Hubbard first considered the Hamiltonian with an account for a band energy and an 
electron single-site Coulomb repulsion. Such simplification of the solid-state complex 
Hamiltonian has allowed to describe a number of phenomena not fitting into a simple band 
picture without electronic correlations and to present a possible mechanism of the metal-
dielectric Mott phase transition as well [24, 25]. The main idea was that with decreasing the 
Coulomb repulsion energy U of electrons with respect to their band energy of the width W a 
dielectric gap between the valence and conduction bands decreased and at W / U = 1.15 these 
zones merged into one. It testified a phase transition metal-insulator. The importance of the 
Hubbard Hamiltonian increased especially after the discovery of high-temperature 
superconductivity when it became clear that a strong single-site Coulomb repulsion plays an 
important role in the mechanism of electron pairing. In spite of the results obtained during this 
time and reflected in some details in the review by Izyumov [26] our attention is centred on the 
general features of the methods. Besides it, we point out new specifics of our work which 
reflects a more consistent solution of the problem of Mott-Hubbard phase transitions. It should 
be noted that a rather complicated picture of the electron dynamics in the case U ~ W is observed. 
For an infinite lattice dimension with a number of nearest neighbours z = ∞ the problem is 
reduced to exact equations in an single-impurity Anderson model or an alloy theory of the 
coherent potential method [26]. In the framework of these theories a smooth metal-to-dielectric 
transition with increasing U is predicted by a spectral density behaviour at T = 0. Unfortunately, 
the observed jump-like change in the number of carriers at the phase transition has not been 
explained. Although it should be noted that at small finite temperatures the energy hysteresis 
effects were observed [27]. In [28] Mott concluded that the Hubbard model with a lack of long-
range forces did not predict an abrupt change in the number of carriers. Thus, problem of carriers 
jump is still unsolved and is of great interest. A number of references to theories in the book [28] 
based on the exciton mechanism [28] and associated with overlapping zones confirmed only 
sufficient complexity of the issue and ambiguity of the solutions presented. 

The structure of this section reflects the main ideas of the self-consistent effective field 
theory. Starting with zero-th approximation and well-defined order parameters we will consider 
the correlation effects using the diagrammatic method of the time perturbation theory. We 
exclude applying the additional self-consistent parameters in the form of unknown Green's 
functions or other correlators by the alloy analogy and which are traditionally used in the most 
theories [30, 31]. The main self-consistency parameters are the probabilities of electron-hole and 
electron-electron site filling. These parameters are formed immediately in this zero-th 
approximation of the self-consistent field named as Hubbard I approximation. In the framework of 
this theory, one can describe the mechanism of the retrace charge motions. An inclusion of open 
electron hopping paths is carried out by taking into account the single-loop diagram contributions 
of scattering matrix in combined site populations and self-energy operator. Summation of an 
infinite series of connected single-loop diagrams allows to get a self-consistent equation for added 
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unknown parameters. The Green’s function, spectral density and other characteristics of the 
electronic dynamics have been calculated on the basis of the presented theory. 

It should be also noted the emergence of new order parameters characteristic for the 
dielectric or metallic state. From a comparison of the energies of these states, the critical value of 
U is determined at which the metal-insulator phase transition occurs. The discontinuity of this 
transition is reflected in the concentration dependences of the conductivity. 

2.2. Effective self-consistent field in the Hubbard І approximation  

The Hubbard Hamiltonian is usually written as 

ˆ
ij i j i i

ij i

H t c c U n n 


 
 

   , (2.1) 

where the creation and annihilation operators with spin σ for i and j sites are denoted as ic 
  and 

jc  , respectively. Occupation number operator with spin σ is i i in c c  
 . The single site 

Coulomb repulsion of electrons on the energy level of transition or rare-earth ion is denoted by 
U, the hopping integral tij = t is nonzero for z nearest neighbours and corresponds to the 
bandwidth W = 2zt. In what follows we consider a simple cubic lattice. Obviously, Hamiltonian 
(2.1) corresponds to a single band model and it is not difficult to generalize (2.1) for a multiband 
metal or dielectric. Despite a simple form, the Hamiltonian (2.1) is extremely difficult for 
theoretical research. The limiting cases U << t and U >> t describe metallic and dielectric states, 
respectively, and to which a great number of publications are devoted [26]. In the framework of 
the time perturbation theory we will present a consistent solution of the problem in the most 
difficult case when U ~ t. From the expression (2.1) we present the Coulomb term and the 

chemical potential μ energy operator as unperturbed Hamiltonian 0Ĥ . Thus, one can write 

0
ˆ

i i i
i i

H n U n n


      . (2.2) 

The standard procedure for building a self-consistent theory presupposes the existence of an 
effective field with appropriate order parameters as usually done, for example, in the theory of 
magnetism. In our case such parameters should be the mean combined one- and two-electron site 

occupancies 0 1 / 2nF    and 2 / 2nF   , respectively, where n is the site electron 
concentration. Moreover, for simplicity, one can consider only the nonmagnetic state. Such 
assumption will be obvious after considering the Hubbard-I approximation in which it is easy to 
extract an indicated field based on the formalism of the scattering matrix. Taking into account 
the subsequent diagram contributions proportional to 1 / z it is possible to refine the picture of 
the electronic dynamics and to predict the phase transition from a metallic to dielectric state. 
Note that the inclusion of additional self-consistency parameters in the form of Green's functions 
or other correlators as done in the works of some authors [30, 31] and, in particular, in Hubbard's 
work [25], where the Hubbard III approximation was proposed for describing the Mott-Hubbard 
transition, has several significant drawbacks. One of which is connected with the conclusion 
about the continuity of phase transition as a function of the carriers number that is in 
contradiction with the experiment. 

To study thermodynamic properties of systems described by the Hamiltonian (2.1) it is 

convenient to present the Hubbard operators mnX m n  in the basis of eigenvectors of the 
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unperturbed Hamiltonian where the basis { m } includes two wave functions   for an electron 

with a spin σ = +1 or -1 and for hole 0  and double filled 2  states, respectively. Using the 

well-known formulas 
0 2

0 2

c X X

c X X

 


 






 



 

 
, (2.3) 

the Hamiltonian of the zero approximation is presented as 

 22 22
0

ˆ 2H UX X X X      (2.4) 

with energy levels 0, 0      and 2 2U   . Similarly, we write the perturbation 

Hamiltonian: 

           0 0 0 2 2 0 2 2ˆ
m m m mlm l l l l

lm

V t X X X X X X X X       


                         (2.5) 

Using the scattering matrix formalism one can obtain that an effective self-consistent field in the 
zero approximation gives the same Green’s function as in the Hubbard I approximation obtained 
on the basis of the equations of motion without taking into account the correlation terms. Indeed, 

for the components , ( , ) ( ) (0)i j i jG T X X 
       r r  of the Green’s function 

( , ) ( ) (0)i j i jG T c c         r r  Fourier transform one can write the Dyson operator equation 
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where the unperturbed Green’s  functions 0 0
,

1
( ) ( )

( )n n
n

G i G i
i  

 

 
   

 
 

, i.e. 

0 0 0 0
0 0 , 0 2 2,2

1 1
( ) ( ) , ( ) ( )

( ) ( )n n n n
n n

G i G i G i G i
i i U        

          
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        (2.7) 

are obtained from averaging over the Hamiltonian 0Ĥ . The Fourier transform of the hopping 

integral for a simple cubic (s.c.) lattice is ( )t k = -2t(cos(kxa)+cos(kya)+cos(kza)) with a lattice 

constant a. The rest of notations are standard for Matsubara representation: the symbols ...   
and Tτ are the operators of statistical averaging over the total Hamiltonian and chronological 

ordering, respectively. ( )ic    etc. are annihilation  operators in the interaction representation,  

1 / β = T  is the temperature, (2 1)n n T   .  

The self-energy operator 
,

( )ni
 

  with a chosen method of summing the diagrams 

depends only on the Fermi frequency. It is easy to find that in a zero approximation of the self-
consistent field the components of this operator have a simplest form: 

0 0 0
0 0

2 0 2 0
2 2

0
0 ( )

( )
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( )ˆ n
n
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n F G i
i
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F G i 

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

 
 

  
  

    

  , (2.8) 
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where for paramagnetic phase 0 00 1 / 2F X X n       and 
2 22 / 2F X X n       . Substituting Eq. (2.8) into the matrix equation (2.6) we find 

the solutions for components of the Green’s function ˆ ( , )nG i  k  that gives the next expression 

for ( , )nG i  k  in the Hubbard I approximation: 

            
 

0 0 2 0
0 2

0 0 2 0
0 2

( ) ( )
( , )

1 ( ) ( ) ( )
H n n

n

n n

F G i F G i
G i

t F G i F G i

 
 

  
 

 
  







    


     
k

k
                         (2.9) 

This expression coincides with that obtained by Hubbard in the work [24]. The poles of Eq. (2.9) 
determine two spectrum branches of the coherent excitations describing the upper and lower 
Hubbard bands. Thus, the Hubbard I approximation does not take into account the effects of 
inelastic electron scattering. As a result, within the framework of this approximation it is 
impossible to obtain a phase transition from metallic to dielectric state since the Coulomb gap 
separating the two zones does not disappear at any finite U value. The availability of two 
spectrum branches substantially complicates the numerical analysis of both spectral density and 
the chemical potential dependences on electron concentration. Taking into account that there is 
still no such analysis in the literature we present it in details.  

We will use the inverse function method that substantially simplifies the solution of this 
problem [32]. This method is based on a simple linear dependence of the Green’s function (2.9) 
pole on ( )t k . 

To calculate the spectral density, it is necessary to carry out an analytical continuation 

ni i     in Eq. (2.9). Taking into account a general definition 

( , ) 2 Im ( , )A G i     q q  we have the following expression for the spectral density in the 

Hubbard I approximation: 
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,                         (2.10) 

where 0 0 2 0
0 2( ) ( ) ( )G F G F G 

  


        , nE q  are the resonance frequencies and 

( )x  is the Dirac delta function. 

The sum over wave vectors gives the uniform spectral density 
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where 
1 / 2 / 2
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F
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
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  


   
 and the tilde sign further indicates the specified parameters

in units of the bandwidth W. The electron density of states  CD x  is expressed in terms of the 

imaginary part of the lattice Green's function G(t) which is analytically continued to the lower 
complex plane [33]. The exact expression is presented in [24] for G(t): 
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, (2.12) 
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where 
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, (2.13) 

Here, K(x) is the complete elliptic integrals of the first kind. To calculate K(x) with a complex 
module an algorithm for the arithmetic-geometric mean proposed in [35] was used. 

It is easy to find the electron mean site occupancy with a spin σ in accordance with the 
main expression: 
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where  ( ) 1/ 1f e    is the Fermi distribution function. The paramagnetic phase is assumed

to be a ground state at T = 0 with / 2n n  . Then we get the next integral equation on the 

chemical potential 
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Here, in the integrand the replacement ( ) /w W   of the variable was made. In Eq. (2.15) 

the integral lower limit is determined by the lower boundary of the lower (the lower sign) 
Hubbard band. In the general case, the lower and upper boundaries of the lower (indexes 1d and 
1u, respectively) and upper (indexes 2d and 2u, respectively) Hubbard bands are determined by 
the expressions: 
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Thus, Eqs. (2.11) - (2.15) allow numerical calculations of the chemical potential and the spectral 
density in the Hubbard I approximation. 

In Fig. 2.1 the concentration dependence of the chemical potential in the Hubbard I 

approximation (curve 1) with U = 5 is shown. From the figure it can be seen that for a half-filled 
band (n = 1)   as a function of n is discontinuous. With a Coulomb repulsion decrease, this gap 

decreases. Indeed, it is easy to find the values of chemical potentials L  and H  in the limits 

1n   , 1n    and 0  , respectively: 
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(2.17) 
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Apparently, 0H L     with 0U   and H L U      with U  . Also, from Eq. (2.17) it

follows that for a metal with 0U   we have 0H L    , i.e., for a half filled band the chemical 

potential lies in the middle of the band. For a strongly correlated (U  ) weakly hole-doped 

( 1n   ) electron system the chemical potential 1/ 4L    , i.e., electrons in the PM phase 

fill only a quarter of the band W. 
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Fig. 2.1. Concentration dependences of the chemical potential in the PM phase at T = 0 and 

U =5 in the Hubbard I approximation (curve 1) and for electron correlations accounted (curve 2) 

In Fig. 2.2 the normalized spectral density  
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is shown for different electron concentrations at 5U  . The value w    corresponds to the 

chemical potential level. From the figure, it is seen that with increasing n the width of the lower 
band decreases and the upper bandwidth increases. At n = 1 the widths of the bands are equal 
and for n = 2 the lower band disappears. Thus, with the chemical potential discontinuity for a 
half-filled band at any finite value of the Coulomb repulsion only a dielectric phase is always 
realized in the Hubbard I approximation. In later papers by Hubbard [25] and other authors [25-
31], the approximations for correlation effects were proposed. Within the framework of these 
theories, a phase transition from a dielectric to a metallic state was predicted for a certain critical 
value of the U/W ratio. However, their limitations are due to the fact that an additional parameter 
of self-consistency was introduced in the form of many particles correlators or Green’s 
functions  that did not allow to take into account more subtle correlation effects and the 
associated step-like transitions between thermodynamically stable states. Therefore, below we 
will present a subsequent account for one- loop diagrams contributions to the effective field 
considered above in the Hubbard approximation I. 

2.3. Electron correlations 

In this section, we will consider an effect of inelastic kinematic and single electron 
Coulomb interactions on the ground state of the Hubbard paramagnet. To solve this problem, it is 
necessary to have an equation for the chemical potential. At first glance, the task is to obtain an 

expression ( )R   for the spectral density as was done in the previous section and then to 

calculate the chemical potential by analogy with Eq. (2.15). However, this plan will not work 
because in this case we can sum up only a finite number of diagrams among which some 
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diagrams are proportional to 1/T that gives the singularities as T → 0. That is why from the 

beginning we calculate directly a mean 0 00F X X      that will allow us to avoid the 
indicated divergences.  
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Fig. 2.2. The normalized spectral density ( )HubbA w at 5U   for different electron concentrations 

 
In the first order of the reciprocal effective radius of the interaction one can write: 
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where ,B  ( ,l m l m  r r ) is the effective kinematic interaction line in the approximation 

Hubbard I and the symbol 0...   denotes statistical averaging over the unperturbed 

Hamiltonian. Thus, 
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Using the Wick’s theorem for Hubbard operators it is not difficult to calculate all correlators 
included in (2.19). It turns out that there are only four different contributions corresponding to 
diagrams in Eqs. (2.21). 

As can be seen from (2.21), the first two diagrams generate singularities 1 / T as T → 0. 
This divergence is removed by summing up an infinite set of such type diagrams. Taking into 
account that these diagrams contributions form a Taylor series it is easy to find their sum. In 

Fig. 2.3, all diagram contributions are presented. In the figure the light points indicate 0
0F   

or 2
0F    in accordance with a type of the diagram. The filled points designate index 

convolutions for linked diagrams that indicate derivatives of the indicated averages with respect 

to the Hamiltonian 0Ĥ  parameters. 
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Fig. 2.3. The diagram contributions in the combined site electron occupancy <Fσ0>.

The series in Fig. 2.3 in an analytical form looks as follows 
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To perform the summation of an infinite series (2.23), let us introduce the generating functionals: 
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, as well as 0Ĥ  from Eq. (2.4) is 

presented in a parametric form: 
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Obviously, when 2     and 0       , where     and 2 2

U
    we get the 

original Hamiltonian 0Ĥ . Then the series (2.23) is analytically expressed as follows: 
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It can be seen from Eq. (2.25) that with the exception of the last two terms we have a series the 

sum of which is 0 0
1 2 2 2 2 0 0( , , , , , , )F F 

                              . 

Finally, one can get a final expression determining the equation for chemical potential 
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where taking into account the summation over the frequencies in Eq. (2.21) and the use of the 
inverse function method indicated in the previous section  the following formulas is introduced 
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                (2.27) 

As can be seen from the obtained Eqs. (2.26) – (2.27), in the limit T → 0, the previously existing 
singularities disappeared. Thus, for the chemical potential Eq. (2.26) is obtained in which the 
correlation corrections are taken into account within the chosen approximation. Let consider a 

ground state, i.e., we set T = 0. It is clear that the means 0 2 2
0 0 0, ,F F F         and 

0
1F   are order parameters determining one or another type of thermodynamic state of the 

electronic subsystem. The analysis shows that two ground states are possible with a positive 



  

41 

chemical potential, according to the ratio between   and U . We do not consider the area   < 0  

because it is the case of a low-density electron gas. 

For 0, U      we have 0 U       and 0 2 0
0 0 1 1/ 2F F F         . 

These order parameters indicate that in the electron dynamics a single filling of the holes prevails 
that is a characteristic of the dielectric. Then the equation for the chemical potential in the case 
of a dielectric takes the form: 
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The integral in Eq. (2.28) is simplified for n = 1 if we carry out the replacement 
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Instead of Eq. (2.28), it follows the equation 
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if 1n    and 0  . Obviously, for Eq. (2.29) we have 
6 ( )

3
0.5

U

U

 







 


, whereas from Eq. 

(2.30) it follows 
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. The solutions of these equations for   taking into account its 

sign and relations with U  coincide with the chemical potentials (2.17) for the lower and upper 
bands in the Hubbard І approximation, respectively. Thus, with 1n   the chemical potentials in 
the Hubbard I approximation and with account for electron correlations coincide. 

For 0U   , U      we have 0 0
0 1 0F F       and 2

0 1F    . Thus, for 

a metal the sites are mainly filled with two electrons. From Eqs. (2.25) - (2.26) it follows that the 
equation for   is 
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2
/

2 6 ( 1)
1 6

2 1 0.5 ( 1 0.5 )
d
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w U

n U
U d D

n n n
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 

 
        






                        (2.31) 

Unfortunately, the integrals in Eq. (2.28) and (2.31) cannot be simplified. Therefore, it is 
necessary to carry out further numerical calculations. It will be shown below that the metal phase 

exists only for n  1. Assuming 2n   it is easy to find that 1/ 2U   . 

In Fig. 2.4, the dependences of   as a function of the electron concentration n for various 

values of the Coulomb repulsion U/W are presented. From the figure it can be seen that in all 
cases there is a discontinuity in the given curves for a dielectric with a half-filled band. Also, at n 
~ 1.6 the jumps from a dielectric to a metal state are observed. Unfortunately, from these 
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calculations it is impossible to conclude for which U  it will be a transition from a metal to a 
dielectric state. To answer this question, it is necessary to compare inner energies of these states. 
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n
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1

 
Fig. 2.4. Concentration dependences of the chemical potential   for a dielectric (curves 1, 3, 

and 5) and for a metal (curves 2, 4, and 6) at U/W = 0.5, 2.0, and 5.0, respectively 
 
 

2.4. Green’s function in the Hubbard model 
 

From the previous subsection, it follows that the spectral density is expressed in terms of 
the imaginary part of the Green’s function. Therefore, it is necessary to calculate the 
contributions of all single-loop diagrams to this correlator. In general, the task is similar to that 
solved in the previous subsection for calculations of the combined occupancies. Corresponding 
matrix Green’s function with unknown components has the form  

                               0 , 0 0 ,2.

2, 0 2,2
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G G
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k                                           (2.32) 

A self-energy operator 
,

( )ni
 

  is determined by the perturbation V̂  from Eq. (2.5)  
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                                   (2.33) 

Then one can sum diagrams in terms of irreducible parts using the matrix Dyson’s equation 

           . .ˆ ˆ( , ) ( ) ( ) ( ) ( , )ˆ ˆcorr corr
n n n nG i i t i G i         k k k ,                       (2.34) 

The components 
,

( )ni
 

  are determined by grouping the inner Hubbard’s operators of the 

perturbation Hamiltonian V̂  from (2.5) in the scattering matrix to obtain the Dyson’s equation 
(2.34). The indexes αβ and γδ coincide with corresponding indexes of product Habbard’s 

operators mlX X   in V̂  because they determine the ends of the self-energy operator. Evidently, 

these ends should correspond to the index of the initial point of the adjacent external Green’s 
line. Then we have four correlator groups: 



43 

( )
( )

0 0 0 , 0 0 0 0 0

2,2 2 2 2 2

0

0 ,2 2 0 0 2

1) ( ) ( ) ( , ) ( ) ( ) ( ) ( )

( , ) ( ) ( ) ( ) ( )

2) ( , ) ( ) ( ) ( ) ( )

m m m m mi i j j l l l l l

m m m m ml l l l l

m m mi i j jl l l

T X X B X X X X

B X X X X

B T X X X X X

s s s s s s s s
t

s s s s s s

s s s s s s
t

t t t t t t t t

t t t t t t

s t t t t t t

- -

- -

- - -

é< - - + +êë
ù- - + >úû

- - < -

ml

ml

ml

r r

r r

r r ( )
( )
( )

0 2

0

2, 0 0 2 2 0 2 0

0

2 2 2,2 2 2 2 2

0 , 0

( ) ( )

3) ( , ) ( ) ( ) ( ) ( ) ( ) ( )

4) ( ) ( ) ( , ) ( ) ( ) ( ) ( )

( , )

m ml l

m m m m mi i j jl l l l l

m m m m mi i j j l l l l l

ml

X

B T X X X X X X

T X X B X X X X

B

s s

s s s s s s s s
t

s s s s s s s s
t

s s

t t

s t t t t t t t t

t t t t t t t t

t t

-

- - - -

- - - - - -

>

- - < - >

é< - - + +êë

- -

ml

ml

ml

r r

r r

r r ( )0 0 0 0

0
( ) ( ) ( ) ( )m m m ml l l l

X X X Xs s s st t t t- - ù+ >úû

   (2.35) 

Here, , ( , )ml
Bab gd t t- -ml

r r  are effective field lines in the Hubbard I approximation, the 

Fourier transform of which are determined by Eq. (2.22) with relations  
0 ,2 2, 0 0 , 0( , ) ( , ) ( , )n n nB i B i B is s s s s sw w s w- -= =q q q (2.36) 

Above for convenience we used the Hermitian conjugate operator V̂ . Also, εσ= ε-σ for a
paramagnetic state at the applied field h = 0. The correlator groups 1-4 determine self-energy 

components 
0,0

( )ni
 

 ,  
0, 2

( )ni
 




 , 
2 ,0

( )ni
 




  and  
2 , 2

( )ni
 


 

 , respectively. In Fig. 

2.5, all possible diagram contributions to the self-energy component 
0,0

( )ni
 

  from the first

correlator group are presented. Here, the lines with index ± σ, σ2, 02 and dotted line correspond 

to unperturbed Green’s functions 0
0 ( )nG i  , 0

2 ( )nG i  , 0
02 ( )nG i  and 0 ( )nG i   , respectively. 

The symbols K1p under diagrams denote the corresponding cumulants. Let us denote the diagram 

contribution in Fig. 2.5, (p) by 
1 )p

 .  

Fig. 2.5. All diagrams for first correlator group which determines the self-energy 
component 

0,0
( )ni

 

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Next, it is easy to obtain that 

        0 0 0 0
0 0 01 ) 1 ) 1 ) 1 ) 1 ) 1 )

( ) ( )n nb d h m c d
G i G iF F 

                 ,       (2.37) 

where 0F  is determined by Eq. (2.26), i.e., 0 1 / 2F n   . Thus, the sum in Eq. (2.37) 
gives a self-energy in the Hubbard I approximation (see Eq. (2.8)). In a similar manner, one can 
prove that for a fourth correlator group  

2 0 2 0
0 2 24 ) 4 ) 4 ) 4 ) 4 ) 4 )

( ) ( )n na c e d h k
G i G iF F 

   
                ,    (38) 

as in the Hubbard I approximation for 
2 , 2

( )ni
 


 

 , where 2 / 2F n  . Further we 

consider only zero temperatures. 
Now one can write the expressions of the remaining self-energy components for all four 

correlator groups (2.35) with the analytic continuation ni i    : 
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Here, n(x)=1/(ex-1) is the Bose distribution function and 0
0F   and 2

0F    are determined 

by Eq. (2.20). The integrals I1 and I2 can be expressed in terms of the lattice Green’s function 
( )G t  (2.12). Indeed,  

                

1 0 2
0 2

2 0 2
0 2

( )

( ) ( ) ( )

( )

( ) ( ) ( )

q n n

q n n

t
I

t G i F G i F

t
I

t G i F G i F

 
 

 
 

  

  








      


      





1-

1+

q

q

q

q

                       (2.43) 

One can write after the analytic continuation ni i    : 
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where 1 6 / ( )s F  , 2 6 / ( )s S   and ( )F   is determined by Eq. (2.11) and ( )S   has a form 
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Unfortunately, the rest of the integrals is not expressed in terms of ( )G t : 
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          (2.46) 

The imaginary parts of these integrals are evaluated from the Landau bypass rule 
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and real parts are calculated numerically as the Cauchy principal value. It is easy to write for 
imaginary parts at T = 0: 
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                                (2.48) 

To solve the matrix Dyson’s equation (2.34), it is conveniently expressed by 

0,011 12 210, 2 2 ,0
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r
  

  . Then the Green’s function 
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where 
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Next, it is not difficult to write the expression for the retarded Green’s function 
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Evidently, the excitation spectrum is determined from the equations  
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2.5. Spectral density, ground state energy and transport 

Let us designate 

1 1 2 2 1 1

2 1 1 2 2 2

1

1

g t g ig

g t g ig

    

    

 


 


    

    
, (2.54) 

where ig   and ig   are real and imaginary parts of function ig  . The uniform spectral density  

1
( ) ( , )R A

N   
k

k ,               (2.55) 

where 

 2
( , ) Im ( , )A G i

i 
    k k .                       (2.56) 

Taking into account Eqs. (2.54), one can write the final result for ( )  : 

2 2 1 1
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                                      
                

, (2.57) 

where  G t  is the lattice Green’s function from Eq. (2.12). 

In Fig. 2.6 the total over spin electron spectral densities ( )R   at 0.5U   and n = 1 for 

both dielectric (a and b) and metal I are presented. From the figure, it follows that the band 

filling as 1n    at 0   make up a gap  above Fermi level (hole-doped systems) and 

<<U . In this case, the spectral density on the Fermi level is finite although it drops sharply 
above. As will be seen below, this contradiction is eliminated by comparison of the inner 
energies for a metal and a dielectric. The band filling as 1n    at 0   on the Fermi level 
gives a small quasigap. For the metal at the Fermi energy there is no gap. 
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Fig. 2.6. The total over spin uniform electron spectral density ( )R   at 0.5U  , where   is the 

frequency in the units of bandwidth, for a half-filled band in the insulator state at 1n    (a) 
and 1n    (b) at 0   and for a metal (с). 0   corresponds to a level of the chemical 

potential 



  

48 

In Fig. 2.7, the total over spin uniform electron spectral densities ( )R   at 2U   and  

n = 1 for both dielectric (a and b) and metal I are presented. From the figure, it can be seen that 

the gaps arise from such U  values above and below the Fermi level where the band filling is 
1n    and 1n   , respectively. Note that for an infinitely small electron doping of the half- 

filled band (see Fig. 2.6, b) in the limit n = 1 the spectral density at the Fermi energy is zero. 
Thus, in this case, the conductivity will be zero, i.e., we have a dielectric. As it takes place, the 

bandwidth is ~ 3/ 2U . For a metal state, the Fermi level lies near the middle of the upper 

Hubbard band that is the characteristic of a metal. For large values U , the dependencies ( )R   

are similar. It is not yet possible to say what state is realized in accordance with the previously 
entered order parameters. It is necessary to obtain an expression for energy of the ground state. 

To determine the inner energy E we will use the basic Kalashnikov-Fradkin relation [36] 

which allows us to express a mean interaction energy V̂   from (5) in term of the spectral 

density ( , )A  k : 
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Fig. 2.7. The total over spin uniform electron spectral density ( )R   at 2.0U   for a half-filled 

band in the insulator state at 1n    (a) and 1n    (b) at 0   and for a metal (с). The 
notations are the same as in Fig. 2.6 

 

Extracting the unperturbed Hamiltonian 0Ĥ  from Ĥ  it is easy to find that 
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where         , 0 0   and 2 2( )U    . Taking into account that 

0
ˆ ˆE n H V        one can get the expression for the energy. 
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where the site occupancy probability 22X   by two electrons is 

     22 0 2
1 0 2 02

n
X X F F  

                (2.61) 

It should be noted that 22 0X    is always realized. From Eq. (2.60) for chemical potential of 

a metal it follows that the term with an integral which we denote by I depends on n only: 

2
1

2

n
I

n
   (2.62) 

This term is also included in Eq. (2.61) taking into account for 0
1 0 0X F 

      . As a 

result, we have the obvious relation 
22 1 0X n                                                               (2.63) 

Thus, the metal phase exists only for an electron-doped system. At 1n  , the solution for a metal 

phase does not exist because in this case 22 0X  . 
Using Eq. (2.60) one can calculate energies of the ground state of a half-filled Hubbard 

band for both metal and dielectric states. In Fig. 2.8, we present the dependence of the ground-

state energy on the value of a single-site Coulomb repulsion /U U W  at 1n   for a dielectric 
in the limit of an infinitely small number of holes (curve 1), for an infinitely small electron 

doping (curve 2) and for a metal (curve 3). From the figure, it can be seen that at . 2.1crU U    

the phase transition to a metal state occurs. Note that in the Hubbard III approximation [25] the 

critical value . 0.87Hubb
crU   is significantly less than 2.1. In the Hubbard model with an infinite 

lattice dimension that is reduced to the single-impurity Anderson model, a critical value . 3crU    

was obtained [27]. 
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Fig. 2.8. Dependence of the ground state energy on the parameter of the single site Coulomb 

repulsion /U U W  in the case of a half-filled band for an insulator in the limit of the infinitely 
small number of holes (curve 1), for an infinitely small electron doping (curve 2) and for a metal 

(curve 3) 

It should be noted that at n = 1 and .crU U   the minimum energy is realized in the 

system in the limit of the infinitely small electron doping (see curve 2 in Fig. 2.8). This means 
that the chemical potential of the half-filled band lies at the bottom of the upper Hubbard band, 
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i.e., we have a completely filled lower band with an energy gap (see Fig. 2.6 b) and zero spectral 
density at the Fermi energy level. Apparently, in this case the conductivity equals zero. 

For a half-filled band at a finite small hole doping the chemical potential abruptly 
decreases in the magnitude according to Fig. 2.4. The energy will change from values 
approximately as in the curve 2 in Fig. 2.7 to values approximately those of the curve 1 of the 
same figure. The order parameter for a metal state is not realized since for n < 1we have always 
<X22> < 0. The position of the chemical potential level is such that the spectral density is finite 
when 0   as shown in Fig. 2.7 a. As will be seen below, it leads to a step-like change in the 
conductivity from zero to a finite value in agreement with experiment. This fact could not be 
explained by previously known theories [28]. 

In conclusion, we consider transport properties of the Hubbard paramagnet in the ground 
state. It is known [37] that the diagonal component of the isotropic conductivity ( , )T   for a 

simple cubic lattice with a constant a is expressed in terms of the spectral density as follows 

           
32

3

( , ) ( ) ( , )
3 6 C
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T d D
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

      
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,                                  (2.64) 

where e is the electron charge and the function ( , )      is associated with non-uniform 

( , )A    k  by the differential equation 

                      2( , )6 1
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 

    .                                             (2.65) 

We are interested in the residual conductivity (0,0) . As it was shown earlier, at the energy 

Fermi when 0   for a dielectric at .crU U   the spectral density ( , ) 0A    , i.e., 

( , ) const    , that in accordance with Eq. (2.64) gives (0,0) 0  . The solution of the 

differential equation (2.65) for a metal is not difficult since the dependence of the Green’s 
function on ε is very simple 

                       1 2

2 1

( ) ( )6
( , )

( ) ( )

g g
G

W t t
 


 

   
   

 
    

 
  

,                                     (2.66) 

where the functions ( )ig    and ( ) /i it t W     in the general case are complex and are 

determined by the Eqs. (2.52) and (2.54). 
In Fig. 2.9, the dependence of the conductivity on the parameter of an electron single site 

Coulomb repulsion U  at the temperature T = 0 at a = 5 Ǻ for a half-filled band (a) and 

conductivity as a function of the electron concentration n (b) (hole-electron doping) for 2U   

(curve 1) and 5U   (curve 2) are presented. From Fig. 2.9a, it follows that in a metal phase 
there is a residual resistance due to the electron-hole inelastic scattering. In this case, the 
conductivity value is quite close to the metal one according to the Ioffe-Regel principle [28] 
when the minimum electron mean free path is of order of the lattice constant. At the phase 
transition an abrupt change in the resistivity occurs which is experimentally observed in metal 
oxides. This effect has not been explained within the framework of Hubbard theories [24, 25] as 
well as in the following theories [26–31] which predict the continuous evolution of the metal 
phase into the dielectric phase. Fig. 2.9 b shows how the hole-electron doping influences the 

metal conductivity (curve 1, 2U  ) and the dielectric one (curve 2, 5U  ). It should be noted 

that when 2U   and n < 1 the metal state does not exist but hole doped dielectric is realized. At 
n  1 the curves 1 and 2 correspond to a metal with the lowest inner energy and with a finite 
conductivity which tends to zero at n  1. At n > 1.5 the spectral density is equal zero that may 
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indicate the coherence of the excitations and further electron localization due to the complete 

band filling. On the other hand, an increase in the Coulomb repulsion up to 5U   influences 
weakly on the conductivity except for an area near the half-filling band. At n = 1 the 
conductivity abruptly drops to zero reflecting the dielectric state and then abruptly increases up 
to 1.53 mΩ-1cm-1 at n = 1.01 (see the curve 2 in Fig. 2.8). 
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Fig. 2.9. Dependence of conductivity on the parameter of the electron single-site Coulomb 

repulsion U  at the temperature T = 0 at a = 5 Ǻ for a half-filled band (a) and conductivity as a 

function of the electron concentration n (b) (hole-electron doping) for 2U   (curve 1) and 

5U   (curve 2) 

2.6. Conclusions 

In conclusion, we formulate the main conclusions of the chapter. Within the framework of 
the time-perturbation theory, a method for accounting the correlation effects in the Hubbard model 
has been proposed. It permits to describe metal and dielectric states by corresponding order 
parameters that determine self-consistent probabilities of the site occupancy by electrons and holes. 

In this case the metallic state is realized only at n  1 for the Coulomb-repulsion parameter 2.1U  .  
It has been established that the concentration dependence of the chemical potential has a 

disruption near the half-band filling for the dielectric state. In this case, the lower edge of the 
upper Hubbard band coincides with the level of the chemical potential. Thus, the completely 
filled lower Hubbard band is separated from the chemical potential level by a gap which is 

somewhat smaller than the value U . Since the spectral density at this edge of the band equals 
zero, we have a zero conductivity. 

A finite small hole doping of the dielectric leads to a sharp increase in the inner energy 
due to the chemical potential jump. Also, the position of the chemical potential level in the lower 
Hubbard band changes with a shift from its upper edge into a band by a finite value. This leads 
to an abrupt change in conductivity from zero to a finite value corresponding to experimental 
data for series compounds and gives an understanding of the nature of this phenomenon. 
Electron doping of the half-filled band shows a rather weak dependence of the conductivity on 
the Coulomb-repulsion value in the ground state. The observed sharp decrease σ in the area of 
the electron concentration n ~ 3/2 is the subject of our further research. 
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3. ELECTRON DYNAMICS IN THE NORMAL STATE  
OF CUPRATES: SPECTRAL FUNCTION, FERMI SURFACE 

AND ARPES DATA 
 
3.1. Introduction  
 

Description of the strongly correlated electron dynamics in cuprates is one of the 
intriguing tasks in the theory of condensed matter physics. The history of such investigations 
from the HTSC discovery covers considerable quantity of publications. Experimental tunnel, 
magnetic, resonance and ARPES data [38–40] of the mentioned objects reflect an extremely 
complicated character of the interplay between charge, spin and lattice degrees of freedom. In 
spite of a wide experimental material as well as undoubted successful description of the cuprate 
electron structure by ab initio methods [41, 42], some observed phenomena connected with the 
strong electron correlations and electron-phonon interaction are not reproduced theoretically. In 
our opinion, the reason is that within the framework of such approaches it is impossible to 
extract an effective self-consistent field by analogy with the Weiss field in magnetism or an 
unperturbed Hamiltonian for free electrons in metals as well as the restricted statistics and 
difficulties to account for hole states. In some cases, authors are using the methods of metal 
physics especially to build the HTSC model and to account for strong electron-phonon 
interactions that is not useful for electron systems with strong correlations [43–45]. One of the 
puzzle phenomena which is not described by existing theories is a low-energy kink 
experimentally observed in the nodal dispersion of various cuprate materials [46–48]. Below we 
present a theory explaining the origin of this anomaly and a consecutive picture of the strongly 
correlated electron dynamics in cuprates. 

In this context, it is necessary to point out that the aim of this work is to build successive 
approximations for a diagrammatic method when the Hubbard-I [24] approximation is the 
starting point for any calculations. In this case, we have a self-consistent field with the aid of 
which one can account for a specific character of doped Mott insulators. Indeed, hereafter we 
will show the fundamental difference between metals and doped cuprates resulting in a strong 
correlation narrowing of the valence band for hole doping [49, 50]. Within the framework of the 
t-J model for a lower Hubbard band without exchange electron interaction it is easy to detect that 
in a paramagnetic phase (PM) there are two noninteracting electron liquids with spins up and 
down avoiding one another and being in equilibrium. Hence, it gives rise to correlation effects. 
Indeed, unlike metals, each electron hopping does not change a number of electrons for both 
sites with spins up and spins down, respectively. In a metal, each electron hopping gives a site 
with double occupancy changing the fixed electron quantity in the pointed subsystems. That is 
why we should consider the whole electron system regardless of the spin. As a result in the PM 

phase of doped Mott insulators in the limit of the Coulomb repulsion U =  the excitation 

spectrum will be two-fold degenerate and the chemical potential  in the limit of half-band 

filling is equal approximately to a half of a metal . It is necessary to point out that the 
ferromagnetically ordered strongly correlated electron system is similar to an ordinary metal 
since in this case the Fermi statistics is working first of all.  

To take the strong electron-phonon interaction into account is one of the most 
complicated tasks in the condensed natter theory. To solve this problem in a given work, we 
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suggest to consider the Holstein model with one characteristic optical Einstein mode. The 
extension to the case of a few modes does not present any difficulties. We apply the method of 
an inverse function formulated by us in the paper [50] for building the HTSC theory. Also, in 
contrast to existing theories [32, 44, 51], where account of the electron-phonon interaction 
cannot be exact, our model based on the Lang-Firsov transformation [52] allows to solve this 
problem exactly. In this work, in the Hubbard-I approximation it has been shown for the first 
time how strong electron-phonon binding modifies the band spectrum, chemical potential and 
Fermi surface. To calculate the Green’s function, we used a such type of the Dyson equation 
when the self-energy depends on frequency only and all inhomogeneity is related exceptionally 
to the Fourier representation of the hopping integral. 

Based on the diagrammatic contributions related to inelastic electron scattering a new 
specific feature of the electron spectrum and spectral density is revealed when the frequency and 
the wave characteristic are varied abruptly through a small range. It is in a good qualitative 
agreement with the ARPES data. This circumstance makes the Fermi surface detection difficult 
and in specific cases points out the non-Fermi liquid behaviour of the electron ensemble. 

The structure of the section is as follows. In the subsection 3.2, the starting fermion-
boson Hamiltonian of the cuprate system is considered. It was diagonalized by unitary 
transformation. In the approximation Hubbard-I, detailed analysis of the dynamic electron 
properties is carried out by taking into account an influence of the electron-phonon interaction, 
next nearest neighbours and changes of the Fermi surface topology. In the subsection 3.3, low-
dimensional correlations and electron-phonon interactions are included to provide the most 
general expression for Matsubara Green functions in the first non-vanishing approximation of 
the time-dependent perturbation theory with respect to the inverse effective radius of interaction 
r ~ 1/z, where z is the number of nearest neighbors in the simple square lattice. The equations for 
the excitation spectrum and damping were obtained. Also, the numerical analysis for a chemical 
potential, Fermi surface, the frequency spectrum and the spectral density of the PM phase at the 
value of the electron-phonon binding parameter g = 0 was carried out. The polaron bands, 
spectral densities and their modifications versus parameter g were calculated. In conclusion, we 
provide theoretical results with regard to the most typical experimental data. 

3.2. Holstein polarons and effective self-consistent field in cuprates 

3.2.1. Hamiltonian of the fermion-bosonic system 

To describe the electron dynamics, it is necessary to calculate the Matsubara electron 

Green’s function poles of which determine an excitation spectrum k. Also, spectral density 

A(,k) is proportional to the square power of the imaginary part of a Green’s function. In what 

follows, we will consider a PM phase in which the spin index  does not play any role. The t-J 
model is believed to be the simplest one for the description of strong electron correlations. 
Apparently, in our case the exchange part of Hamiltonian is not considered. We add to the 
Hamiltonian of the t-J model a part used in the Holstein model of small polarons for the HTSC 
systems characterized by sufficiently strong electron-phonon interaction. These polarons are 
formed due to the interaction between electrons and lattice optical vibrations. For simplicity, we 

consider the Einstein model with a phonon frequency 0. Thus, the Hamiltonian reads as  
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Here, the fermionic 0
ˆ

fH  and bosonic ˆ
bH  terms are related to the energy of the chemical 

potential  and local electron-phonon interaction in a phonon subsystem with the frequency 0 , 

respectively. The sum of these terms 0
ˆ

fH  and ˆ
bH  is considered as an unperturbed Hamiltonian 

0Ĥ . For weakly doped cuprates V̂  operator is taken as a perturbation, where both ( )i ic c 
  and 

( )i ib b create (annihilate) an electron of spin  and phonon on the lattice site i, respectively, and 

tij is the hopping integral. i i in n n    is the site electron concentration, where in represents 

the concentration of electrons on the site i with spin . The exchange term of the Hamiltonian is 
neglected for the system in the PM state.  

The Lang-Firsov unitary transform [52] allows to separate boson and fermion operators 

in ˆ
bH . Then the transformed ˆ

bH  takes the form ˆ
bH : 

                                                0
ˆ

b i i i
i i

H b b n    ,                                                    (3.3) 

where 2
0/g   is the polaron binding energy. Also, perturbation Hamiltonian V̂  is 

transformed to V̂ : 

                                
,

ˆ (1 ) (1 )i ji j i j
i j

V n nt c c   


 


 
      ,                         (3.4) 

Here, the unitary transformated Fermi operators 

                                                       i i ic Y c                                                                    (3.7) 

are products of Bose 
( )i ib b

iY e    and corresponding Fermi destruction operators where 

=g/0. Another terms in Hamiltonian (3.1) are not transformed. 

Therefore we have unperturbed Hamiltonian with a perturbation V̂  that allows to build 
the approach based on the scattering matrix formalism. 
 
3.2.2. Approximation Hubbard-I 
 

In the work [24] J. Hubbard developed a simplest approach to decoupling of correlators 
in the equation of motion for a Green’s function. It describes the dielectric state of the strongly 
correlated electron system. Although this approach denoted as the approximation Hubbard-I does 
not describe the correlation-induced metal-insulator transition it is quite similar to the Weiss 
mean field theory of magnetism with an effective field and therefore has fundamental importance 
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in understanding the physics of strong electron correlations. Thus in what follows we will 
consider this approach in details within the framework of a modern diagrammatic method taking 
into account that such systematic description is absent in literature. It is necessary to point out 
that this method is a quite equivalent to an approach to be used by Hubbard. 

Below we will consider the lower Hubbard band doped by holes. In this case one can use 

one hole and two electron site wave functions: 0 0 ,     , where =+ (or 1) and 

 = - (or -1) for electrons with spins up and down, respectively. Let us introduce Hubbard’s 

operators ik
i kX    in a given basis. Apparently, in the projective space for the destruction 

and creation operators 
0

(1 )j j jc n X


    and 
0

(1 )j j jc n X


 


  , respectively. With account of 

Eqs. (3.3)-(3.5), the Hamiltonian of the subsystem reads as 

. 0
ˆˆ

elH H V   , (3.6) 

where the unperturbed Hamiltonian takes the form: 

0
ˆ

i
i

H n    ,

and perturbation appears as  
0 0

,
i jij

ij

V X Xt  

 
     , (3.7) 

where      is an effective chemical potential with the account of the electron-phonon 

interaction, 0 0
i i iX Y X   and 0 0

j j jX Y X   are unitary transformed Hubbard’s operators. In 

spite of the simple form, the Hamiltonian (3.6) contains practically all complicated electron 
dynamics with lattice coupling. It will be seen below from the given calculations. 

In the context of the time-dependent perturbation theory, it is easy to show that an 

equation for the Fourier transform 0 ( , )pi  q  of the Matsubara Green’s function 

 
0 l m

0 0(l ,m ) - < T ( ) ( )= X X
l l m ms
s st t t t

t
L >  in the approximation Hubbard-I is presented 

graphically in a form as in Fig. 3.1, where the symbol < ...>  denotes statistical averaging over 

the total Hamiltonian .
ˆ

elH   ( )X
l l
ab t  and T

t
 are Hubbard’s operators in the interaction 

representation and time-ordering operator, respectively. Here, bold and thin lines correspond to 

0 ( , )pi  q  and  0

0
( ) FpG i s

sb w < > , respectively, where 1/ = T is temperature, 

(2 1) /p p    , 0F 1 / 2ns< >= -  is the mean electron-hole probability of site occupancy 

for the electron concentration n. The unperturbed Green’s function [50, 53] 

                
2

0 0

2

0
0

( ) 1 ( )
( )

!p

m

m p p

i
e f f

G
m i m i m



    
      

 



  
    

   
   
 

(3.8) 

Here, ( ) 1/( 1 )xf x e   is the Fermi distribution. We suppose that 0/T >> 1. A wave line in 

Fig. 3.1 denotes the Fourier transform  

( )( ) 2 (cos( ) cos( ) 2 cos( ) cos( )) 2i ji
ij x y x y

ij

t t e t q a q a q a q a t        q r rq  
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of the hopping integral, where α=t1/t, t and t1 are nearest and next nearest hopping integrals, 
respectively, for a square lattice with the parameter a. We have electron excitations if the 
parameter t > 0 and a hole spectrum otherwise. The replacement t -> -t and α -> -α has no 
influence on the Fermi level position. 

In the approximation Hubbard-I a mean 0Fs< >  is the self-consistent parameter. Hence, 

we make the replacement 0 0

0
F Fs s< > < > , where  

00
0 00 0

0 0

0

ˆ(exp( H ( ))) 1
F

ˆ 1 2(exp( H ))

Sp X X e
X X

eSp

ss bm
s ss

bm

b

b

- + +
< > =< + > = =

+-








           (3.9) 

 
Fig. 3.1. Graphic equation for the Green’s function 0 ( , )ni  q  in the approximation Hubbard-I 

 
The solution of the graphic equation in Fig. 3.1 is 

                                   
0

0
0 0

0

( )
( , )

1 ( ) ( )
p

p
p

G i F
i

t G i F




 


 
 

 
 

 
  

q
q


                                  (3.10) 

The retarded Green’s functions are obtained by the analytic continuation ni i   in (3.10) 

that gives a full information about electron dynamics within the framework of the approximation 

Hubbard-I. For simplicity, we assume that Т = 0. By introducing the symbol 0) /(w     we 

have for the unperturbed Green’s function (3.8)  

         2 2
0

0
0

1
(1,1 , ) ( ) (1,1 , ) ( ))( ) M w M w

w
G w       


           ,        (3.11) 

where M(a,b,z) and ( )x  are the confluent hypergeometric function of Kummer [54] and 

Heaviside step function, respectively. 
It is easy to find pole singularities based on Eq. (3.10) that gives the spectrum of 

electron-hole excitations in the approximation Hubbard-I: 

.m
.m

0 2

0

( )
4

4( )
cos(k ) cos(k ) 2 cos(k )cos(k )

1,1 ,

cr
cr

m
x y x y

m

t

W

a a a a

F M



 
 



     
 

 
    

  
    

 




k

k

k

, (3.12) 

where bandwidth W = 8t > 0. Index m enumerates modes which are solutions of Eq. (3.12). Let  
W = 1, i.e., the frequencies, the chemical potential and all energy parameters are measured in the  
bandwidth units. 

In Fig. 3.2 the k dependence of the resonance frequency k  is presented. The curves 

were calculated along a nodal direction kx= ky= / 2k  at а = 3.814 Å for different electron 
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concentrations and the electron-phonon coupling for a bismuth 2212 cuprate with the phonon 
frequency ω0 = 0.01875. From the figure it is easy to see that the inclusion of the electron-

phonon coupling (g  0) results in the appearance of polaron bands, the bandwidth of which is 

increasing with increasing g. It follows from Eq. (3.12) that kinks on the curve k  versus k are 

determined by zeros of the function 2

0

1,1 ,mM
 


  

  
 

k . Computing real zeros of 

hypergeometric functions is a complicated mathematical problem which can be solved only 
numerically [55]. However, one can state that the center of a train of polaron bands and their 

total bandwidth are determined approximately by parameter 2  which counts the number of 

phonon quanta in the phonon cloud around the localized electron [38], i.e. at 2

0

~m  


 


k . For

high electron energies, the polaron band is localized and its energy is equal to the energy of 
phonon quanta in this frequency domain. 
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Fig. 3.2. Electron excitation frequency-momentum dispersion along the nodal direction  

kx= ky= / 2k  at а = 3.814 Å for the bismuth 2212 cuprate with the phonon frequency ω0 = 0.01875 
and (а) n = 0.9, α = 0.1, g = 0,  = 0.136 and g = 0.03,  = 0.092 (curves 1 and 2, respectively); (b)  

n = 0.97, α = 0.1, g = 0,  = 0.195358 and g = 0.06,  = 0.018765 (curves 1 and 2, respectively) 

Let us consider the case when polarons are absent, i.e., 0  . Then 2

0

1,1 ,mM
 


  

  
 

k

and the electron excitation spectrum consists of a single mode and has the form: 

               01
cos(k ) cos(k ) 2 cos(k )cos(k )

4 x x x xF a a a a 
      k        (3.13) 
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The spectrum (3.13) has a characteristic feature that radically differentiates the metal 

state from the state of doped Mott’s dielectrics. Indeed, the site probability 0F   of the 
electron-hole state enters in Eq. (3.13). In general case of ordered spins 

0 1 / 2 zF n S       . In a ferromagnetic phase, a mean spin / 2zS n   that gives 
0 1F    and 0 1F n   . Thus, in the limit of a half-filled band at 1n   we have 

practically one band in accordance with Eq. (3.13). It is typical for a metal state. On the other 

hand, in the PM state 0zS  , 0 0 1 / 2F F n     , i.e., the mode (3.13) is two-fold 
degenerated. This is because in this case two electron liquids with spins up and down coexist in 
cuprates. These liquids do not interact because their Hamiltonians (3.7) commute. Apparently, 
the Fermi level should be shifted essentially since the electron liquids are in thermodynamic 
equilibrium. This factor should be taken into account especially when the metal-theory methods 
are applied to hole-doped Hubbard’s systems. Let us dwell on this problem in detail by the 
example of calculation of chemical potential value.  

To solve the problem, it is necessary to find the electron density of states that is 
determined by an imaginary part of the lattice Green’s function analytically continued to the 
lower half-plane [56]: 

                 
1 1

(s, )
cos(k a) (1 2 cos(k a)) cos(k a)x x y

G
N s i


 


   

q

                  (3.14) 

The given sum is calculated exactly. Taking into account that 2α<1 one can write the real part 
of (s, )G   for s > 0: 

22

2 1 2 2 1
, 2 1 0, 0, 2( 1)

2 2
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Re ( , ) , 2 1 0, 0, 2( 1) 2( 1)

2 1 2 2 1

2 1 2 1
2 , 2 1 0, 0, 2( 1)

(2 ) 4(2 ) 4

s
K s s s

s s

s
G s K s s s

s s

s
K s s s

ss

  
  


   

 

  
 

  
          


           

  
               

    (3.15) 

and for the imaginary part: 

21 1 1 4 (2 )
, 2( 1) 2( 1)

Im ( , ) 2 2 12 1

0,

s
K s

G s ss

otherwise

  
  

   
         



,           (3.16) 

where K(k) is a complete elliptic integral of the first order. We point out that  

                        ( , ) ( , )G s i G s i                                                        (3.17) 

Using Eq. (3.17) we write the next symmetric property for a real part of the lattice Green’s 
function: 

                                           Re ( , ) Re ( , )G s G s                                                     (3.18) 

The pointed property allows to consider an electron spectrum type of Eq. (3.13) since the 
determination of the lattice Green’s function corresponds to a hole spectrum for s > 0. In what 

follows, for calculations we use the left part of Eq. (3.18) and keep in mind that values - and  
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correspond to electrons and holes, respectively. Hence, in expressions for lattice Green’s 

functions in the electron spectrum with the parameter  we will take Re ( , )G s  . 

The imaginary part required for further calculations is only determined by the analytic 
continuation in a lower half-plane independently of the replacement s s . As a result, we 
have the next relationship for the imaginary part of (s, )G  : 

Im ( , ) Im ( , )G s G s    (3.19) 

Eqs. (3.18) and (3.19) allow to obtain real and imaginary parts of (s, )G  for all values of s. 

In Fig. 3.3 dependences on the parameter s for real (a) and imaginary (b) parts of the 
lattice Green’s function (3.14) at α = 0, -0.4, and 0.4 (curves 1-3, respectively) are presented. 
From the figure one can see the asymmetry of curves and van Hove singularities for nonzero 
values of the parameter α that is typical for two-dimensional systems. For s = 0 Re ( , )G s   

discontinues. It has to give rise to qualitative changes in the spectrum near the point s = 0. 
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Fig. 3.3. The s-dependences of real (a) and imaginary (b) parts of the lattice Green’s 
function (14) at α = -0.4, 0, and 0.4 (curves 1-3, respectively) 

From Eq. (3.15) it follows that for a transition from a hole to an electron consideration the sign 
of a resonance frequency is changed to the opposite one. The equation for a chemical potential is 
determined by Im ( , )G s   which does not depend on the hole or electron formalism. 

One can make the summation over all wave vectors for any function V(ε) by the use of a 
lattice Green’s function. Indeed, we have 

2 2

2 2

2 2

2 2

1
( ) V(cos(k a) (1 2 cos(k a))cos(k a))

1
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

q

q

 , 

where δ(x) is the Dirac delta function. The electron density of state ( , )CD    has the form: 

1 1
( , ) ( cos( a) (1 2 cos( a)) cos( a)) Im ( , )C x x yD q q q G

N
      


    

q

        (3.20) 

Apparently, ( , )CD    has nonzero values for ε in the range from -2-2α to 2-2α. 
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From Eq. (3.10) for the Green’s function 0 ( , )ni  q  in the approximation Hubbard-I 

we find a spectral density of the fermion-bosonic system: 

                                                . 0( , ) 2 Im ( i , )HubbA      k k                                     (3.21) 

Expanding the denominator of 0 ( i , )   k  in a series in the vicinity of its m-th pole nE k  we get 

                                          .
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
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 k
kk

k


                      (3.22) 

Here, the sum is over  m-th modes mE k that are implicit solutions of the dispersion in Eq. (3.12). 

It is evident from Eq. (3.22) that the approximation Hubbard-I describes coherent excitations 
only. Having calculated spectral density it is easy to find the equation for a chemical potential. 

Indeed, a mean site occupancy X    of electrons with spin σ is determined by Hubb. ( , )A  k : 

                              .

1 1
( ) ( , )

2 HubbX f A d
N









     
q

q                                  (3.23) 

In the work [50] the method of an inverse function was suggested to compute the 
integrals like those in Eq. (3.23) when an infinite number of modes nE k  cannot be expressed 

explicitly. For that let us introduce the notation 0 ( ) ( )G F    . The complicated delta 

function from Eq. (3.22) is simplified by the relationship [53]: 
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,                                         (3.24) 

where .m 0

4

( )cr F F 
  

 and index m gives the range 0 0( 1)m m      in which the 

inverse function F-1(ε) is determined. Apparently, that 1
0

4
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.m( )nq crE     . Taking into account the differentiation of the inverse function F-1(x) we have 
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Substituting (3.25) in (3.24) and (3.24) in (3.23) with an account for ( ) / ( ) 1F F      we 

obtain 
0

0

(m 1) 2 2
0

.
0 2 2
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m m

X d f d D F F
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          , 

that gives the next expression for the mean site occupancy with the electron-phonon attraction: 
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At the temperature T = 0 in the PM phase / 2X n   and from Eq. (3.26) we obtain the 
equation for a chemical potential  : 
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From (3.27) it follows that in the absence of the electron-phonon interaction the chemical 
potential is expressed as [50]: 

12
,

8 2

n n
I

n
      
 , (3.28) 

where I-1(x) is the inverse function of 
2 2

( , ) ( , )
x

CI x D d


   
 

  . In particular, we have

 1 1, 2 2I      and 
1

(1 )
4

    for n = 1. Thus, in the PM phase the level of a chemical 

potential tends to the middle of the upper half of a nearly half-filled band but not to the band 
edge as is required for a normal metal. This correlation effect narrows the lower Hubbard’s band 
by reasons of the existence of two spin-up and spin-down electron liquids avoiding one another. 
For the first time this phenomena was observed in [49]. 

In Fig. 3.4 concentration dependencies of the effective chemical potential   evaluated 

from Eq. (3.27) at g = 0 for different values of α (a), at α = 0 for different values g (b) and the 
phase diagram in the coordinates g - n for α = 0 and 0.1 (curves 1 and 2, respectively) are 
presented. From Fig. 3.4a it is easy to see that for n > 0.87 the chemical potential is increased 
with decreased α. For n < 0.87 in the area of positive   the inverse trend is observed. From Fig. 

3.4b one sees that with increasing g the area of the PM phase narrows and for g = 0.072 a 
dielectric state is realized (see Fig. 3.4c). Thus, the effective chemical potential   is decreased 

up to zero with increasing g, i.e., the Fermi level is shifted to the band centre. 
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Fig. 3.4. Concentration dependences of the effective chemical potential   in the approximation 

Hubbard-I without and with an account for polaron excitations for ω0= 0.01875 at (а) g = 0 and  
α = 0.4, 0.3, 0.2, 0.1,0, -0.1, -0.2, -0.3 and -0.4 (curves 1-9, respectively); (b) α=0 and g = 0, 

0.03, 0.04, 0.05 and 0.06 (curves 1-5, respectively); (с) phase diagrams for α = 0 and 0.1  
(curves 1 and 2, respectively) 

In Fig. 3.5 the critical values of -ск. from Eq. (3.12) versus n on the Fermi level when 
0m k  at g = 0.03, 0.05 and 0.06 are shown. One sees that near the PM phase boundary when 

~0  the antibonding orbitals of second-nearest neighbors become important. That is why in this 
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area of the electron concentration the Fermi surface has a hole origin with the center in the  
point (see Fig.6). As n is increased, the electron Fermi surface arises. Fig. 3.6 reflects the 
topology dependence of the electron Fermi surface on both electron-phonon attraction and 
doping. One shrinks as doping decreases. With increasing the constant of the electron-phonon 
interaction g this shrink decreases. Also, when the hole doping goes to zero the Fermi surface 
does not vanish. Hence, the transition to a dielectric state implies discontinuous disappearance of 
the Fermi surface. 
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Fig. 3.5. The critical values of -cr. versus n from Eq. (3.12) on the Fermi level at  = 0.1,  
g = 0.03, 0.05 and 0.06 (curves 1–3, respectively) 
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Fig. 3.6. Fermi surfaces in the approximation Hubbard-I square of which is decreased increase 
an electron concentration n at α = 0.1 and (a) g = 0.03 and n = 0.727, 0.74, 0.76, 0.85 and 0.99  

(  = 0, 0.004, 0.011, 0.057 and 0.171, respectively); (b) g = 0.06 and n = 0.95, 0.96, 0.97, 0.98 

and 0.999 (  = 0.0004, 0.0095, 0.0188, 0.0285 and 0.0478, respectively) 
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3.3. Effects of d-electron inelastic scattering 

3.3.1. Green’s function and self-energy 

In the previous subsection a detailed consideration of the approximation Hubbard-I was 
presented. Although this approach does not describe electron scattering it may be a good start to 
account for correlation effects. 

To find the time-ordered Green’s function we will consider the contributions of the one-
loop diagrams only. It is the first non-vanishing approximation of the time-dependent 
perturbation theory with respect to the inverse effective radius of the interaction. Since the 
phonon and fermion subsystems are independent, we have  

0 l m

0 0 0 0(p ,q ) - < T ( ) ( ) - ( ) < T ( ) ( )=
ep

X X X X
p p q q p q p p q q

Us
s s s st t t t t t t t

t t
L >= - >  , 

where the first factor 
ˆ

=< T ( )Y ( )( )
b

ep
H

Yp p q qU p q t ttt t + >-


is the unperturbed time-ordered

uniform bosonic Green’s function for the system of Einstein phonons. The Fourier transform of 
( )epU p qt t-  is 

0

1
( ) m

ep n
m n

i
i m

U
y

w
b w w

+¥

=-¥

=
+å , (3.29) 

where ( )0 / 22 sinhm md my b w=  2 /n n   ,  2 2(2 1) 2 ( 1)m m
B I B Bd e     . Im(x) are  

Bessel functions of a complex argument, B = n( )
0

w . ( ) 1 / (exp( ) - 1)n x xb=  is the Bose 

distribution. In the second factor, external Hubbard’s operators are not multiplied by bosonic 

operators ( )Y
p p
t  but inner ones are unitary transformed. That is why at first the normalized 

Green’s function is conveniently considered in the form  

0 l m
0 l m

(p , q )
(p ,q )

( )
=

ep

H
U

p q

s
s

t t
t t

t t
L

- (3.30) 

By ( )ni  we denote a self-energy part of the total Green’s function 0 ( , )nis wL k . Then one can 

write the Dyson’s equation for 0 ( , )nis wL k in the next form: 

i i0 0( ) ( ( )( , ) ) ( , )n nn nti is ss sw b ww wL + L=S Sk k k  

Apparently, the self-energy is expressed as 

i
1

1
1 0

(i i ) ( )( )
n

ep nn n nU H is
w

s w w ww -=S å , (3.31) 

where 
10

( )nH is w  is the Fourier transform of the function 0 ml(p ,q )H s t t .The poles are supposed 

to be known. Then it is easy to evaluate the frequency summation in Eq. (3.31) that gives 

i
0.

0 0
G. .

( ) - ( ) ( ) - ( )( ) G ( ) G ( )Res Res
ph

n n
H

n ph ph
f i H f i H

s
s ss w w w w w w w ww b bé ù é ù

ê ú ê ú
ë û ë û

+=S ,  (3.32) 

where the residues are taken as poles of the corresponding Green’s functions. 
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We use the effective self-consistent field in the approximation Hubbard-I as a start. In 
this case, an account should be taken over all inner convolutions of adjacent unitary transformed 

Hubbard’s operators. For a dressed line of the hopping integral 0 ( , )j ij iB    R R  with the 

Fourier transform 0( , )niB  k  one can write the graphic equation in the form as in Fig. 3.7. 

Here, thin and bold wave lines are ( )t k  and 0 ( , )niB  k , respectively. The thin straight arrow 

corresponds to 0 ( )nG i   from Eq. (3.8). 

 
 
 
 
 
 
                                   
     

       =                     +                                 
 
 
 
 
 
 
 
  

Fig. 3.7. Graphic equation for the effective hopping integral 0 ( , )niB  k  

 
The solution of this equation is trivial and has a form: 
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Then in this approach two main terms have to be added to the unperturbed Green’s function 
0

0 0( )p qG F  
    : 
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q

q  

Using the Vick’s theorem for Hubbard’s operators and taking into account independent 

averaging of a product of the bosonic operators 2( )Ym   we evaluate these integrals. In Fig. 3.8 

the self-energy terms in the form to linked diagrams (points in Fig. 3.8 denote index 

convolutions) are presented generally for σ = . In the figure the dashed line with an arrow 

corresponds to the bosonic unperturbed Green’s function ( ) 1 / ( (i ))
n n

G iw b w e e
+- + -

= + -  

where he e-+ - = -  and h is the effective exchange field. 
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Fig. 3.8. Diagrams for the self - energy i( )ns wS  in the first approximation of the 

 perturbation theory [50] 

Let us write the analytic expressions for diagrams 1–3: 
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Here, the derivative 0 0
0 0 / ( )F F 

           and     . These diagrams are 

proportional to the external unperturbed Green’s function 0 ( ) 1/ ( ( ))n nG i is mw b w +=  . One 

can factor out and add 0
0 0( )G i F    . Then in parentheses we obtain a series expansion for 

an average 0 1 / 2F ns< >= - . The series was considered in the work [32]. It gives an 

equation for a chemical potential  . Therefore, the sum of diagram terms 1-3 and 
0

0 0( )G i F     gives a contribution 0 ( )(1 / 2)nG i n    to 
10

( )nH i
s

w . 

Contribution from the diagram 5 to 
10

( )nH i
s

w  is written as 

5)  0 2

0 0
( )

n
F G is

ss wbdm- < >-  . 
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One can prove that diagrams 4 and 6 only differ by factors 
0

X ss< >  and 

0 0

0 0
(1 )F Fs s< > -< > , respectively, i.e., one writes 4)+6)= 0

2
01 2
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where 0 0
0 0 0 0(1 )K X F F          =3/4 at T = 0. Evaluating the sum over inner 

discrete frequencies by means of the previously considered method of an inverse function we 

write the final expression for 
0
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s
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where 
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( , ) ,

( )C CD D
F F 

 
      

 . It follows from presented above expressions that 

diagrams 4 and 6 describe electron-polaron and electron-electron scatterings only. The rest of 

diagrams renormalizes the excitation spectrum. At Т ~ 0 the factor 
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n ii w dw  +  a real part of the integral 
1
( )I w  is evaluated numerically as the Cauchy principal 

value. The imaginary part of 
1
( )I w  is easily calculated since Im[ ( )]ep iUb w d- -W  gives the 

Dirac delta function. 

To obtain the final expression for the self-energy i( )ns wS  it is necessary to substitute 

0 ( )nH is w  in Eq. (3.32). As a result, in the limit Т ~ 0 we have 
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In Eq. (3.39) for m1=m2 the uncertainty is observed. Thus for m1->m2 we get the function 
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that is determined by the lattice Green’s function ( , )G s  . And so, for the sum (3.39) the term 

with m1=m2 is excluded. It is necessary to add the expression (3.42) to Eq. (3.39) instead of this 
abnormal term. 

One writes for the imaginary part 1( )J w  at Т = 0 
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Notice that ( , , ) 0mR w m =  at m = 0. The real part of 1( )J w  and the complex function 
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where the integrals are evaluated numerically as a Cauchy principal value and theintegrand 

(w, )n  is determined by (3.44). (s, )G   is the conjugate lattice Green’s function. 

Thus Eqs. (3.36)-(3.49) contain the total information about spectral properties of the 
cuprate d-electron subsystem with an electron-phonon interaction. Hereafter a numerical solution 
of the previously obtained equations is given in order to analyze both the excitation spectrum and 
the dissipation caused by electron-electron and electron-polaron interactions. Finally, let us write 

the contribution P46() in the form: 

46 0 1 2 3
( ) ( ) ( ) ( ) ( )P J J J Jw w w w w++ += , 

where ( , , ) 0mR w m =  for m = 0. 

 
 
3.3.2. Electron spectrum in the absence of the electron-phonon interaction 
 

In this subsection, we will discuss dynamical properties of electrons for the temperature Т 
= 0 in the absence of electron phonon interaction, i.e., at g = 0. Before we proceed further, we 
evaluate numerically the chemical potential m . In the works [32, 57] an approach to calculate the 

chemical potential versus the band filling was presented. In particular, in the reference [32] we 
obtained Eq. (3.51) for m  versus n in the PM-2 state with the nearest hopping energy. One can 

generalize this equation when the influence of next-nearest neighbors is taken into account, i.e., 

for   0: 

                         12 1
1 (1 )(2 ),

8 2

n
I n n       

 
 ,                                      (3.50) 

where I-1(x,) is the inverse function (see Eq. (3.28)). Similarly, the term sdm  of the diagram 5 in 

Fig. 3.7 is  

                          
1 1
1 (1 )(2 ),
2

E I n ns adm -
æ öæ ö÷ç ÷ç ÷÷ç= - - -ç ÷÷ç ç ÷÷ç ÷ç è øè ø

,                                   (3.51) 

where 
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( , ) ( , )
x

CE x xD x dx


 
 

                                              (3.52) 

In Fig. 3.9a concentration dependencies of the chemical potential at  = -0.4, -0.3, -0.2,   
-0.1, 0, 0.1, 0.2, 0.3 and 0.4 (curves 1-9, respectively) are presented. In Fig. 3.9b an area of the 

PM-2 phase existence in coordinates -n is demonstrated. From Eq. (3.50) it follows that the 
chemical potential   of the filled band coincides with the solution (3.28) within the 

approximation Hubbard-I. 
The spectral density function is expressed as  

4
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 (3.53) 
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In view of (3.32) at T = 0 and К0 = 3/4 we have  
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 (3.54) 

Taking into account Eq. (3.54) it is easy to write the dispersion equation  
2

. 2

4( )
( ) cos(k ) cos(k ) 2 cos(k )cos(k )

( ) Re ( )cr x x x xa a a a
 

 
 

      
   




k
k

k k

     (3.55) 
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Fig. 3.9. (а) Concentration dependencies of the chemical potential in the PM-2 phase with g = 0 

and  = -0.4, -0.3, -0.2, -0.1, 0, 0.1, 0.2, 0.3 and 0.4 (curves 1-9, respectively);  

(b) the phase diagram in the -n plane at T = 0 

From Eq. (3.55) it follows that now the excitation spectrum depends on the real part 
Re ( , )G s  of the lattice Green’s function (3.15) that has both two singularities at the edges of an 

unperturbed electron band, i.e., at s = sL = -2(1+) and s = sR = 2(1-). Also, there is one breakdown 

at s = 0 (see Fig. 3.3a that corresponds to the frequency    k ). These circumstances cause 

radical changes to the spectrum of the electron excitations in comparison with the approximation 
Hubbard-I. 

In Fig. 3.10 resonance frequencies k  along the nodal direction for bismuth 2212 

cuprates at different electron band filling are shown. In Fig. 3.10 the values of n correspond to 

the most typical points of function .cr (n) from (3.55) at 0 k  (the Fermi level) to be shown 

in the inset to the figure. So, at  = 0 (curve 1 in the inset) the curve .cr (n) tends to own lower 

edge -2 at n = 0.7. For this value of n, a small gap arises on the Fermi level. It has a correlation 
origin that is reflected in Fig. 3.10a (curve 2). Such gap (see Fig. 3.10, curves 1 and 3) is absent 

at other values of n. The function .( )cr n  does not approach the edge value -2-2α with the 

increased influence of the next-nearest neighbours where a paramagnetic phase is realized. In 
this case, a gap does not appear at the Fermi level for all possible values of n (see Fig. 3.10b). 
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The kinks in the dispersion k  at k = ωL = -0.531 and k = ωR = 0.019 for n = 0.9 (curve 3) are 

determined by the equation 

                                          
4( )

0
1 0.5

s
n

 
 




                                                        (3.56) 

at s = sL and sR, respectively. From this equation, we obtain the lower 

0.5(1 )(1 0.5 )L n        and the upper 0.5(1 )(1 0.5 )L n        edges of the 

incoherent spectrum the bandwidth 1 0.5LR n    of which is determined only by the electron 

concentration. 
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Fig. 3.10. Electron excitation frequency-momentum dispersions for bismuth 2212 

cuprates (the lattice constant а = 3.814 Å) along the nodal direction without electron-phonon 
interaction: (a) α = 0, n = 0.571 (m= 0.090), n = 0.7 (m= 0.155) and n = 0.97 (m= 0.245);  

(b) α = 0.3, n = 0.46 (m= 0.101), n = 0.63 (m= 0.134) and n = 0.90 (m= 0.173) (curves 

1-3, respectively). In the inset: - .cr  versus n on the Fermi level (k = 0) from the dispersion,  

Eq. (3.55) for α = 0 and α = 0.3 (curves 1 and 2, respectively) 
 
Thus, the imaginary part of the lattice Green’s function equals zero out of the indicated area and 
the electron excitations are coherent. Also, two peculiarities are determined by equation (3.56) at 

s = 0 and s = 2. In this case, real and imaginary parts of ( , )G s   have discontinuity and van 

Hove singularity, respectively. In the excitation spectrum near the indicated points there is 
sufficiently complicated dispersion with the appearance of pseudogaps. 

Therefore, the inclusion of the electron-electron scattering in cuprate planes causes an 
essential rebuilding of the excitation spectrum in comparison with the approximation 
Hubbard-I where this scattering is absent. The correlation gap appears in the area of electron 
concentrations when at the Fermi level .(0) 2 2ce a£- +  that leads to the disappearance of 

the Fermi surface. 
In Fig. 3.11 the Fermi surfaces are presented with an account for electron-electron 

scattering in the accordance to the formula (3.56) at 0 k . The non-monotone change in the 

Fermi-surface square in Fig. 3.11a and 3.11b takes place due to the dependences .cr (n) (see 
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curves 1 and 2 in the inset in Fig. 3.9a). In Fig. 3.11b electron Fermi surfaces at n = 0.46 and 
0.63 are shown. At n = 0.9 we get the hole Fermi surface. 
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 Fig. 3.11. Electron and hole Fermi surfaces in the absence of the electron-phonon coupling. 
The values of the parameters are those as in Fig. 3.10. In Fig. 3.11а the inner surfaces as 
point and big oval are obtained for n = 0.7 and 0.571, respectively. The outside surface 

corresponds to n = 0.97. In Fig. 3.11b electron Fermi surfaces as a deformed square and an 

inner oval centered out of  point are shown for n = 0.46 and 0.63, respectively. The hole 

Fermi surface has a shape of a big oval centered at the point  at n = 0.9, where  is the 
center of the Brillouin band 

It is interesting to study corresponding spectral densities using Eq. (3.54). In the accordance 
with the ARPES terminology [38] let the EDC denotes the frequency dependence ( , )A k  along 

nodal direction (kx = ky) of k  at a fixed value of its module. MDC spectral density is evaluated from 
( , )A k  at a fixed frequency along the nodal direction for different values of k. 

In Fig. 3.12a the EDC spectral densities at  = 0 and g = 0 for Fermi momentum k = kF and 
different electron concentration (a) and near the kF at n = 0.97 (b) are shown. The EDC curves have 
an asymmetrical character that in accordance with experimental results [46, 47]. From this figure it is 
easy to see that the maxima of ( , )A k  correspond to resonance frequencies in Fig. 3.10a. At the 

same time, the maximum at k = kF is at the Fermi level. Notice that the degree of an excitation 
coherence near the Fermi level is abruptly increased for a peculiar area of the electron spectrum 

where there is a frequency change from an electron character ( 0k
 

k ) to a hole ( 0k
 

k ) 

one. Indeed, near the Fermi level the curve 1 in Fig. 3.12 a is strongly washed out unlike the curve 3 

which corresponds to the curve 3 in Fig. 3.10 a with a kink at ~ 0k . On the other hand, the curve 2 

in Fig. 3.12a reflects an incoherent character of the electron excitations that is in agreement with a 
nearly point Fermi surface in Fig. 3.11a. 
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Fig. 3.12. EDC spectral density ( , )A k  from Eq. (3.53) as a function of the frequency 

at а = 3.814 Å,  = 0 and g = 0 along a nodal direction of the wave vector k with a module (a) 
k=kF at n = 0.571, 0.7 and 0.97 (curves 1-3, respectively); (b) k = kF-0.05, kF-0.01, kF, kF+0.01 

and kF+0.05, where kF = 0.717 at n = 0.97 (curves 1-5, respectively) 
 

In Fig. 3.13 the MDC spectral density ( , )A k  versus k  along a nodal direction at n = 

0.97 for different frequencies (a) and frequency dependence maxima of ( , )A k  (b) are shown. 

The curve ( , )A k  has a Lorentz-line shape that agree with the ARPES data. Also, we observe a 

nontrivial character of the frequency dependence maxima of ( , )A k . The maximum of 

( , )A k  appears at kmax = 0.647 at the Fermi level when the Fermi momentum is equal to 0.717. 

Thus, the maxima of the MDC spectral density do not correspond to resonance frequencies of the 
electron excitation spectrum.  
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Fig. 3.13. MDC spectral density ( , )A k  from Eq. (3.53) as a function of a wave vector module 

at а = 3.814 Å, n = 0.97,  = 0 and g = 0 along nodal direction of k: (а) ω = 0, -0.01, -0.025 and -
0.05 (curves 1-4, respectively); (b) frequency dependence of the ( , )A k  maxima 
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Fig. 3.14. EDC spectral density ( , )A k  from Eq. (3.53) as a function of frequency along a 

nodal direction of the vector k at а = 3.814 Å, g = 0,  = 0.3 and (а) k = kF, n = 0.46, 0.63 and 
0.9 (curves 1-3 for kF = 0.734, 0.933 and 0.698, respectively); (b) n = 0.9 and k = 0.4, 0.55, 0.6, 
0.698 and 0.8 (curves 1-5, respectively). In the inset in Fig. 3.13b we demonstrate the frequency 

dependence of ( , )A k  maxima at n = 0.9 

In Fig. 3.14 similar dependencies of ( , )A k  are shown with an account for the next-

nearest neighbors effect. We have considered only the electron concentration n = 0.46 when a 
correlation gap on the Fermi level is not developed. All conclusions to be formulated earlier 
relating Figs. 3.12 and 3.13 remain valid. Strong coherent modes appear near k ~ 0.6. It is a 

result of the abrupt change of derivation k



k  (see Fig. 3.10b) for    k . The edges of the 

area of abruptly changing ( , )A k  are determined by Eq. (3.56) at s = sL and sR. It is noted that 

van Hove anomaly (see Fig. 3.14b at   ~ -0.1) is determined by the expression 

0.5 (1 0.5 )n       k0 . It reflects a low-dimensional character of the electron behavior. 

3.3.3. Influence of the electron-phonon interaction on the electron dynamics in cuprates 

Now let us study dynamics of a d-electron subsystem with the electron-phonon coupling. 
First of all, it is necessary to evaluate numerically the chemical potential. It was noted earlier that 
diagrams 1-3 in Fig. 3.8 give an equation for chemical potential. The solution of this equation 
was presented in the work [32]. That is why we write this equation for temperature T = 0 as 

 2 1

0

(2 ) 1
1,1 , 1 (1 ) 2 ,

8 2

n
M I n n

  


           
  

 .               (3.57) 
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This expression differs from a similar Eq. (3.50) in that it has factor 2

0

1,1 ,M
 


 
  

 


 to be 

equal unity in the limit case g = 0.  

In Fig. 3.15 the chemical potential m  versus constant g at n = 0.9 and  = 0, 0.1 and 0.3 

and m  versus n at  = 0 and g = 0.01, 0.03 and 0.06 (( curves 1-3, respectively) are presented. In 

Fig. 3.15a the curves have kinks at n = ncr.. For n < ncr. and n > ncr. the chemical potential m  is 

determined by Eq. (3.57) and equation    , respectively. From figure it is seen that m  is 

decreased with increasing both  and g. 
Knowing the chemical potential and using Eqs. (3.36) - (3.49), it is fairly easy to 

calculate the excitation spectrum and spectral density of the electron cuprate system. Therefore 

let us write the expression for .cr  similar to Eq. (3.55) that determines the dispersion equation  
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Fig. 3.15. (а) The chemical potential versus a constant of the electron-phonon interaction g with 

the phonon frequency ω0 = 0.01875 at the electron concentration n = 9 and  = 0, 0.1 and 0.3 

(curves 1-3, respectively); (b) concentration dependencies of the chemical potential at  = 0 and 
g = 0.01, 0.03 and 0.06 (curves 1-3, respectively) 

 
In particular, along the nodal direction the module of k-momentum as a function of the resonance 
frequency is written in the form 

                    .1 1 2 ( )
( ) arccos

2
crk




    
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 

k
k                                    (3.60) 

Apparently, the momentum kF on the Fermi surface is determined from the condition (0)Fk k . 

If . (0) 0cr F      then we get an electron Fermi surface and the hole one otherwise. A given 

statement may be disrupted for  ≠ 0. 
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Fig. 3.16. Dependence of the critical parameter F  on the electron concentration  

at g = 0.03 and =0 

In Fig. 3.16 the dependence F  versus n at g = 0.03 and  = 0 is shown. It is evident 

from Fig. 3.16 that the hole Fermi surface is changed to the electron one in a certain area of the 
electron concentrations.  

In Fig. 3.17 electron excitation frequency-momentum dispersion curves in a wide area of 

a spectrum (a) and near the Fermi level (b) along the nodal direction at n = 0.9,  = 0 for 
different values of g are depicted. One can see from Fig. 3.17 that the radical rebuilding of the 
excitation spectrum occurs with increasing the electron-phonon coupling energy. It is a result of 
the appearance of polaron bands grouped near the frequencies to be multiple the phonon 
frequency ω0. It should be noted that there is a weak dependence of the resonance frequency on k 
at g = 0.06 (see Fig. 3.17a, curve 4) that is in agreement with ARPES experimental data [48]. 
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Fig. 3.17. (a) Excitation frequency-momentum dispersion along the nodal direction at n = 0.9,  

 = 0 for values of g = 0, 0.01, 0.03 and 0.06 (curves 1-4, respectively). The points in Fig. 

correspond to  = 0.1 and g = 0.06; (b) a fine structure of excitation spectrum (а) at g = 0.06. 
The vertical line corresponds to the wave vector k = kF on the Fermi surface 

A fine spectrum structure near the Fermi level shows an enough drastic frequency change 
with a small change of k. In particular, below the Fermi level the first kink is observed at 

0~  k , i.e., at the frequency of the typical optic phonon mode. It is in agreement with 
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experimental data k ~ 50-70 meV [47, 58] for the bandwidth W ~ 4 eV. A somewhat different 

kink direction from right to left may be changed by sign replacement of the hopping integral, i.e., 
t to -t. Also, when the kink is observed the value of the momentum kth ~ 0.586 Ǻ-1. It is in 

accordance with the experimental value kexp.~ 0.41 Ǻ-1 [38, 46, 47] if to put kth./ 2 . Seemingly, 
the maximal value of the hopping integral t is realized along a diagonal of the square lattice. 
Although, the other factors determining the kink position are not excluded.  

A high degree of the coherence of excitations near the Fermi level is the distinctive 
feature of the obtained spectrum with polaron bands. Indeed, for a square lattice the excitation 
spectrum is very diverse at g = 0. But strong low-dimensional fluctuations responsible for a low 
degree of coherence of excitations excluding some edge points determined by Im ( , )G s  . To 

verify this, we write the expression for a spectral density generally 
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,        (3.61) 

where 46 ( )P   and ( )L   are determined in the subsection 3.3 and by Eq. (3.59), respectively. 

In Fig. 3.18 the EDC dependencies of the spectral density at n = 0.9,  = 0 and g = 0.06 
(  = 0.053) are presented for different momentums along the nodal direction near the Fermi 

wave vector kF = 0.586 Ǻ-1. From Fig. 3.18 it can be seen that sharp peaks are observed on the 
curve ( , )A k for a Fermi momentum k = kF (see curve 2). Satellite peaks with smaller 

amplitudes are seen for other energies of excitations as well. These peaks correspond to points of 
the intersection of polaron bands by a straight line k = kF depicted in Fig. 3.17a.  
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Fig. 3.18. Frequency dependencies of the spectral density at n = 0.9,  = 0, g = 0.06 and  
k = kF-0.003, kF and kF +0.003 (curves 1-3, respectively) for momentums along the nodal 

direction where kF = 0.586 Ǻ and the square lattice parameter а = 3.814 Å 
 

It should be noted that a small change of k from kF results in a sharp decrease of the 
spectral density (see curves 1 and 3 in Fig. 3.18). The coherence of excitations is reduced as the 
electron-phonon coupling is weakened. A correlation gap arises on the Fermi level for 
sufficiently small values of g as well (see Fig. 3.17a). 

Thus, for cuprates in the strong-coupling polaron limit the hole or electron Fermi surface 
is realized, depending on the electron concentration and the value of g. The spectral density 
reflects a high degree of the excitation coherence near the Fermi level. The availability of the 
narrow polaron bands, which are grouped near the frequencies to be multiples of the phonon 
frequency ω0, results in a sharp resonance frequency along the nodal direction of the momentum. 
It explains the origin of a kink observed at energy  ~ -0 in ARPES data for bismuth cuprates. 
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3.4. Conclusions 
 

For strongly correlated electron subsystem with Holstein’s polarons within the 
framework of the diagrammatic method of perturbation theory a generalization for Hubbard-I 
approximation had been done. Strong electron correlations narrow a valence band in a doped 
Mott insulator that results in a radically difference one from metal. The Lang-Firsov unitary 
transform was made to separate fermionic and bosonic subsystems. It allows to evaluate all 
polaron bands each of which is formed near the Einstein mode.  

In the first nonvanishing approximation of the time-dependent perturbation theory with 
respect to the inverse effective radius of the interaction, we account for the influence of inelastic 
electron-electron scattering on a chemical potential and the time-ordered Green’s function. 
Taking into account a low-dimensional character of system it was obtained that all peculiarities 
of excitation spectrum and damping are determined by the lattice Green function for which there 
is a closed analytic expression. An influence of the electron concentration and the next-nearest-
neighbour hopping integral on the chemical potential, the spectrum structure and the spectral 
density has been determined. In particular, with well-defined electron concentrations the 
correlation gap in the spectrum arises at the Fermi level. In the absence of the gap, the Fermi 
surface can be of a hole or electron character depending on the electron concentration and the 
effect of the next-nearest-neighbour hopping integral. In spite of the complicated picture of the 
spectrum, the spectral density shows relatively low degree of the coherence. It is connected to a 
low space dimension of the system where the role of quantum fluctuations is important. 

In addition to the previously considered approach, the inclusion of the electron-phonon 
interaction has allowed to reveal the main peculiarities of the spectrum. They are in good 
correspondence with experimental ARPES data. Indeed, in a wide area of frequencies a weak 
momentum dependence of spectrum along the nodal direction was found in agreement with the 
experiment [48]. The spectral density turned out to be typical for strongly coherent excitations 
near the Fermi level when the electron-phonon coupling is strong. It simplifies the experimental 
measure of the Fermi surface. Thus, the electron-phonon interaction partially suppresses low-
dimensional quantum fluctuations and strengthen the coherence of excitations. From the above 
analysis of a fine structure in the polaron spectrum one can conclude that the observed kink [46, 
47] appears at the characteristic optical phonon frequency in the vicinity of the polaron band.  
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4. HIGH-TEMPERATURE SUPERCONDUCTIVITY AND A 
NORMAL STATE IN THE HOLSTEIN-T-J MODEL 

 
4.1. Introduction 
 

In the 21st century the phenomenon of the high-temperature superconductivity (HTSC) in 
cuprates continues to attract attention of many researches [59]. There is a tremendous number of 
proposed mechanisms for this phenomenon. In any case, up to now there is no theory able to 
describe all properties of this complicated state. In this work, we have concentrated on the main 
peculiarity that in our opinion might help to illuminate the origin of high–TSC in cuprates. The 
electron-phonon coupling is supposed to be not essential in the Cooper electron pairings. But this 
interaction forms polaron excitations which play an important role in the correlation narrowing 
of the electron band. In that case, it is necessary to differentiate collectivized electrons in metals 
and those in doped cuprates. Indeed, in metals there is wave electron states with a possibility of 
the site double occupancy. But their hole states are virtual. And that is why we have the partition 

function exp(k/T)+exp(k-/T) for electron excitations k. In cuprates, a coordinate 
representation is realized for electron wave functions and we have the partition function 

1+exp(/T)+exp(-/T) with electron levels  and hole states. 
The cuprates belong to a class of a strongly correlated electron system. In the work [60] 

an effective Hamiltonian of the t-J model was suggested based on the use of a Gutzwiller 
projection operator. It allowed to exclude the upper Hubbard band with a double site occupancy 
by electrons and essentially to simplify a study of strongly correlated electron systems. In the 
work [61], a mean field approximation of the t-J model was developed to study the high-
temperature superconductivity. In this work, a fundamental idea about spin pairing via the 
electron exchange interaction was formulated. Unfortunately, the authors did not take into 
account the essential difference between metal and strongly correlated electrons. Using the 
Bogolyubov’s u-v transform of the Hamiltonian, they obtained the equation for the gap function  
similar to that in the BCS theory.  

In this work, we propose to divide the mean field BCS type Hamiltonian into uniform 
and nonuniform parts. The perturbation theory was built with uniform unperturbed Hamiltonian. 
The nonuniform part is ignored since it has a weak influence on the hopping integral. A hopping 
term of the total t-J Hamiltonian is considered as a perturbation in the limit of a weak doping  
with u-v transformed creation and destruction operators. The mean values to be proportional the 
superconductive gap function were calculated. It has been obtained the condition on the values of 
the chemical potential and an exchange parameter. With account of the correlation band 
narrowing, we arrive to the conclusion about impossibility of the HTSC in the pure t-J model. 

In what follows, we include into consideration the electron-phonon interaction. The 
evidences for a presence of one and its important role in strongly correlated systems were 
emphasized in the works [51, 62, 63]. In view of the fact that Hamiltonian of an electron-phonon 
coupling is nonuniform, many authors simplify the kinematic part by a simple renormalization of 
the hopping integral [63] or using the theory by Eliashberg for collectivized metal electrons [51]. 
In the former case, it gives rise to drastic suppression of the electron band and is responsible for 
the absence of the HTSC in a system without interaction of polarons. The simplest form of the 
Holstein Hamiltonian for polarons needs to be considered with a uniform electron-phonon 
interaction and the Einstein phonon mode. One can provide an exact unitary transform to 
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separate fermion and boson degrees of freedom. It allows to build a subsequent perturbation 
theory of the strongly correlated electron system with Holstein’s polarons.  

The structure of the section is as follows. In the subsection 4.2, we consider a 
Hamiltonian of a pure t-J model in the superconducting state. It was separated into a uniform 
mean field part with corresponding coefficients of the u-v transform. It enables us in the 
subsection 4.3 to build a perturbation theory for strongly correlated electrons in the 
superconducting state. In particular, transformed Hubbard operators in the coordinate 
representation using the Bogolyubov’s u-v transform will be obtained. As a result, the equation 
for the gap function and superconducting state conditions are presented. In the subsection 4.4 the 
properties of a normal state without electron-phonon coupling are considered. In the framework 
of the developed diagrammatic method, the absence of superconductivity in a pure t-J model is 
demonstrated. In the subsection 4.5, a normal state of the cuprate d-electrons with polaron 
excitations is investigated to find the critical temperature of superconducting state. In this part 
the problem of the frequency summation with an infinity number of poles as implicit functions is 
solved. The suggested method of an inverse function allowed to calculate the diagrammatic 
contributions for all polaron bands. In the subsection 4.5, the obtained equations are solved 

numerically that allowed to find the critical temperature TSC and the gap function  versus 

temperature concentration dependences. Theoretical values of TSC and  are in good agreement 
with an experiment that supports the model to put forward by us. 

4.2. Hamiltonian of the system 

The Hamiltonian of the Holstein model with strongly correlated electrons takes the form:  

ˆ ˆ ˆ
f bH H H  , (4.1) 

where the Fermi part, ˆ
fH , is expressed as follows :

,

1ˆ
4f ij i j i j i

i j i

H J n n n V


     
 

 S S (4.2) 

Here, ijJ  is the indirect exchange of the collectivized d-electrons with spins Si and Sj, 

i i in n n    is the electron concentration on i-site,  is the chemical potential. The perturbation 

V is written as 

, ,

ˆ (1 )(1 )ij i j i j
i j

V t c c n n   



    , (4.3) 

where ( )i ic c 
 creates (annihilates) an electron of spin  on the lattice site i and tij is the hopping 

integral to be equal to t. The Hamiltonian (4.2) of the t-J model reflects strong electron 
correlations. At a weak doping level, we will consider the part (4.3) as a perturbation. 

The boson part of the Hamiltonian (4.1) has a form similar to that used in the Holstein 
model of small polarons: 

  0
ˆ

b i i i i i
i i

H g n b b b b      , (4.4) 

where g is the electron-phonon coupling strength, bi
+ and bi are phonon creation and destruction 

operators. We will use the Einstein model where the phonon frequency 0 is assumed to be 
dispersion-free. 
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The Lang-Firsov unitary transform [52]  expU S   of the Hamiltonian allows to 

separate boson and fermion operators in Eq. (4.4), where 
0

( )i i i
i

g
S n b b


   . As a result, 

                                 1
0

ˆ ˆ
b b i i i

i i

H U H U b b n        ,                                            (4.5) 

where 2
0/g   is the polaron binding energy. The unitary transformed perturbation V reads as  

              
,

(1 ) (1 )i ji j i j
i j

V n nt c c   


 


 
                                 (4.6) 

Here, unitary transformed Fermi operators 

                                                       i i ic Y c                                                                    (4.7) 

are products of Bose 
( )i ib b

iY e    and corresponding Fermi destruction operators with =g/0. 

It is necessary to point out that first and second terms of the Hamiltonian (4.2) are not changed 

under the transformation U . 
By a standard approach, one can separate a mean field connected to abnormal averages in 

a Heisenberg part of the Hamiltonian (4.2) [61]. Then an unperturbed Hamiltonian takes the 
form 

 

                                  *
0

ˆ
f ij i j ij i j i

ij i

H c c c c n       
 

 
 

 

       ,                             (4.8) 

where (0) zJ S       ,     , zS   is a mean electron spin and  = 1. The gap 

functions are expressed via exchange parameters: 

                                                
*

ij ij i j

ij ij i j

J c c

J c c

  

  



 


    

    
                                                   (4.9) 

In a wave space the Hamiltonian (4.8) takes the form 

                                 *
0

ˆ
f kH c c c c n       

 

 
         k k k k k k

k k

,                         (4.10) 

where the gap functions k  can be presented as  

                      
1

( )J q k c c
N        k q q

q
                                        (4.11) 

and *
k  is conjugate function k . One can point out that in Eqs. (4.9) and (4.11) creation and 

destruction operators are not transformed by the operator Yi from (4.7). The u-v transform 

                                          
*

*

c u v

c u v

    

    

 

  

 

 

+
k k k k -k -

k k k k -k -

                                                   (4.12) 

to new operators k  and  +
-k -  allows to diagonalize 0

ˆ
fH  with the next conditions 

                              
2 2

, , 1u u v v u v         k -k - k -k - k k                            (4.13) 
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Then we have  

0
ˆ

fH E   


  
k k k

k

, (4.14) 

where   

2

1E 


 
    

 
 


k

k (4.15) 

In what follows we will consider a paramagnetic state when 0zS  . Then one can put  

,          k -k - k (4.16) 

So far it has been obtained that the BCS Hamiltonian (4.14) coincides with a similar 
Hamiltonian by Baskaran-Zou-Anderson [61]. Unfortunately, the authors of the work [61] do not 
separate the perturbation V from (4.1). Instead of this, they narrow the band multiplying the 
hopping integral t by factor x equal to a hole concentration. It does not allow to find the rigorous 
statement relatively an appearance of the superconductivity since the band energy at x ~ 0 has a 

finite quantity. That is why we will expand Eq. (4.15) in terms of the small parameter 2( / ) k  

up to the third order: 

2 4 6

2 4 6

1 1 3
1 ...

2 8 48
E 

  
   

      
 

 
  

k k k
k (4.17) 

Apparently, the corrections to chemical potential in Eq. (4.17) will produce an additional 

nonuniform part H to the perturbation V̂  from (4.3) in the coordinate space: 

ij i j
ij

H t      , (4.18) 

where 

2 4 6
( )

2 4 6

1 1 1 3
...

2 8 48
i ji

ijt e
N


  

   
     

 
   

k R Rk k k

k

(4.19) 

 

In what follows our consideration is limited by the square lattice and s- or d- symmetry of 

order parameter (cos cos )x yk a k a   k . In (4.18) we will extract one site part of 1H : 

1 ii i i
ij

H t      (4.20) 

The rest 2H  of (4.18) may be presented as 

2 ij i j ij i j ij i j
i j i j i j

H t t t               

  

                         (4.21) 

The first term of (4.21) is a nonoperator part and last two contributions are connected to 
correlation corrections to the superconducting state. In our mean field theory, these corrections 
are not considered.  
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Therefore, we have 

                                                            1H H    ,                                                           (4.22) 

where  

2
2 2

2
0 0

1
(cos cos )

p
p pdx dy x y

N

 




    k
k

 

and  

                                        
2 4 6

3 5

9 75
...

2 32 192iit
  
  

    
  

                                          (4.23) 

Finally, an unperturbed BCS Hamiltonian in the coordinate space takes a simple form  

                                       0
ˆ

f g i j
i

H      ,                                                      (4.24) 

where the renormalized chemical potential g reads as 

              g iit                                                                 (4.25) 

In the view of the unitary transformed Hamiltonian (4.24) one can build the perturbation 

theory with the operator V from (4.6) in which ic
  and jc   are replaced by ic

  and jc 
 , 

respectively, where  
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                                    (4.26) 

Here the coefficients of the u-v transform are 

                                 ,
( ) ( )

E
u v

2E E 2E E


 

 
 

 


    

k k
k k

k k k k

                                  (4.27) 

 
 
4.3. Perturbation theory for an electron system in a superconducting state 
 

Scattering matrix formalism for a system with strongly correlated electrons differs 
from that in the band theory of metals. Indeed, in our case we must exclude the upper 
Hubbard’s band by the Gutzwiller’s projection operator. As a result, one may not use the 
wave representation at the disentanglement of correlators arising from series of the 
perturbation theory. Unfortunately, the BCS Hamiltonian is diagonalized if and only if we 
work in the k-space. That is why the coordinate representation (4.26) is introduced to connect 

coordinate and k-spaces of the transformed Hamiltonian Ĥ . There is a powerful method of 
Hubbard operators to account for excluding double-electron site occupancy. In the works 
[64, 50], the general diagram method for the Hubbard operator was presented. Let us dwell 
on the main statements related to our model. 
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Let us introduce Hubbard’s operators ik
i kX   , where we have three electron wave 

functions 0 0 ,     , corresponding to hole, spin up ( = +) and spin down ( = –) 

electron states, respectively. Apparently, in a normal state 0 0,p p p pX X 
      and 

anticommutator   0 00
p p p p pF X X 
       , which differs from the unit as for destruction and 

creation operators. It is the result of neglecting the upper Hubbard’s band. The main task is to 

find the average of operators A = 0
pF  and A = i jc c  . In the first case, we obtain a self-

consistent equation for the chemical potential of the paramagnetic state. Apparently, from the 

condition / 1   one can neglect the influence of the order parameter  on . In the second 

case, we will have the equation for a gap function. Since the fermion and boson subsystems are 
divided in accordance with the Hamiltonian (4.5) now we will consider creation and destruction 
operators with one tilda corresponding to the u-v transform. The second tilda will reflect a 
unitary transform (4.7). The average of the operator A is determined by a standard way: 

0
0

1
( )

( )
A As b

s b
< >= < >

< >
, (4.28) 

where the symbol 0 0 0
ˆ ˆ... Sp(exp( ...) / Sp(exp( ))H H       denotes statistical averaging over

the unperturbed Hamiltonian with the temperature 1/=T, Sp is a trace of the operator. The S 
matrix ( )   is written as [19]  

{ }1 1
0 0 0

( 1)
( ) ... ... ( )... ( )

!

n

n n
n

d d T V V
n

b b

ts b t t t t
¥

=

-
=å ò ò (4.29) 

In the expression for ( )s b  the symbols 0 0
ˆ ˆˆ( ) i iH H

iV e Ve    and T are an operator in

the interaction representation and a time-ordering operator, respectively. Now the task is to 
calculate all possible averages of the product of A operators for different sites. These correlators 
can be reduced to a product of semi-invariants of the diagonal operators and unperturbed Fermi 

Green’s functions G()=-<TX()X(0)>0/<F0>0 using the Vick’s theorem for Hubbard’s 
operators [64]. The Fourier transform of these functions has the form 

         
1 1 1

( ) ( )
2

ni
n

n

G i e G d
i

b
w t

ab ab
a bb

w t t
b b w e e

-

-

= =
+ -ò , (4.30) 

where (2 1) /n n     and  is the energy level of the unperturbed Hamiltonian 0
ˆ

fH . In the

case when the electron-phonon interaction is accounted, the unperturbed Fermi-Bose Green’s 

function reads as 0
0 0( ) ( ) ( ) ( ) (0) (0) /G G T X Y X Y F   

                . The Fourier 

component   ( )nG i
ab

w  of ( )G    is expressed as follows [50]: 
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  ,                     (4.31) 
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where ( ) 1/( 1 )xf x e   and 01/( 1)B e   are Fermi and Bose distributions, respectively, 

 2 2(2 1) 2 ( 1)m m
B I B Bd e     , Im(x) are Bessel functions of the complex argument and n  is 

the same quantity as in (4.30).  
Unfortunately, the Vick’s theorem cannot be used for the transformed Hubbard’s 

operators in accordance with (4.7). That is why for averaging we have to separate the boson 
subsystem from the fermion one. In the case of isolated pairings, such separation is not needed. 
As it will be seen later, similar situation is realized for the effective kinematic interaction and 
diagrams to be formed by one effective line of interactions and one unperturbed Green’s 

function. Further, we denote by 0( ) ( ) ( )i iep i j i jU T Y Y      . 

Let us write possible pairings between creation and destruction operators. The normal 
operator pairing has the form 

 1 2 1 2

1 2 2 1

1 2

( ) * 0 * 0
0 02
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 (4.32) 

and an average over the Hamiltonian 0
ˆ

fH  gives the next unperturbed Green’s functions:  

 2 2

0 0 0

( ) 0 0
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k k

k R R

k

, (4.33) 

where 
0
( )nG is w  is the unperturbed Green’s function from (4.31). The abnormal operator pairing 

is presented as 
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Here the arrows are directed from an “active” operator to the “passive” one with the use of the 
Vick’s theorem. In particular, the average of (4.34) at   -0 gives unperturbed gap functions: 
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The pairing with the diagonal operator takes the form: 
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Similar expressions can be done for other pairings. One can point out that anticommutator 
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We shall calculate the average value mlc c    . This average is conveniently 

calculated by the replacement 

0

( ) (0)limm ml lc c T c c

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
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Let B0(j-i ,k,) is the Fourier components of the effective kinematic interaction caused 

by the perturbation V from Eq. (4.3). Then it is necessary to find an average of the next pairings 
in the first approximation of the perturbation theory: 
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where function     is determined as 
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High orders of the perturbation theory with pairings of the type (4.36) renormalize the combined 

occupancy 0
0F   to 0

1F   in accordance with the expanding function 
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Thus, summing (4.35), (4.36) and so on, we obtain 
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The next more complicated pairings appear as 
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Here, the cumulants 0 0
' 0p pF F    and 0 0

' 0p pF F    correspond to linked diagrams and 

expressed in the terms of derivatives 0
0F

    and 0
0F

   , respectively, where 

/ ( )      . 

Also, we have to evaluate the mean value K2= 0( ) (0) ( ) ( )l m j j i ic c c cT       
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0   . In the previous correlator K1= 0( ) (0) ( ) ( )l m j j i ic c c cT       
       after the replacements 

    and m l , we obtain –K2 in the limit for 0   . Thus from K1 it follows 
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One can point out that the Fourier transform of mlc c     is k , i.e., 
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It follows that k kc c     = k . Using the relations 0 0( 0) ( 0) 0G G        and 

0 0( 0) ( 0) 1G G          at  < 0 as well as that in the paramagnetic phase the 

indices  and - denote the same state we obtain 
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Apparently, those integrals  
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Here we used the next property of the unperturbed Green’s function 0 0( ) ( )n nG i G i     . 

Thus, the left hand of Eq. (4.40) does not depend on the wave vector k because of Eq. 
(4.27) and this contribution in the gap function (4.11) equals zero. Then for the gap function 
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Using Eqs. (4.27) we obtain the equation for the gap 
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In the limit T  0, Eq. (4.41) practically coincides with a similar one obtained in [61]. There is 
one essential difference. In [61] the temperature factor depends on the wave vector and tends to 

unity at T  0. In our case, the electron-hole presence is accounted for it. As a result, we have 

k–independent factor 0
1F   equal to 1/2 at T  0. This factor is determined by Eq. (4.38). 

When finding the critical temperature of the superconducting state we can put  s sdm dm=   
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Then one can write 
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where Es s se dm-= - +  and 
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with 
0
( )nG is w  from Eq. (4.31). The solution of Eq. (4.41) at the temperature T = TSC when  = 0 

gives the self-consistent equation for the superconducting transition temperature 
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From Eq. (4.44) the next requirement on the chemical potential is following: 

/ 4 / 3J J  . (4.45) 

This condition is rigorous and that is why the preceding spin-fluctuation theories failed in the 
explanation of the high-temperature superconductivity. As will be seen from a next section, the 
chemical potential of the paramagnetic state of strongly correlated electrons substantially 
exceeds an exchange parameter J, i.e., strong charge-spin fluctuations destroy Cooper pairs. 

4.4. Normal state of electrons in the absence of the electron-phonon interaction 

Theory of the effective self-consistent field and the phase transition in a system of 
strongly correlated d-electrons in cuprates was developed in our works [65, 66]. In particular, an 
equation for the chemical potential in a paramagnetic state reads as 

1
0 0 0

12
1

n
F F F

   
        ,                  (4.46) 

where 0
1F   is determined by Eq. (4.42) and at g = 0 
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Here, the band energy 
0( )E t F

    q q  and Fourier components of the hoping 

integral ( )( ) 2 (cos( ) cos( ))i ji
ij x y

ij

t t e t q a q a    q r rq  for a rectangular lattice with constant a. 

Let the functions I(x) and E(x) be given by 

2 2
( ) ( ) ( ) ( )

x x

C CI x D x dx E x xD x dx
 

   , (4.49) 

where the electron density of state ( )CD x  has the following form for a rectangular lattice 
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and K(x) is a complete elliptic integral of the first order. At T = 0 and  0sm dm+ >  it is easy to 

write the solution of Eq. (4.46) for a chemical potential of the paramagnetic (PM-2) phase: 

                              12 1
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 ,                                       (4.51) 

where I-1(x) is an inverse function of I(x). It corresponds to the gas limit in a hole concentration 

1-n, when 0
1 1/ 2F   . Indeed, 0 1 / 2F n   , i.e., at n ~ 1 we have 0 1/ 2F  . At 

T = 0 and  0sm dm+ <  we obtain for the paramagnetic (PM-1) phase: 
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that corresponds to the gas limit in the electron concentration n: 0
1 1F    and 0 1F  . 

In Fig. 4.1 the concentration dependence of the chemical potential in units of the bandwidth W in 
PM-1 and PM-2 phases is shown. One can see the disrupt of   at n = ncr. = 0.5714. From Fig. 

4.1 it is easy to see the correlation narrowing of the band W in the PM-2 phase. Indeed, at n = 1 
we have / 0.25W   that it less then / 0.5W   for the ferromagnetic state when such 

narrowing is absent [57]. In the work [49] similar narrowing of PM is also observed. 
Unfortunately, this narrowing is insufficient to fulfill the condition (4.45) even at n = ncr. when 

.( ) / 0.09crn W  . With an increase in temperature, the chemical potential is also increased.  
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Fig. 4.1. Concentration dependence of the chemical potential in PM-1 and PM-2 phases in units 

of the bandwidth W. At n = 0.5714 there is a disrupt of   
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Fig. 4.2. Temperature dependencies of the chemical potential at the electron concentration  

n = 0.8, 0.9, 0.95 and 0.99 (curves 1–4, respectively) 
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In Fig. 4.2 temperature dependencies of the chemical potential at the electron 
concentration n = 0.8, 0.9, 0.95 and 0.99 (curves 1–4, respectively) are demonstrated. These 
curves were obtained by the numerical solution of Eq. (4.46). It turns out that the inclusion of the 
electron-phonon interaction may enforce essentially the correlated band narrowing at which 
conditions (4.45) can be fulfilled. 

4.5. Normal state of the cuprate d-electrons with polaron excitations 

The problem of the polaron excitations in a system of d-electrons has been considered by 
many authors [51, 62, 63, 67]. We will not analyze these works in detail but rather point out on 
the main their limitations. Unfortunately, the authors simplify the Hamiltonian V renormalizing a 

hopping integral t by a factor 
2

e  . As a result, we obtain a drastic decrease in temperature of the 
superconducting state [63] and the authors have to use effects of interactions of a higher order of 
smallness. In fact, the situation is more complicated. It is connected with properties of the 

unperturbed Green’s functions ( )nG i   . In the series expansion of Eq. (4.31) for m-th order we 

have product 
2

e   and 2 / !m m . As was proved by Mahan G.D. in his book [19], there is a 
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e  .Thus, with increasing   a number m of 

the polaron band, where the spectral function has a maximum, is increased. 
Let us consider this question more thoroughly. In zeroth order of the effective field for a 

total Green’s function 0 ( , )ni  q  the graphic equation is presented in Fig. 4.3, where the bold, 

thin straight and wave lines correspond to 0 ( , )ni  q , 
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( )nG isb w  and ( )t q , respectively The 

solution of this equation is written as 
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In this equation, we replace 0
0F   on the total average 0F   to obtain a self-consistent 

parameter for the effective kinematic field. The main problem in Eq. (4.52) is related to the 
determination of poles defined by the following equation 

0
01 ( ) ( ) 0nt G i F
   q  (4.53) 

Fig. 4.3. Graphic equation for the Green’s function 0 ( , )ni  q  

Indeed, in the diagram methods one should often evaluate frequency summations. 
Traditional methods solve this problem if the poles of Matsubara Green’s functions are known 



  

90 

[19]. Unfortunately, Eq. (4.53) for ni  gives the algebraic equation of an infinity order and the 

task becomes unsolved. It turn out that one can overcome this difficulty by the method of an 
inverse function. To understand the essence of the problem we will simplify the Green’s function 

0 ( )nG i  . It is supposed that in the system studied the condition 0/T>>1 should be fulfilled. 

Then the Bose factor B in Eq. (4.31) is replaced by exp(-0) that allows to write 0 ( )G    in a 

more simple form: 
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Let 0) /( w   . Then we have  
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where M(a,b,z) is the confluent hypergeometric function of Kummer [54]. In Fig. 4.4 0 ( )G w   as a 

function of w  is presented at T = 0 for 0    , g/W=0.07 and phonon frequency 0/ 

W = 0.01875. As illustrated in Fig. 4.4, it has monotonous behavior between poles m and m+1. It 

allows to determine an inverse function 1
0[ ( )]G    in this area. Let us denote by Enq  the n-th root 

of Eq. (4.53). In the vicinity of Enq
 one can expand 0 ( )G    in powers of - Enq and we have 
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After the analytic continuation ->+i we obtain the imaginary part of 0 ( , )  q : 
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where ( )x  is the Dirac delta function. The uniform spectral density R(,0) is determined as 

                                 0

2
( ,0) Im( ( , ))

q

R
N      q                                     (4.56) 
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Fig. 4.4. The frequency dependence of the unperturbed fermion-boson Green’s function 

0 0 ( )w G w    at T = 0, g/W = 0.07, 0/W = 0.01875 and  >0 
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To sum over q we will consider the dimensionless functions 0 ( ) ( )WG F     , 

/n n WE E 
q q , /W   and ( ) / / 4t W q , where the variable [ 2,2]   . Then the two-

dimensional integral (4.56) is replaced by the one-dimensional one with the density of states 

( )CD   from (4.50). The complicated delta function can be simplified by the relation [19]: 
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where 0 0

4

( )n F F 
    is the function of the external frequency  . To find the derivative of 

nE 


q  as a function of variable , we use the equation for the n-th pole
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  and 0( )nq nE      . After the differentiation of the inverse 

function  1F x  we get 

'

2 0 '
0

0

4
( ( ))

( )
n

n

n

E
F F

  
 


 



  
 

 
q (4.57) 

Using (4.56) and (4.57) one can write the electron spectral density for the n-th band 
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where n0<< (n+1)0 and ( ) / ( ) 1F F       (see Eq. (4.54)). We have to combine all n 

bands into one that gives a uniform electron spectral density throughout the whole frequencies 
interval: 

 8
( ,0) ( )CR D

W
    ,                (4.58) 

where  0
0( ) 4 / ( )WG F
      . 

In Fig. 4.5 the frequency dependences of the electron spectral density ( ,0)R w  at the 

temperature T = 0 in units of W are presented. In the absence of the electron-phonon interaction, 
a typical two-dimensional spectral density with a van Hove singularity is observed. With 
increasing electron-phonon interaction constant g, the polaron bands are formed, each of which 
has a pointed singularity. Also, a whole band is shifted to the left edge and its bandwidth 
depends on g weakly. 

Now we will calculate functions sn  and sdm  in Eq. (4.46) for   with account of the 

electron-phonon interactions. These functions correspond to diagrams a and b in Fig. 4.6, where 

the straight and wave lines denote 0 ( )nG i   from (4.31) and the effective kinematic interaction 

B0(in ,q,), respectively, 
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Fig. 4.5. Frequency dependences of the electron spectral density ( ,0)R w  at the temperature  
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Fig. 4.6. Diagrams for functions sbdm  (a) and  0

1
F s

sn < >  (b) from Eq. (4.46) 

 
Then one can write  
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where the Fourier component ( )ep niU w  of the boson unperturbed Green’s function ( )ep i jU    

has the following form 
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and 4n nTw p= . Also, sn  in (4.59) depends on the unperturbed pure electron Green’s function 

(4.30), whereas sdm  is determined by 
0
( )nG i

s
w  from (4.31). The method of an inverse function

can be used to Eq. (4.59) to perform the frequency summation. Indeed, in accordance with a 
formula from [19] one can evaluate the summation by integration over a contour C to be a circle 

of the radius R  . Then we have 
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where [ ]Re ( )
k

s x wj is the residue of ( )xj  in the pole k. On then applying the similar procedure 

as for ( ,0)R   above, we obtain 
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The expression for sn  is more complicated: 
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The function (4.61) seems to be divergent since we have in Eq. (4.62) a sum of Fermi 
functions. However, the detailed analysis shows that the pointed divergence is absent. To prove 
this statement we divide the integration area in sections from one singularity m to other m+1 and 
then the sum over all intervals reads as 
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where the integral on the m-th segment has the form 
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Let wlm and wrm be left and right edges of the segment with the m singularity, 
respectively. They are determined by equations: 
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where upper and lower signs correspond to 
lm
w  and rmw , respectively. On now carrying out the 

partial integration in Eq. (4.64) it is easy to obtain for mR : 
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Here, S(x) = I(x) - 0.5 (see Eq. (4.49)). Apparently, when m   the frequency rmlm
w w  

and the Fermi functions from Eq. (4.65) will compensate ones from Eq. (4.63). It reflects the 
existence of only localized phonon modes at high frequencies. One can point out that the number 
of polaron bands does not exceed 35 - 40 (see Fig. 4.5c) for the considered temperature region 
and g/W < 0.085. Finally, Eqs. (4.60), (4.61) and (4.65) allow to find the numerical solution of a 
set of equations (4.44) and (4.46) without any difficulties. 
 
 
4.6. Results of numerical calculations 
 

To calculate the temperature of the superconducting state (4.44), we take the value of the 
hopping integral t ~ 0.5 eV and that of the exchange parameter J ~ 0.023 eV [51, 68]. It 
corresponds to the cuprate YBa2Cu3O6 with the Neel temperature TN  = 420 K. The parameter J is 
determined with the account of ~30% contribution of the spin fluctuations. Then we have the 

bandwidth W = 4 eV. Also, we take the frequency  = 75 meV to be typical for cuprates in the 

Einstein model for phonons [19]. Finally, we have /W = 0.01875 and J/W = 0.058.  
Let us consider solutions of Eq. (4.46) at the temperature T = 0. At T ~ 0 one can rewrite 

Eq. (4.46) as  
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

                                           (4.66) 

It follows from Eq. (4.66) that at T = 0 for the PM-2 phase, when 0     , the chemical 

potential obeys the equation / 2 01/ 2 / 2n     . Surprisingly, but there is a situation, when 

0      and / 2 01/ 2 / 2n     , 0/ 2n    . 

In Fig. 4.7 the curves of   as a function of g are presented for different electron 

concentrations. On curves 2 - 4 at g = gcr. one can see kinks. When g > gcr. the chemical potential 

obeys the equation 0      and at g < gcr. for   we have / 2 01/ 2 / 2n     . At a 

critical concentration n = ncr. of the transition in the PM-1 phase we have gcr. = 0. In the inset the 
temperature effect is shown.  



95 

0.00 0.03 0.06 0.09
0.00

0.09

0.18

0.27

1
0.00 0.02 0.04 0.06 0.08

0.00

0.08

0.16

0.24

0.32

3

2

/W

g/W

1

/W

4

3

2

g/W

Fig. 4.7. Chemical potential versus constant of the electron-phonon interaction g for electron 
concentrations n = 0.571, 0.7, 0.8 and 0.9 (curves 1-4, respectively) and temperature T = 0. In the 

inset:   as a function of g at n = 0.9 and temperatures T/W= 0, 0.005 and 0.0136 (curves 1–3, 

respectively) 

In Fig. 4.8 the phase diagram in coordinates g-n at T = 0 is shown. The upper and lower 
parts of the superconducting state (SC) boundary is determined by gcr. as a function of n and the 
value of g at which 0   (see Fig. 4.7). In the SC phase the contribution of the polaron 

excitation in the narrowing of the electron band is essential. The chemical potential decreases to 
zero. Thus, the condition (4.45) for the emergence of the SC state can be realized. In the area of 
the localized state we cannot obtain the solution for   corresponding to a hole-doped electron 

system (the PM-2 phase). 
In Fig. 4.9 the concentration dependences of the chemical potential for different 

parameters of the electron-phonon coupling are presented at T = 0. Straight lines show a region 
of acceptability of   at different values of g and n. One can see that at small values of g the 

bandwidth is insufficiently narrow. At large values of g the pointed region is shifted to the high 
hole concentration, where the effects of kinematic interactions are strong. 
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Fig. 4.8. Phase diagram of a strongly correlated electron system with the  
electron-phonon coupling 
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Now we will calculate the temperature of the superconducting state TSC. In 

accordance with Eq. (4.44) it is necessary to find   and    as functions of T and the 

electron concentration. In Fig. 4.10 the temperature dependences of   and    at g/W=0.07 

and different electron concentrations were obtained by solving Eq. (4.46). From Fig. 4.10, a 

it is easy to see that the chemical potential in a definite temperature and concentration 

regions meets the condition (4.45) and as a result one can solve Eq. (4.44) for TSC. In Fig. 

4.11 the concentration dependence of the superconducting state temperature is given for g/W 

= 0.07 and W = 4eV. We observe a high-temperature superconductivity with left and right 

edges of the superconducting phase on the axis n.  
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Fig. 4.9. Concentration dependences of the chemical potential at T = 0 and parameters of the 
electron-phonon coupling g/W = 0.07, 0.06555, 0.065 and 0.6 (curves 1-4, respectively) 

 

The area between straight lines determines   according to the requirement (4.45) for a 

SC phase. Indeed, the left edge of the SC phase nLSC = 0.858 when TSC(nLSC) = 0 is determined 

from the equation / 4 0J     (see Eq. (4.60)), i.e., 
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The right edge n = 1 when TSC = 0 follows from the condition / 0W    at 1n  (see Fig. 

4.10b). It reflects the weakening of the effective kinematic field at half filling of the band near 

TSC. Since / 4J   then 
2

ln
4

J

J





 




 and TSC  0. The maximum of TSC from Fig. 4.11 is 

in a good agreement with the experimental value TSC ~ 100 K for YBa2Cu3O7 cuprate [51].  
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Fig. 4.11. Temperature of the superconducting state TSC versus the electron concentration n with 
the electron-phonon coupling strength g/W = 0.07 and the bandwidth W=4 eV 

It is interesting to find the gap as a functions of n at T = 0 and its temperature dependence 

for fixed n. The gap  is determined from Eq. (4.41) by an expansion Eq  into a series in /   .

It is easy to find that  
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, 

where 0
1F   is determined by (4.42) with g   . At T = 0 we have 0

1F  =1/2 and it 

gives algebraic equations for /   . For example, at n = 0.9 and g/W = 0.07 from Fig. 4.7 

(curve 4) we have  /W = 0.0114 and /W = 0.0055. With the account of TSC/W = 0.00215 at 

n = 0.9 we obtain 2/TSC = 5.15. In a similar way, the gap  versus T dependence was calculated. 
In Fig. 4.12 concentration (a) and temperature (b) dependencies of the relationship 

2 / SCT  are shown. An optimal doping gives the maximal value of 2 / SCT ~ 5 that also 

corresponds to experimental results for cuprates [51].  
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Fig. 4.12. Relationship between the gap and TSC as a function of the electron concentration n at 

zero temperature (a). Temperature dependence of SC2 / T  for  n = 0.92, g/W = 0.07, J/W = 0.058 

and TSC/W = 0.0022 (b) 
 
 
4.7. Conclusions 
 

In the present chapter, an effect of the electron-phonon interaction on normal and 
superconducting characteristics of strongly correlated electrons has been studied. It was shown 
that strong kinematic interactions in a doped system destroy singlet pairs of electrons formed by 
an indirect exchange. Inclusion of the sufficiently strong electron-phonon coupling stabilizes 
these pairs by virtue of correlation band narrowing manifested in a drastic decrease of the 
chemical potential. The phase diagram of ground states in coordinates of the electron-phonon 
coupling constant g and the electron concentration n was found. At optimal values of g and n for 

the cuprate YBa2Cu3O7 the calculated critical temperature of superconductivity TSC and 2/TSC 
are very close to experimentally observed values. Thr value g/W = 0.07 corresponds to the 

energy of the Holstein’s polaron Ep = g2/0 ~ 1.05 eV and its radius Rp = a(W/Ep) ~ 4a. New 
method of the frequency summation with an infinite number of poles of unperturbed Green’s 
function was proposed. Exact analytic expressions of diagrams in the first nonvanishing 
approximation of the perturbation theory were obtained to find the contribution of polarons to 
the chemical potential.  
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5. TRANSPORT IN HYBRID STRUCTURES WITH
OXIDE BARRIERS 

5.1. Introduction 

At present, the method for solving a problem of the electron transport in hybrid structures 
is one of the key tasks from the theoretical as well as practical viewpoint. On the one hand, the 
derivation of the theory in the framework of modern diagrammatic methods based on the 
scattering matrix formalism makes it possible to understand better the nature of electronic 
dynamics in nonequilibrium processes and to study nonlinear effects in the condensed matter as 
well. On the other hand, the design of electron devices demands sufficiently detailed information 
concerning processes of the electron scattering in contacts, barriers and impurities caused by 
industrial technologies. The problem of accounting quantum properties in nanocontacts and 
nanowires somehow arises as well following the miniaturization of electronic devices. 

It should be noted that researchers have accumulated considerable experience in solving 
these problems [69 - 72] for both normal metals and superconductors. Nevertheless, there are 
still a number of unsolved questions related to the effects of nonlinear contributions to the 
current-voltage characteristics of various solid-state structures.  

One of the problems is related to the fact that, when a mean current is calculated, it is 
necessary to take into account the time-dependent evolution of a wave function and the 
dependence of a current operator on the real time t. Unfortunately, the developed method by 
Matsubara [73] for evaluating a mean value of the operators at T ≠ 0 implies a transition to the 
imaginary time. Indeed, in this case the density matrix is used which satisfies the Bloch equation. 
As a result, a formula for calculating the S-matrix contains integrals over the imaginary time τ = 
it. This discrepancy raises a problem of the passage to the limiting case of zero temperatures. 
Therefore, we will study this question in more detail, which will allow us to generalize the Kubo 
theory for the transport in a nonlinear limit using the S-matrix. In [74], studying the statistical 
mechanics of irreversible processes, R. Kubo presented a general expression for the evolution of 
the density matrix in the quantum-mechanical case, which was expressed in terms of 
commutators of the perturbation operators in the interaction representation with unperturbed 
density matrix. However, the obtained formula is technically very difficult to use due to the 
presence of complicated commutators. Therefore, in most cases [19, 75] only a linear response is 
considered that does not provide a complete picture of the influence of nonlinear contributions to 
the transport. 

Taking into account the above arguments, the structure of the section is as follows. 
Subsection 5.2 develops the Kubo theory for chronological products of perturbation operators. 
This allows us to do away with complex commutators of the time-dependent operators and to 
obtain a simplified Kubo formula for the mean current. Subsection 5.3 discusses a specific 
application of the resulting formula for the mean current in a hybrid metal structure with a tunnel 
barrier. In the subsection 5.4 a linear approximation for the mean current in the mentioned 
structure is considered. The results obtained are consistent with already known data. In 
subsection 5.5, the theory is further generalized to the contribution to the mean current in any 
order of the time perturbation theory. We obtain a quantum-statistical correction to the already 
known Landauer formula for conductance. It is also shown that the tunneling Hamiltonian 
correctly describes transport properties of hybrid structures.  
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5.2. Nonlinear transport theory in the metal with a tunnel barrier 
 

Scattering-matrix formalism in the nonlinear Kubo theory for the electron transport. In 
this subsection, we consider an effect of the barrier and the applied voltage on the electron 
transport in a metal at a nonzero temperature T. In the framework of the perturbation theory, the 
evolution of the wave function in the interaction representation is determined only by the 
perturbation. It simplifies the calculations considerably. Taking it into account, we start with the 
Liouville equation for the evolution of the density matrix in the real time (  =1): 

                                  ( )
( ), ( )T

t
i H t t

t

 



,                                                    (5.1) 

where 0 0
ˆ ˆ

( ) ( )iH t iH t
It e t e  , ( )I t  and ( )TH t  are the density matrix ( )t  and perturbation 

Hamiltonian TH  in the interaction representation. It is easy to show that  

                                        0( ) ( ) ( )I t U t U t     ,                                                      (5.2) 

where the operator 0
ˆ ˆ

( ) iH t iHtU t e e . The operator 
0

0

ˆ

0 ˆ
( )

H

H

e

Tr e









  is a standard expression for the 

unperturbed density matrix at t = -∞ and 1/β = T is the temperature. Here, it is supposed an 

infinite slow switching of the perturbation TH  to the unperturbed part 0Ĥ  up to the full 

Hamiltonian Ĥ . The Schrödinger evolution operator 0
ˆ

( ) ( )iH tU t e U t   of the wave function, 

where ( )U t  is expressed in terms of the scattering matrix S(t,-∞) by the next manner 

                         ( ) ( , ) exp ( )
t

t TU t S t T i H t dt


 
    

 
 ,                                    (5.3) 

Here, Tt is the time-ordered operator. Apparently, the Hermitian conjugate operator is 
0

ˆ
( ) ( ) iH tU t U t e   . Then the mean current is determined by the expression 

        

 0 0

0
0

ˆ ˆ

0
0

1
( ) ( ) ( ) ( ) ( )

( ) ( )

1
( ) ( )

( ( ) ( ))

n
n

iH t iH t

I Tr I n U t IU t U t U t n
n U t U t n

Tr e Ie U t U t
Tr U t U t

 





 


 


   

 
 

,          (5.4) 

where I is the current operator and the symbol ...
n

Tr n n  denotes trace with the summation 

over a complete set of states. By using both the cyclic property of the trace and the definition of 
the current operator in the interaction representation, we write the expression for a mean current 
in the form: 

                                          
1

( ( ) ( ))
( ( )) I

I

I Tr I t t
Tr t




                                             (5.5) 

It is easy to present the expression (5.2) for ( )I t  as a series using the Baker-Campbell-

Hausdorff formula [76]:  

                           ( )
0

1
,

!
A A

j
j

e Be A B
j






 ,                                                     (5.6) 
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where the symbol  ( )
,

j
A B  denotes the k-order commutator determined in accordance with the 

recurrence relation 

   ( 1) ( )
, , ,

j j
A B A A B


    (5.7) 

Here  (0)
,A B B  and    (1)

, ,A B A B AB BA    is the ordinary commutator. Assuming that 

the perturbation TH  is a Hermitian operator, we write the final expression for ( )I t  in any order 

of the perturbation theory: 

    1 1 1 2 1 0
0

( )
( ) ... ( ), ( ), ... ( ), ( ), ...

!

tj

I j j t T j T j T T
j

i
t dt dt dt T H t H t H t H t

j
 



 
 

             (5.8) 

From Eq. (5.8), in the first order in 1( )TH t , it is easy to obtain the linear response in the 

framework of the Kubo theory for the charge transport. A generalization to higher orders of the 
perturbation theory causes certain difficulties due to the presence of a large number of 
commutators under the signs of integrals. It considerably complicates their calculation. 
Therefore, for convenience, we transform the integrand (5.8). It is obvious that for any tj the 
identity holds 

       1
0 0 0 0 0 0( ), ( ) ( ) ( )T j T j T j jH t H t H t A t           ,    (5.9) 

where  

1
0 0( ) ( ) ( )k T k T kA t H t H t   (5.10) 

Let us consider the commutator in the second order of the expansion (5.8):  

       2 1 0 1 2 0 2 1 0 1 2 0 2 1 0( ) ( ), ( ) ( ), ( ), ( ) ( ) ( ) ( ), ( )T T T T TH t H t A t H t H t A t A t A t H t A t            (5.11) 

The last term in Eq. (5.11) under the signs of the integrals and Tt equals identically zero, since 

the operator 2( )TH t  is of the Bose-type. Thus, the sign of the commutator term with a minus 

sign after time ordering is not changed. Obviously, the commutators of higher orders are 
simplified in a similar way. Then Eq. (5.8) reads as 

 1 1 1 2 0
0

( )
( ) ... ( ) ( )... ( )

!

tj

I j j t j
j

i
t dt dt dt T A t A t A t

j
 




 


  (5.12) 

Substituting Eq. (5.12) into Eq. (5.5) we obtain the formula for the mean current 

    1 1 1 2 0
0

1 ( )
... ( ( ) ( ) ( )... ( ) )

( ( )) !

tj

j j t j
jI

i
I dt dt dt Tr T I t A t A t A t

Tr t j







 


             (5.13) 

This expression is essentially simplified by using the linked-diagram theorem [10], which 
excludes from consideration the diagrams containing unlinked blocks. This theorem is typical in 
quantum-field methods of statistical physics. Let us introduce the notation 

   1 2 0 1 2 0 0 .

1
( ( ) ( ) ( )... ( ) ) ( ) ( ) ( )... ( )

( ( )) t j t j con
I

Tr T I t A t A t A t T I t A t A t A t
Tr t

 


  , 

for contributions from the linked diagrams. Then Eq. (5.13) takes the simplest form 

 1 1 1 2 0 0 .
0

( ) ... ( ) ( ) ( )... ( )
t

j
j j t j con

j

I i dt dt dt T I t A t A t A t 



 

                     (5.14) 

Expression (5.14) is the main one when we consider an influence of the nonlinear contributions 
of the perturbation theory on the transport in electronic systems. 



  

102 

Tunnel barrier in the hybrid structure: normal metal-barrier-normal metal. Let us 
consider a simple problem of the electron transport in a system formed by two layers of a normal 
metal which are separated by an oxide film playing the role of a tunnel barrier. In Fig. 5.1 the 
energy structure of the given model is shown and can be written in the form of the Hamiltonian 

                                          0
ˆ ˆ

TH H H  ,                                                        (5.15) 

where 0
ˆ ˆ ˆ

L RH H H  . The unperturbed parts are ˆ ( )L LH n n     k k k k
k p

 and 

ˆ ( )R RH n n     p p p p
p p

 with k  and  p , electron energies. The number operators 

n a a +
k k k  and n a a +

p p p  for electron states k and p and chemical potentials L  and R  are 

designated for left- and right-hand sides of the hybrid structure, respectively.  
The applied electrical voltage bias V shifts the chemical potentials relatively one another 

in such manner that the relation L R eV    is fulfilled, where e is the electron charge 

modulus. The perturbation Hamiltonian TH  describing electron tunneling from left- to right-

hand side of the hybrid structure reads as  

                                 TH T a a T a a  + +
kp k p kp p k

kp

                                              (5.16) 

 
Fig. 5.1. The energy structure of a normal metal-barrier-normal metal model structure 

 
To evaluate the mean electrical current it is necessary to find an expression for operators 

( )jA t  entering in Eq. (5.14). From the whole set of states with wave vectors k we will fix a 

single k value. Then one can consider a subspace of two wave functions k1  and k0  with and 

without electron in the k state, respectively. It is obvious that the space of all states of the wave 
vectors is the direct product of these subspaces for each vector k. For example, the operator 
exponent for the left-hand side of the metal, which determines the unperturbed density matrix, 
can be represented as a direct product: 

            ˆ
1L

- n
- H E e ne =e

 
 


  

k k
k k

k k
k

,                                  (5.17) 

where 
1 0

0 1
E

 
  
 

k  is the unit  matrix and 
1 0

0 0
n

 
  
 

k . Obviously, that 

                                 ˆ 1)( L- H eTr e    k

k

                                             (5.18) 
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One can simplify the expression (5.10) using Eq. (5.6), i.e., the task is reduced to the 

calculation of commutators of 0Ĥ  and TH . Indeed, it is not difficult to find a commutator in the 

first order of the expansion (5.6), which is expressed as follows: 

 0
ˆ , ( )TH H T a a T a a         + +

k p kp k p kp p k
kp

It can be shown that the commutator of the next order looks as 

 2
0 0

ˆ ˆ , ( )TH H H T a a T a a           + +
k p kp k p kp p k

kp

The structure of higher-order commutators is evident. Therefore, we immediately write 
the operator A(tj) from (5.10) in the form: 

    ( ) ( )( ) 1 ( ) ( ) 1 ( ) ( )j j j j jA t e T a t a t e T a t a t            p k p k+ +
kp k p kp p k

kp

            (5.19) 

This operator cannot be substituted in Eq. (5.14) for the calculation of I  , because in the 
correlators it is necessary to carry out convolutions with respect to the indices k and p. On the 

other hand, the same indices are also included in 0  of the expression (5.14). Therefore, we 

select the factors with these indices from 0  and substitute them in (5.19) that leads to the 

replacement ( )jA t  in Eq. (5.14) by ( )jA t . This is easy to do if we take into account that the 

factors in 0  with indices k and p have the form 

     
      

     
  

1 1 1 1
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e eTr E e n E e n
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

  



       


    

p pk k

pkpk

k k p p k k p p

k k p p

As a result of this substitution we obtain the expression for ( )jA t : 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )j j j j jA t f f T a t a t T a t a t       + +
p k kp k p kp p k

kp

,                     (5.20)

which is substituted in Eq. (5.14) instead of ( )jA t . Now in the density matrix 0  the factors with 

indices k and p are absent, i.e., 0  is replaced by 0 .  

It should be noted that the theory presented in the subsection 5.3 described the evolution 
of the density matrix for a system with a fixed number of particles. In the reality, there are two 

subsystems with chemical potentials L  and R . Due to the current, the number of particles at 

the time t in the left- and right-hand sides is not fixed. Therefore, evolution in a system with 
current should be described by the complete Hamiltonian [19] 

0
ˆ ˆ

TH H H   , (5.21) 

where 

0
ˆ

L L R RH n n n n N N              k k p p k k p p
k p k p

 

LN n k
k

 and RN n p
p

 is the total number of electrons in the left- and right-hand side of the 

discussed hybrid structure, respectively. Taking it into account, creation and annihilation 

operators in the expressions for ( )T jH t  and ( )jA t  take the form 
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( ) ( )

( ) ( )
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it

j j

it

j j

a t e a t

a t e a t












k k

+ +
k k

                                                    (5.22) 

and likewise for the right-hand side of the metal. Thus, we have 

     ( ) ( ) ( ) ( ) ( )j jieVt ieVt
T j j j j jH t e T a t a t e T a t a t   + +

kp k p kp p k
kp

                     (5.23) 

    ( ) ( ) ( ) ( ) ( )j jieVt ieVt
j j j j jA t T e a t a t T e a t a t   + +

1kp k p 2kp p k
kp

                     (5.24) 

where  

                           
( ) ( )T f f T

T T

 


   
 



 
1kp p k kp

2kp 1kp

                                                (5.25) 

Since 
( )

0L Rd N N

dt


  and    ( )

, ,L
L L T

dN t
i H N i N H

dt
   , then the current operator is 

determined as  

( )
( ) LdN t

I t e
dt

   

and 

             ( ) ( ) ( ) ( ) ( )ieVt ieVtI t ie e T a t a t e T a t a t   + +
kp k p kp p k

kp

                          (5.26) 

The initial density matrix 0  is determined by the unperturbed Hamiltonian 0Ĥ  since in each 

subsystem without the current the particle numbers are fixed. 
 

Linear response in the metal with a tunnel barrier. Here, we will consider the 
application of Eq. (5.14) to calculate the electrical current in a linear approximation. The 
expression (5.14) takes the form 

                   1 1 1 0 0 .( ) ( )
t

t conI i dt T I t A t 


                                               (5.27) 

Substituting expressions (24) and (26) in Eq. (5.27) we obtain the linear current 

 
 1 1

1 1 0 .

1 1 1 1 0

( ) ( ) ( ) ( )
2

( ) ( ) ( ) ( )

ieVt ieVtt

t conieVt ieVt
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 




        
  

    1 1
1 1 1 1 1 1 1 1

+ +
kp k p kp p k

+ +
kpk p 1k p k p 2k p p k

 (5.28) 

Factor 2 arises from summing up over electron spins. Keeping in Eq. (5.28) only nonzero 
correlators and taking into account definitions (5.25) we get 

1

1

( )
1 1 0 0 .

1 1 ( )
1 1 0 0 .

( ) ( ) ( ) ( )
2 ( ) ( )

( ) ( ) ( ) ( )
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
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

 
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1 1
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+ +
kp k p k p p k

p k + +
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 (5.29) 

The correlators in Eq. (5.29) are decoupled by the Wick's theorem that allows us to write 
down 

1

1

( )
2 1 0 1 0

1 1 ( )
1 1 0

( ) ( ) ( ) ( )
2 ( ) ( )

( ) ( ) ( ) ( )

i t t eVt
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 
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                   
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+ +
k k p p

p k kp + +
kp p p k k

  (5.30) 
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In Eq. (5.30) the operator 0  disappears since it has not multipliers with indices k and p. 

Also in Eq. (5.30) there are unperturbed Green's functions which one can define as 

   1 1

1 1 0 1 1 0 1 1 0

( ) ( )
1 1 1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

t
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e t t Tr E n t t Tr n e t t t t 

 

    

              
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,   (5.31) 

since ( ) ( ) 1Tr E n Tr n  k k k . The Fourier transform for 1( )G t tk  has a form: 

        1

1 1 1
( ) ( ) i t

k k

G G t t e dt
i i i


     





 
        
k k , (5.32) 

where the infinitesimal imaginary corrections are due to adiabatic switching on and off of the 
perturbation. The Fourier transform of the Green's functions in Eq. (5.30) gives 
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As a result of the integration over variable t1, we obtain 
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          (5.33) 

After substituting the expressions for Fourier transforms of the Green functions in Eq. 
(5.33), it is easy to integrate with respect to the variables ω1 and ω2. The contours of the 
integration are closed in the upper or lower half-planes of complex variables, depending on the 
presence of the minimal number of poles. Thus, we have 
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kp p k p k

 (5.34) 

In order to perform the summation in Eq. (5.34) over the wave vectors let us assume 
2 2

T Tkp  and put for simplicity constant electron densities of the states DL  and DR and denote 

the integration variables L  and R  for left- and right-hand sides of the metal, respectively. In 

accordance with the Landau rule for the poles bypass one can write expression (5.34) in the 
form: 
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,            (5.35) 

where  x  is the Dirac delta function. Let us consider the case of temperatures T << EF where 

EF is the Fermi energy. Then the Fermi distribution function can be replaced by the Heaviside 
step function θ (-x). As a result, we get 
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This expression reflects the Ohm's law and coincides with a similar formula obtained in [19] 
within the framework of the linear Kubo theory for the electron transport. 
 

Nonlinear contribution in the electron transport. Using Eq. (5.14) it is not difficult to 
generalize an expression for the current to any order of the perturbation theory. Obviously, the 
next nonzero contribution appears only in the third order since the second order of the series 
expansion (5.14) includes an odd number of creation and annihilation operators for each metal 
subsystems. One can write the contribution of the third order from the expression (5.14): 

       3 1 2 3 1 2 3 0 0 .( ) ( ) ( ) ( )
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t conI i dt dt dt T I t A t A t A t 


                               (5.37) 

Substituting in Eq. (5.37) the expression for ( )jA t  (5.19) we have 
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(5.

38)  

An additional factor of 2 arises from summing up over spin indices. Carrying out the decoupling 
of the correlators entering in Eq. (5.38), we obtain 
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where 
4

( ) ( ) ( ) ( ) ( ) ( )T f f f f f f                   1 1 1 1 1 1kpk p p k p k p k . The Fourier transform 

of the Green functions and the following integration over t1, t2  and t3 allows to write 
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where 
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From Eq. (5.40) it follows that 3I   as 1I   are determined by the difference of the 

complex conjugate values, i.e. 3I   is real and equal to a double imagine part of one of the 

integrals. Obviously, this is due to the structure of the current operator, which describes the 
electron hopping through the barrier in certain as well as the opposite directions, independently 
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on the order of the perturbation theory. The integrals in Eq. (5.40) are calculated using the theory 

of residues. Denoting the fourfold integral in Eq. (5.40) as ( )J 
1 1kpk p , we can write its expression 

in the form: 
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(5.42) 

The factor 2 in the last term of Eq. (5.42) appears due to the fact that in Eq. (5.41) there 
should be 5 terms, but 2 of them are the same. It is seen from Eq. (5.42) that the poles are located 
both in the upper and lower complex planes. For calculations of the current in a limit δ -> 0 the 
numerical factors in the front of δ do not play any role. Also, in Eq. (5.41) only the differences of 

complex conjugate quantities enter. Thus, in the expression for 3I   the integrals in the sense 

of a principal value are absent. By analogy with this evaluation, taking into account the Landau 
rule for bypassing poles we get 
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Assuming that the electronic densities of states are constant, we replace the sums over wave 
vectors by integrals with the same integration variables. It is easy to find that 
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(5.43) 

Apparently, in the fifth order of the perturbation theory we have the contribution to a 
mean electrical current 

 565 3 3
5 4 ( ) ( )
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L R R R R

E

I e T D D d f eV f   
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and so on. Summing up the contributions for all orders we obtain geometric series assuming that 

 222 ( ) ( ) 1L R L RT D D f f    . Thus, the common factor of all contributions to the current is 
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twice the geometric ratio. Then the general expression for the current I   at finite 
temperatures takes the form: 

       
 
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222
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I e T D D d

T D D f eV f

  
  





 
 

                 (5.44) 

In particular, at zero temperature a mean electrical current is presented in the form of the 
renormalized Landauer [77] formula with 1 : 

      
22 2
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T D De e T
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h TT D D
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 ,                              (5.45) 

from which it follows that the barrier transmission should be determined as 
22

L RT T D D . It 

relates to the probability of the barrier tunneling and depends on electron densities of the left- 
and right-hand metal sides.  

From Eq. (5.45) it follows that for the barrier transmission 1T   the current becomes 
infinity since the scattering centers are absent. In a single electron approximation, the presence 

of the finite Landauer resistance 
22k

h
R

e
  at full barrier transparency gives rise to a 

contradiction that is explained by many- channel processes in the leads [73]. However, from the 
general Eq. (5.45) it follows that with the nonlinear contributions the pointed contradiction is 
removed. The barrier transmission is determined by repeated electron penetrations and 
reflections. The electron statistic does not allow a separation of penetration and reflection 
electron processes. Thus, one can say about an effective barrier transmission in hybrid structures. 

Only at 1/ 5T   we obtain a ballistic transport with the Landauer conductivity 
22e

G
h

 . Also, 

the account for electron quantum statistics leads to the fact that the effective coefficient of the 

electron reflection R  from the barrier cannot be represented in a form 1R T    as for the one-
electron approximation. 

It can be seen from Eq. (5.45) that the value T  of the tunnel matrix element that 

determines the probability of the electron penetration through the barrier cannot exceed the value 

of 
1

2 L RD D
. For this maximum value, the transport of electrons is equivalent to the transport 

in systems without barriers and scattering. The form of Eq. (5.44), apparently, removes the 
contradiction of applying the tunnel Hamiltonian [19], where it was indicated that the 

exponential growth 
2

T  as a function k  can exceed the power-law drop of the spectral density. 

Then the main contribution to the transport is determined by the barrier top. It is an unphysical 

result. As seen from Eq. (5.44), 
2

T  enters both in the numerator and the denominator. It 

significantly complicates the relationship between the spectral density and the barrier height. 
 
5.3. Asymmetry of the current-voltage characteristic in a hybrid normal meal- superconductor 
structure with a tunnel barrier 
 

Within the framework of the scattering matrix formalism [78], the nonlinear Kubo theory 
for the electron transport in the hybrid structure normal metal - superconductor with a tunnel 
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barrier has been considered. A general expression for the mean electrical current was obtained. 
In the model of the tunnel Hamiltonian, all linear and nonlinear contributions to a mean electrical 
current are evaluated. It was obtained that the asymmetry of the current-voltage characteristic is 
caused by the geometry of the heterostructure. The asymmetry degree asymmetry is determined 

approximately by the ratio of currents for voltage biases eV >Δ and is equal to 
1

1 T 
 where

22 2 ( )RT T    is the effective barrier transmission and Δ is the gap function. T is the bare 

tunnel matrix element,  is the density of states and R  is the chemical potential of the normal 

metal. Also, we observed the appearance an extra current 1SI   proportional to the Debye 

frequency D  with a flow direction from a normal to a superconductive part of the 

heterostructure. 

Fig. 5.2. The energy structure of the normal metal-barrier-superconductor model 

The expression for a mean current <I> reads as ( 1 ) [78] 
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where the operators ( )iA t  in the interaction representation 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )j j j j jA t f f T a t a t T a t a t       + +
p k kp k p kp p k

kp

are determined by the tunnel Hamiltonian with matrix element Tkp  and Fermi distribution 

function ( )f m  for the electron energy m  relatively Fermi level μR,L. 0 is the density matrix 

and symbol   0 ....t conT   is the statistical averaging.

The unperturbed Green’s functions are 
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,       (5.48) 

for normal and superconductive parts of the heterostructure, respectively. Here, E   2 2
p p p

is the energy of the Cooper pairs and Bogoliubov coefficients  
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                                                          (5.49) 

It is easy to find the mean current in the linear approximation  

                2 2 2
1 4 ( ) ( ) ( ) ( )I e f f E T u E eV v E eV                k p kp p k p p k p

kp

   (5.50) 

For the next nonvanishing approximation we have 
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            (5.51) 

For arbitrary voltage polarity at zeroth temperature one can write it in the linear approximation 
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,                   (5.52) 

where ( )x  is the Heaviside step function. We get the current as a square root function of the 

voltage at eV >Δ observed experimentally. It is surprisingly that there is a positive extra 

current 
2

1

2
4 D

S

e
I T

h e


     for an infinitely weak voltage. For example, for Pb at 1T   and the 

Debye energy D = 8.3 meV with a quantum conductance 
2

5
0

2 1
7.75 10

Ohm

e
G

h
    we have 

1~ 2.6μASI  . 

Similarly, in the third order of the perturbation theory 
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  (5.53) 

Such form of the Eq. (5.53) allows to sum up high orders of the series expansion and to write a 
general expression for the current as  

a) eV > 0 
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b) eV < 0 
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From Eqs. (5.54) - (5.55) we find the current asymmetry determining the barrier transmission T . 

Also, there is an extra current for arbitrary eV > 0 and for eV    at eV < 0. It is supposed that 

the origin of this extra current is connected with Andreev reflections of the electrons. 
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5.4. Conclusions 

This part of the book presents a modified nonlinear Kubo theory for the electron transport 
in hybrid structures of normal metals with a tunnel barrier. Our results can be generalized to the 
case of superconducting layers and Josephson junctions. The general expression for a mean 
current is obtained with account of all contributions of the time-dependent perturbation theory. It 
is found that the nonlinearity of the theory causes a substantial renormalization of the Landauer 
formula for conductivity in the ground state. It turns out that the Landauer formula is working 
only in the framework of the one-electron approximation. The ballistic transport conductivity 

22e
G

h
  is realized for the barrier transmission 1/ 5T  . The validity of the tunneling 

Hamiltonian for transport phenomena in hybrid structures is also justified.  
Resuming, (i) a nonlinear theory of the current states in normal metal-barrier-superconductor 

junctions has been proposed; (ii) the current-voltage asymmetry has been revealed; (iii) in the hybrid 
structures there is an extra current connected to the Andreev reflections of the electrons. 
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6. MAGNETIC AND RESISTIVE PROPERTIES  
OF MANGANITES 

 
6.1. Introduction 
 

At present, thermodynamics investigation of the double-exchange (DE) model is an 
actual problem because the theory taking into account consistently the quantum nature of 
electron and ion spins is still lacking. In manganites with dominant DE and strong electron 
correlations, strong Hund`s rule coupling of collective eg electron with the Mn4+ ion spin should 
be taken into account. This essentially extends the wave function basis used and creates some 
difficulties in the construction of diagram techniques. Anderson and Hasegawa [79] have 
calculated exactly the spectrum of electron excitations in a system of two multivalent ions Mn3+ 
and Mn4+. De Gennes [80] studied the thermodynamics of a system of classical spins neglecting 
strong electron correlations. Kubo and Ohata [81] proposed an exact projective transformation of 
a Hamiltonian with Hund’s rule coupling. Unfortunately, because of complicated dependence of 
this transformation on charge and spin degrees of freedom, the description of thermodynamics 
was possible only in the low-temperature approximation. In dynamic mean field approximation 
(DMF), the spins, as a rule, are classical [82]. Moreover, the account of a kinematic electron 
contribution presupposes both an infinite space dimension and the Dyson’s method of the 
diagram summation. In a coherent potential approximation (CPA) [37, 83], the nonzero value of 
the imaginary part of the Green’s function on the Fermi level was obtained, and the sum rule for 
a spectral density did not hold. One can suppose that evidently the contribution of charge and 
spin fluctuations was overestimated. Moreover, this model does not show that the paramagnetic 
phase is unstable. 

In this chapter, the Hamiltonian investigated includes the strong Hund’s rule coupling of 
localized t2g electrons of Mn3+ ion with eg electrons, superexchange of localized spins, electron-
phonon interactions as well as the contributions from phonon subsystem and interaction with 
applied magnetic field, h. In the diagram method used, the effective self-consistent field is 
extracted.  

The thermodynamics of the DE model with an account of Hund’s rule coupling in a mean 
field approximation was previously considered in papers [57, 84, 85]. All contributions to total 
Green’s functions in the first nonvanishing approximation with respect to inverse effective radius 
of interaction r ~ 1/z, where z is the number of nearest neighbours in the simple cubic (s.c.) 
lattice, were determined.  

Let us emphasize that up to now quantum fluctuations in an effective field theory as 
applied to manganites were not taken into account. We have calculated all quantum states 
corresponding to the lower quintet of a zeroth Hund’s Hamiltonian neglecting the influence of 
the upper triplet. It is valid in the limit of infinite Hund’s rule coupling JH.  

As a basis for the zeroth Hamiltonian, Hund’s exchange and its additive part involved 
with a chemical potential were applied. In this theory, the Hamiltonian describing the kinetic 
electron energy is a perturbation. We suppose that in the system studied there are strong electron 
correlations, and then one may neglect the states with twofold site filling. In a weakly doped 
electron subsystem with electron concentration n ~ 1, the Fermi level lies near the top of the 

valence band. Then the chemical potential  is proportional to the bandwidth W. In this case, a 
zeroth Hamiltonian, H0, meets the necessary criteria of perturbation theory, H0  >> V. 
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6.2. Hamiltonian of the system 

In the DE model with electron-phonon interactions the Hamiltonian of the system reads as:  

ˆ ˆ ˆ
f bH H H   , (6.1) 

where the Fermi part, ˆ
fH , is expressed as follows :

 
,

ˆ ( )( ) z z
f H i i ij i i j j i i i

i i j i i

H J J h n V           σ S σ S σ S σS           (6.2) 

The Bohr magneton, B , and g -factor were taken in unit system with 1B g  . The perturbation 

Hamiltonian may be written as  

, ,

ˆ
ij i j

i j

V t c c 


  , (6.3) 

where ( )i ic c 
  creates (annihilates) an electron of spin  on a lattice site i. The boson part of the 

Hamiltonian (6.1) has a form similar to that used in the theory of small polaron: 

  0
ˆ

b i i i i i
i i

H g n b b b b      , (6.4) 

where g is the electron-phonon coupling strength. In the Einstein model the phonon frequency 0

is assumed to be dispersion-free. bi
+ и bi are phonon creation and annihilation operators.  

In the theory proposed, the following interrelation of parameters : JH >> tij ~ g >> |Jij | ~ h 
was used. At first glance, the operator V is not the perturbation. However, as will be seen in the 

further consideration the hopping integral tij enters into the expression for a chemical potential  
which is proportional to bandwidth W = 2zt, where t is the nearest-neighbour hopping integral. 
The zeroth Hamiltonian contains only the part of V, which does not depend on the free-carrier 
concentration. The perturbation near the band half filling is proportional to the hole 
concentration, since the electron jumps at n = 1 are forbidden for this strongly correlated system. 
This provides the basis for the construction of perturbation theory at n ~ 1, which results are 
correct with an accuracy of 1/z. 

The electron-phonon interactions in manganites were first taken into account in the paper 
[86] assuming the phonon to be localized classical oscillator. The main conclusion obtained is 
that in La1-xSrxMnO3 the pure DE model is usable, while in La1-xCaxMnO3 the strong electron-
phonon interaction plays an essential role. 

In the following, a part of the Hamiltonian (6.2) related to the superexchange interaction 
is considered in a mean field approximation. We will carry out the unitary transformation S of 
the Hamiltonian (6.1) as a result of which the fermion and boson operators are separated from 
one another. The expression for S given by Lang and Firsov [52] has the following form: 

0

( )i i
i

gn
S b b


   (6.5) 

The Bose shift  

0

gn
b b


  (6.6) 

and multiplying Fermi operators  

    c Yc  , (6.7) 
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where ( )b bY e    connected exceptionally with phonon degrees of freedom results from the 

transformation of S, 0/g  . The Hermitian conjugate of Eq. (6.7) is an expression for the 

creation operator. Substituting transformed operators in Eq. (6.1) we obtain the following zeroth 
Hamiltonian for the fermion subsystem: 

2
0

ˆ 2 (0) ( )( ) ( )z z z z
f H i i i i i i i i i i

i ij i i i

H J J S n h S n                  S σ S σ ,  (6.8) 

where J(0) = zJ in the nearest-neighbour approximation, 2
0/g   is the polaron binding 

energy,  ni is the number of eg electrons on the i-th site. The boson part reads as 

                   0 0
ˆ

b i i
i

H b b                                                               (6.9) 

The Hamiltonian of the interaction V as a function of c  and c
  is expressed in terms of 

operators c  and c
 , respectively.  

We will consider the transformed Hamiltonian (6.1) where the tilde sign was omitted. 
Preliminary we should carry out a diagonalization of the Hamiltonian (6.8) for the Fermi 
subsystem. The main difficulty is associated with the first term describing Hund’s rule coupling 
between the ion core and a mobile electron. The total basis of the zeroth Fermi Hamiltonian (6.8) 

includes 12 spin wave functions supposing that Mn4+ ion spin S = 3/2 and eg  electron spin  = 
1/2. At h = 0, in the Hund’s part of Eq. (6.8), eight spin functions correspond to five- and three-

fold degenerated levels of 0 1

2H HE SJ   and 2 1
( 1)

2H HE S J   with S2 = 2 and S1 = 1 spins, 

respectively. Spin S = 3/2 corresponds to the hole state (Mn4+ ion) with four-fold degenerated 

energy level of 1 0HE  . The wave functions for the above multiplets are [76] 

                        
1 2

1 2

' 3/ 21/ 2 '
' 1 2(3 / 2,1/ 2) 2 ,2S

S m m m m
m m

S m C m m   ,                          (6.10) 

where 1 2 1 22 , 2 3/ 2, 1/ 2,m m m m  , 
1 2

3/ 21/ 2 'S
m m mC  are the Clebsch-Gordan coefficients. In Eq. 

(6.10), at first, m2 and then m1 are changing from maximum to minimum values. Setting such 

numeration order the vectors 1 22 ,2m m  can convert to i , where index i = 1, 2…12. First five 

vectors correspond to the quintet 0
HE , the next three vectors belong to the triplet 2

HE  with an 

electron spin being antiparallel to the ion spin and the last four vectors describe the hole state 
1
HE  with spin S = 3/2. 

Let us introduce Hubbard’s operators ik
i kX   . Then the matrix Ĉ  of Clebsch-

Gordan coefficients in Eq. (6.10) may be written as  

1,1 5,8 9,9 10,10 11,11 12,12 2,2 4,7 6,3 8,6

2,3 4,6 6,2 8,7 3,4 3,5 7,4 7,5

1ˆ ( )
2

3 1
( ) ( )

2 2

X X X X X X X X X X

X X X X X X X X

         

       

C

       (6.11) 

The vector system can be written as 

: 3,1 , 3, 1 , 1,1 , 1, 1 , 1,1 , 1, 1 , 3,1 , 3, 1i         , where i = 1,2…8, for electron 

states, and : 3,0 , 1,0 , 1,0 , 3,0i   , where i = 9, 10, 11, 12 for hole states. Vectors i  
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are connected with eigenfunctions i  of the Hund’s part in the Hamiltonian (6.8) by linear 

relation 

k ki i
i

C   , (6.12) 

where coefficient Сki forms a matrix Ĉ  in Eq. (6.11). 

Using the function k  the Hamiltonians (6.2) and (6.3) will be transformed. In Eq. 

(6.2), superexchange interaction includes z-projection of total spin operator. Then in the k

basis the latter will be presented as a direct sum of diagonal operators 1 2
z z zS S S   for spins S = 

3/2, S1 = 1 and S2 = 2 12, respectively. Having constructed system of Hubbard’s operators 
ik

i kL   , one can write the unitary transformed zeroth Hamiltonian in a diagonal form 

5 12

0
1 1 9

ˆ N
ll ll

l i l i
i l l

H L L 
  

    
 

   ,      (6.13) 

where 2 (0)( )z zH h J S         is the sum of applied magnetic and effective Weiss fields, 

1 3

2 2l HSJ S l H          
 

  for the state with a spin S2 = 2 (l  5) and  9l S l H     


for the hole state with S = 3/2 (l  9). At the same time, we have taken into account the following 
inequalities JH >> t >> J. Therefore the triplet level with S1 = 1 lies considerably above the state 
with S2 = 2 and can be neglected. We also ignore a contribution of the chemical potential 

6,6 7,7 8,8( )L L L   . The above statements more strictly can be proved if to introduce a 

projective operator  
5 12

1 9

P L L 

  

             (6.14) 

Acting by the P operator on both the Hamiltonian (6.1) and wave functions with an accuracy of    

t / JH we eliminate all states with numbers  = 6, 7 and 8. 
The operator A  in the matrix form can be written as 

lm

lm

l A m XA

One can write the following expressions for electron creation operators:  

1,9 3,10 5,11 7,12

2,9 4,10 6,11 8,12

c X X X X

c X X X X







   

   
(6.15) 

The corresponding formulae for electron annihilation operators can be obtained using the 
Hermitian conjugate of Eq. (6.15). Hubbard operators Xik and Llm are related to each other by the 
unitary transformation: 

*ik lm
li mk

lm

X C C L  , (6.16) 

where coefficients are determined by matrix Ĉ  from Eq. (6.11). Substituting (6.16) in (6.15) we 

find expressions for unitary transformed c

  and c  operators as a functions of Llm. An explicit 

form of both c
  and c  operators and electron and ion spin operators is given in the Appendix. 

The operator of electron number, n, is invariant relative to the unitary transformation (6.12). 
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6.3. Fermion-boson free-particle Green’s function and an effective kinematic interaction 
 

In the study of electron dynamics we have used Matsubara Green’s functions: 

                                 ( , ) ( ) (0)l m l mr r T c c         G ,                                       (6.17) 

where Т is the chronological ordering operator. The operators c
  and c  are expressed in the 

Heisenberg representation. The brackets <…> mean that the Gibbs thermodynamic average is 
obtained using the total Hamiltonian (6.1). 

The problem of finding Green’s functions reduces to the calculation of various 
correlators appearing in the scattering matrix series expansion of perturbation theory with 
Hamiltonian in interaction representation. Wick’s theorem [87, 31] for Hubbard’s operators is 
used for unlinking the correlators, and then the task reduces to the calculation of elementary 
Green’s functions. Every contribution of perturbation theory has its graphical form. In 

accordance with Eq. (6.7) the free-particle Green’s functions U(, lm) are determined as  

        , ,
0 0 ,

0

1
( , ) ( ) (0) ( ) (0)l m m l

lm ph l m
U T X X T L L

F         
 

,            (6.18)  

where , , ,
0 0

l m l l m mF L L     , lm l m    . Thermal averages of the 1-st and 2-nd correlators 

in Eq. (6.18) are calculated with the Hamiltonians (6.9) and (6.13), respectively. The Fermi part 
of Eq. (6.18) is easily derived using the Wick’s theorem : 

, ,
0 . 0 ,

0

( ), 0( 1)
( ) ( ) (0)

1 ( ), 0
lm lmlm l m m l

el l m
lm

f
G T L L e

fF
 



 
 

 
 

       
, 

where ( ) 1/( 1 )xf x e   is the Fermi distribution function, 1/ = T  is the temperature. 

The Bose part of Eq. (6.18) may be determined using both relations for boson operators 

b+ and b: 
21

( ) 2b b b be e e e
      and Feynman disentangling of the operators products. A detailed 

calculation is given in [19].  

As is seen in Eq. (6.18), the Bose part has the form . ( )
0 0( ) ( ) (0)ph

phG T X X e 
      

with  

2( ) 2 1 2 ( 1) cosh
2

B B B
   

              
 , 

upper minus and lower plus signs correspond to  > 0 and  < 0, respectively. 01/( 1)B e   is 

the Bose distribution function for the Einstein phonon mode. The appearance of hyperbolic 
cosine instead of ordinary, as in [19], arises from the Matsubara formalism where the time t is 

imaginary, and therefore we must make the substitution t it. It is interesting to point out that 

the function .
0 ( )phG   describes nondiagonal transitions by Holstein definition [88], which are 

responsible for number of phonons changing in hopping process. In the function .
0 ( )phG  , the 

time-independent Debye-Waller factor 
2 (2 1)Be    corresponds to diagonal transitions without 

changing the number of virtual phonons. 
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The Fourier transformation of a single-particle Green’s function has the form 

1
( , ) ( , )

2
ni

n lm lmU i U e d


 



    
 

  . It is easy to write the following relation  

cosh( ) ( )x z kz
k

k

e I x e




  , 

where Ik(x) are the Bessel functions of complex argument. Note that in an initial time space we 
have a simple product of single particle Green functions of Fermi and Bose subsystems. In the 
Fourier inverse space this relation is complicated: 

 
0 0

2

1 1

2 2
(2 1) 2

0

1
( , ) ( ) 2 ( 1)

lm k k

B
n lm lm k

k n lm

e e
U i f e I B B

i k

    

   
   

 


 




 

         (6.19) 

with (2 1)n n     and the unit system kB = ћ = 1. Since the operators c
  and ,l mL  are 

linearly connected (see Eqs. (6.56) in the Appendix) one can write the single particle Green’s 

function as a linear combination of functions ( , )n lmU i  : 

,1 9,1 10,2
,0 0 9,1 0 10,2

0
,011,3 12,4

0 11,3 ,1 0 12,4

3
( ) ( , ) ( , )

4 4
( )

2
( , ) ( , )

4 4

j j j
j n j n j

n
jj j

n j j n j

j
F U i F U i

G i
j

F U i F U i



    




    

 
 

 
 

 
                      

 , (6.20) 

where index j = 0 for  = +1 (spin up) and j = 1 for  = -1 (spin down), i,j is the Kronecker 

symbol. The following identities 9,1 10,2 11,3 12,4 0

1

2
H             and 

9,2=10,3=11,4=12,5= 0

1

2
H     are valid with 

1

2 HSJ     . Here the change of the 

electron energy with spin  transferring between the sites is denoted by 0. Then the expression 
(6.20) is simplified and takes the form  

          0 0
0 0 0 0 0( ) ( ) ( , )n n nG i F G i F U i 
         ,                       (6.21) 

where a combined occupancy of electron-hole states 0
0F   in a mean-field approximation is 

done as 

0 9,1 10,2 11,3 12,4
1 2 3 4 5 9 10 11 12 0 0 0 0 0

3 1 1
( , , , , , , , , )

4 2 4
F F F F F                    

0 9,2 10,3 11,4 12,5
1 2 3 4 5 9 10 11 12 0 0 0 0 0

1 1 3
( , , , , , , , , )

4 2 4
F F F F F                          (6.22) 

For the sake of convenience we have written 0
0F   as a function of all energy parameters l. 

The equality  
0F n p

   , (6.23) 

where n and p are the operators of the number of electrons and holes with the spin  expressed 
in terms of Llm (see the Appendix) will be further used. Using equalities (6.57-6.59) from the 
Appendix, Eq. (6.23) can be written as:  
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                           0
0

1 1
(5 )

8 4
z zF n S         ,                                       (6.24) 

where 9,9 12,12 10,10 11,11
0

3 1
( ) ( )

2 2
zS L L L L     is a z-projection of a spin in the basis of t2g electrons 

as in the Mn4+ ion. It is easy to check itinerant eg-electrons not only by the Hund’s exchange but 
also by the effective kinematic interaction. This viewpoint will be confirmed in the following 

discussion where expectations of operators 0

1

4
z zS    and 

1

4
z zS    are equal (see the 

Appendix). Therefore, a quarter of the Mn4+ ion spin fluctuates with electron spins. The reason is 
that Mn4+ ion spins are coupled to spins. 

We will formulate some rules for finding contributions of series of the perturbation 
theory in both Green’s functions and combined occupancies using a graphic representation. In 

Figs. 6.1 and 6.2, electron Green’s functions 0 ( )nG i  , ( ) ( , )n nG i U i     and Fourier 

components of the interaction 
( )( ) 2 (cos( ) cos( ) cos( ))i ji

ij x y z
ij

t t e t q a q a q a     q r rq , 

where 
0 0

       and a is the constant of the s.c. lattice, are presented by solid, dashed and 

wave lines, respectively. 
Using the Wick’s theorem one can write all possible pairings realizing in the framework 

of this consideration. The c operators and new Bose operator 0

1

2
B S     are an “active” 

operators where  

 9,10 11,12 10,11
0

3

2
S L L L    , 

   1,2 4,5 2,3 3,41 3

2 8
L L L L      . 

The operators B  and   appear due to the Hermitian conjugate of operators B  and    

( ( )B B   , ( )    ), respectively. We have the following zero pairings: 
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                                 (6.25) 

Here i and j site symbols mean the time indexes in the interaction representation. In the pairings, the arrows 
are directed from an “active” to “passive” operators. The remaining nonzero pairings have the form: 
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i

    (6.26) 

These expressions are closed and allow to find the contribution of series of the 
perturbation theory using only three single particle Green’s functions in spite of the existence of 
a large number of Hubbard operators Lik. This result is important and essentially simplifies the 
construction of the diagram technique in the DE model with a strong Hund’s rule coupling.  
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Let us find an analytic expression for effective kinematic interactions ( , )c c
nB i  



q  

displayed by a bold line in Fig. 6.1. It looks as 

0
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( )
( , )

1 ( ) ( )
c c

n
n

t
B i

t G i F
 




 
 




  

q
q

q
(6.27) 

In the absence of the electron-phonon interaction, the calculation of the diagrams is non-
problematic [57]. In this case, Eq. (27) has the simplest form  

0( )( )
( , )c c n

n
n

t i
B i

i E
  



   


 


 q

q
q , (6.28) 

where 0
0 ( )E t F

     q q . 

Fig. 6.1. A graphic equation for the effective kinematic interaction 

If Eq. (6.28) contains one pole, the infinite quantity of poles in Eq. (6.27) are solutions of 
the algebraic equation of an infinite order. As a result, there is an unlimited quantum number of 
phonons. For practical applications, Eq. (6.27) has to be simplified.  

6.4. Electron-phonon interaction 

In the CPA method [83], the polaron problem is considerably simplified after an analytic 

continuation ni i     and application of the self-consistent equation for the total Green 

function 
2

0( ,0) ( ( ,0), )
16

W
U      G G . Writing ( ,0) G  as a sum of real and imaginary 

parts it is easy to solve the derived set of equations by a simple iteration method. 
Let us consider two approximations in solving Eq. (6.27) for frequency poles. As will be 

seen later, the first approximation well works far from the phase FM-PM transition. However, in 
this case calculated values of resistivity contradict the experimental data. It is not only because 
of an approximate solution of the equation for an electron-phonon effective line. In the Kubo 
formula, the two-particle correlator is decoupled in a product of Green’s functions 

2 1 1 2
( , ) ( , )j i j iG G    r r r r  (a bubble approximation). Then the vertex corrections, which 

= +
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contribution in the magnetoresistance effect may be essential, are not taken into account. This 
problem calls for further investigations and is not considered in this work. 
a) First approximation. The equation of poles singularities for the effective kinematic 
interaction (6.27) is written in the form: 

                 0
0 0

( )

( ) ( ) ( ) 0,m
mm k m

x m t F P x k
   



      q                      (6.29) 

where 

0nx i       0 02 0
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(2 1) 2 2 2

0( ) , 2 ( 1)
m mB

m mP f e I B B e e
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    
      

 
     

 
. 

The second term in Eq. (6.29) is considered as a perturbation. It is correct in the limit of a strong 

electron-phonon coupling, when Pm << 1. In the case of g = 0, using Eq. (6.29) we obtain a 
solution corresponding to the DE model. In Eq. (6.29) the term with m = 0 corresponds to the 

central polaron band. Expressing n-th root of Eq. (6.29) as n nx x   , where 0nx n   is the 

root in the absence of the perturbation, it is easy to calculate the correction to the n-th pole in the 

linear approximation relative to smallness of the Pm parameter  

                                      0( )n nt F P
    q                                                 (6.30) 

Then one can write the equation (6.27) with a precision of t(q)2 as 
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q q

q q q q , (6.31) 

where 0
0 0 ( )m mE m t F P

          q q . 

b) Second approximation. It is used to calculate the magnetoresistance effect near the phase 

transition. We suppose that constant 2 >> 1, i.e., the electron-phonon coupling is sufficiently 

strong in comparison with the phonon energy of the vibration. The 0( , )nU i    function can be 

written in the form of an infinite series expansion  
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 ,                           (6.32)  

where the derivative of zeroth-order 
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2 0
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, and 

k 01 2 ( )f     and k 1   for odd and even k, respectively. Keeping the term with a maximal 

power of  in the expressions 
0

k

k

d

d




, it is easy to obtain that 
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                                (6.33) 

It should be noted that this approximation is valid at sufficiently low temperatures, when /T is of the 
order of unity, since at high temperatures (T >> ) the Bose function has a value comparable to the 
maximal power of the parameter , and Eq. (6.33) will be wrong. Eq. (6.32) is exact if the inequality 

4 2 1B    is fulfilled. In this case, the following relation 
4

4

1
ln

1T

 






 is valid.  

The high temperature range is studied in detail using the small polaron theory [19, 88]. 
For a nondiagonal transition it was shown that a hopping rate has an activation character. The 
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gap value is equal to one-half of the polaron binding energy. The most interesting temperature 
range is T   because the phase transition temperature is usually of the order of . 

By substituting Eq. (6.33) for Eq. (6.32) and replacing  for - we obtain the terms of 
series with the opposite sign. Such asymmetry is quite typical for a system with electron-phonon 
interactions [19] when polarons are formed. We will suppose that near the transition into an 
ordered state the processes of both formation and destruction of polarons would be apparently 
interchangeable. Therefore Green’s function will be invariant relatively to the sign change for 

the polaron energy . Neglecting the terms with odd power of  in Eq. (6.32), we obtain the 
ordinary geometric series which sum is easily calculated. The following expression for a single 
particle Green’s function with electron-phonon coupling was obtained: 
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(6.34) 

Eq. (6.34) has a simple physical meaning. At the emission or absorption of a phonon by 

ion coupled with an itinerant electron, the chemical potential changes by value . In this case, the 
effective interaction line is determined as 
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q , (6.35) 

where  0 2 0 2 2
1,2 0

1
( ) ( ) 4

2
E t F t F 

          q q q . Using Eq. (6.35) one can calculate 

the spectral density characteristic for a Mott-Hubbard dielectric with the gap of the order of the 
polaron energy . 

6.5. Analysis of the magnetic structure 

Using first and second approximations for the effective kinematic interaction, we will write 
the system of equations determining the chemical potential and the mean spin of the system. The 
graphic image of the series expansion for combined occupancies <F0> is shown in Fig. 6.2a. A 
small circle   corresponds to <Fi

0>0 of the i-th site. The lower index for the <Fi
0>0 quantity 

denotes the averaging over Hamiltonian 0Ĥ  (Eq. (6.13)) with a parametric part tending to zero : 
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      (6.36)  

The dots connecting the diagram blocks (Fig. 6.2) mean the equality of their external site 
indexes. According to the linked cluster theorem, such diagrams characterize contributions in 
both combined occupancies and Green’s function. The form of the zeroth Hamiltonian (6.36) is 
very suitable for calculations of the operator average 
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The blocks of and      in Fig. 6.2 are described by the 
0F 

 
   . functions   and 
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a) First approximation 
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(b)  

 

1 2 

3 4 

5 6  
Fig. 6.2. Graphic image of the equation for a combined occupancy 0F   (a) and diagrams for 

the Green function in the first approximation of the perturbation theory (b) 
 
In the sums of Eq. (6.38) m1 and m2 indexes were taken equal to m, since corresponding series 
terms are proportional to the high-order power of the parameter Pm . 
 
b) Second approximation 
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Here, 1E q  and 2E q  are determined by the formula (6.35). 

  (a) 

+-- = <F   > 0 

+ + - 

- - 
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In Fig. 6.2a, graphic series may be easily summed, since all terms of the sums with the 

exception of the last one 0F 
 

    generate the Taylor power series  
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which sum is equal to 0
1F   : 
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1 1 2 3 4 5 9 10 11 12 0( , , , , , , , , )F F                      , (6.40) 

The function 0
1 2 3 4 5 9 10 11 12 0( , , , , , , , , )F            is determined by Eq. (6.22) and  
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The equations for a mean spin 0

1

4
z zS    as well as for the chemical potential  can 

be written in the following form 
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(6.41) 

We will consider different solutions of the set of equations (6.41). Supposing that  = 0 

and Т = 0 (a pure double exchange) as well as  > 0, one introduces the functions 
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(6.42) 

From Eq. (6.42) it follows that for the s.c. lattice the variable x  3. The plots of I(x) and E(x) 
functions for this lattice are displayed in Fig. 6.3. Function E(x) characterizes an effective field 
contribution to the electron dynamics which does not exceed 1/(2z). This contribution roughly 
determines the Curie temperature, TC, in units of the bandwidth W.  

For the case of 0 0
1 11, 0F F       , the set of equations (6.41) can be written as : 
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which solutions exist, if  
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Then the expressions for both mean spin of the saturated ferromagnet (FM) and chemical 

potential have the form 0

1 1
(3 )

4 8
z zS n     and 11

( )
6

I n
W

 


, respectively, where 1( )I x  is 

the inverse function of ( )I x . In Fig. 6.3 it is seen that 1( ) 0I x   at x > 0.5. Therefore, the self-

consistent FM solution is valid for electron concentrations n > 1/2. In perovskite manganites. 
this fact was fixed experimentally in the work [89]. Using Eq. (6.44) we obtain a more precise 

estimate of the electron concentration, namely, nFM  0.588 above of which the FM state exists. 
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Fig. 6.3. I(x) and E(x) functions 

 

The set of Eq. (6.41) has solutions 0

1

4
z zS   =0, 1
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1
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  , corresponding to two paramagnetic phases PM-2 and PM-1. 

In these phases 0
1 1/ 2, / 4 0F

       and 0
1 5 / 8, / 4 0F

      , respectively. 

Existence of two paramagnetic phases was also predicted in the work [57] for HTSC systems. 
To find the temperature TC the set of equations in the linear approximation is expanded in 

terms of a small parameter 0

1

4
z zS    at T ~ TC. Neglecting superexchange and supposing 

that  = 0 (pure DE model), we obtain the following equations for  and TC: 

            

01
( )

4

1
( )

4

2
0 0 1

( )
4

1 2
1 ( ) 2 ( )

5
1

4

1
1 24 ( ) ( ) 1 ( ) 5 ( )

5 4

C

C

C

q
q

C q q C
q

n f E f
N

e

e
T t q f E f E t q T

N
e

  

  

  








    


 
       

 
  










 
 



 
,                  (6.45) 

where 0 0

1 1
1/ , ( ) ( ), (5 ) ( )

8C C q q
q

T t q f E E n t q
N

         


  . 

The calculated ТС(n) dependencies in W units are shown in Fig. 6.4 (curve 1). The ТС(n) 

curves obtained assuming that 2PM    (see the above formula for the chemical potential 

defined at T = 0) and 0
0

0

( )
( )q

q
q

df E
E

dE
 





 has the form : 
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(6.46) 

and is also demonstrated in Fig. 6.4 (curve 2). The formula (6.46) somewhat differs from the 
result obtained in [85], when Hund’s coupling was considered in a mean field approximation. 
The curve (3) corresponds to an approximate solution of the set of equations (6.45) with a 
chemical potential at T = 0 and a step-like Fermi function (Eq. (6.46)). Therefore, one can note 
that rigorous account of quantum spin fluctuation with Hund’s coupling decreases the Curie 
temperature essentially (up to 30 %). 

0.5 0.6 0.7 0.8 0.9 1.0

0.01

0.02

0.03

T C
 / 

W

n

1

2

3

Fig. 6.4. The Curie temperature, TC, versus electron concentration, n, with account of Hund’s 
rule coupling in the framework of the given theory (curve 1), in a mean field approximation [57] 

(curve 2). The curve (3) corresponds to an approximate solution of the set of equations (6.45) 

The above equations correspond to a pure DE model. There are no difficulties to derive 
similar formulae taking into account the electron-phonon coupling. Unfortunately, the two above 
considered approximations provide different results for magnetic and transport properties. 
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Fig. 6.5. Temperature dependences of the magnetization 0
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4
z zS    at n = 0.8  

with  / W = 0, 0.003, 0.01, 0.03 and 0.04 (curves 1-5, respectively) 

In the first approximation (Eq. 6.38), a strong influence of the polaron binding energy  
on the ferromagnetic phase is found. Temperature dependences of the mean spin obtained by 
solution of the set of equations (6.41) at the electron concentration n = 0.8 for various  values 
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are illustrated in Fig. 6.5. It is seen that the Curie temperature is reduced more than by a half at  
/W = 0.04 together with the chemical potential. It is an indicator of the narrowing effective 
band. The polaron size calculated using the Holstein expression аW/  25a is not small. Thus 
the electron-phonon interaction suppresses the DE interaction as predicted in [83, 86]. 
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Fig. 6.6. The Curie temperature, TC, versus the polaron energy  at n = 0.8. Inset: temperature 

dependences of the chemical potential  at /W = 0, 0.1, 0.14, 0.2 and 0.3 (curves 1–5, respectively) 
 

In Fig. 6.6 calculated in the second approximation (6.35) dependence ТС() is shown. 
One can see that ТС decreases by one third at  ~ 0.25 that corresponds to the small polaron 
theory. However, in this case the chemical potential is increased (see inset in Fig. 6.6). The 
increase of  near the phase transition with increasing polarons binding energy reflects the 
processes of polaron destruction owing to scattering on spin fluctuations. Note that the function 
ТС(g) obtained in [83] decreases faster with increasing g parameter at n = 0.5. Therefore, the 
contribution of electron correlations is expected to be overestimated in the CPA method.  

Fig. 6.7 demonstrates the influence of both superexchange and an applied magnetic field, h, 
on the magnetic ordering temperature with an account of the electron-phonon coupling (6.35). The 
value J(0)/W = 0.00215 obtained in the work [90] for LaMnO3 corresponds to J(0) = 25 К. The value 
h/W = 0.0001 will correspond to the applied magnetic field of 8.64 kOe, since the bandwidth W = 1 
eV. From Fig. 6.7 it follows that the superexchange enhances TC while an applied magnetic field 
smears the phase transition, as it should be in the 2-nd kind phase transitions theory. 
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Fig. 6.7. Influence of both applied magnetic field, h, and superexchange, J(0), on the temperature 
dependences of the magnetization at n = 0.8 and /W = 0.2 : 1) J(0) = 0, h = 0; J(0)/W = 0.00215 

for the case when 2) h = 0; 3) h/W = 0.0001 and 4) h/W = 0.0006 
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6.6. Spectral and transport properties of electron-hole excitations 

In Fig. 6.2b, all diagrams in the first order relatively to the inverse effective radius of the 

interaction for the Green’s function ( , )nG i k 


 are shown. Diagrams 1, 2, 3 and similar in 

higher order of the expansion form a series 0F   depicted in Fig. 6.2a. Consequently, the 

appropriate correction to ( , )nG i k 


 is equal to 0F  0 ( )nG i  .  

Let us write analytic expressions for diagrams 4, 5 and 6 in the first approximation (6.31) 
for the electron-phonon interaction: 
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Here, b(x) = 1/(exp(x)-1) is the Bose distribution function,  2 (2 1) 2
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 . Since 1H  , the nonzero contribution to 4 ( )ni   is 
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The formulae for diagrams 4, 5 and 6 in the second approximation (6.34)-(6.35) can be 
written in the form : 
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The expression for 5
  is identical to one presented in Eq. (6.47) having in mind that  and 

i qE    are determined by Eqs. (6.35) and (6.39), respectively. We will introduce 

1 2=  , =        . Since the parameters i are finite at 0H  , the product 

0

1
( ) 0

4
z z

iS b      and thus the contribution 4 ( )ni   can be neglected.  
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To find the final expressions for diagrams, the value of 4 ( )ni   should be multiplied by 

0 ( )nG i   and 5
 ,  6

  by 2
0 ( )nG i  . Then self-energy ( )ni   is written as  

0 2
0 4 0 5 6 0( ) ( ) ( ) ( ) ( ( )) ( )n n n n n ni F G i i G i i G i   

                       (6.49) 

Using the Larkin equation [91] the total Green function ( , )ni k 


G  can be easily found: 
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In the DE model ( = 0) this formula is essentially simplified: 
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where  0 6
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.  

To deduce Eq. (6.51) we have used a linear expansion of small parameters. Realizing in 

Eqs. (6.50) and (6.51) an analytical continuation ni i     we obtain retarded Green’s 

function whose poles determine the ( )k


 spectrum of excitations. Imaginary part of ( , )ni k 


G  

determines the spectral density being proportional to ( ( ))k  


 for coherent excitations.  

The spectral density of an incoherent spectrum describing the relaxation processes is of 

principal interest. After analytical continuation ni i     using Eqs. (6.47) and (6.48) one 

can evaluate the nonzero imaginary parts of 4 ( ( ))k 


 and 6 ( ( ))k 


. Corresponding formulae 

are given in Appendix (Eqs. (6.60) and (6.61)). ( )   and ( )   correspond to real and 

imaginary parts of self-energy ( )  , respectively. Let us write the imaginary part 

Im( ( , ))ni k 
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G  of the otal Green function as  
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In the case of incoherent excitations, the spectral density ( , ) 2 Im( ( , ))R k i k      
 

G  will 

be different from zero over a certain frequency interval in which the electron density of state 

( )CD x  has also nonzero value. 

As noted above, the pole singularity of Eq. (6.50) allows to find the dispersion law for the 
excitation spectrum : 
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It is easy to check that derivative 
( , )

( )

dR k

dt k
 


  is zero at 0( ) kt k t


. Thus, the extremal points of the 

spectral density as a function of the hopping integral ( )t k


 determine 0kt  corresponding to the resonance 
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frequency ( )k


. On the other hand, the positions of sharp peaks at the frequency curve determine 

excitations closely related to the coherent ones when the imaginary part of the self energy is small. 

In Fig. 6.8a,b frequency dependences of imaginary parts of 4 ( )   and 6 ( )   as well as 

the spectral density of an incoherent spectrum for up- and down-spin bands are shown for  = 0, 

Т = 0 and n = 0.8. The peaks of ( , )R k 


 appear near frequencies at which imaginary parts of 

4 ( )  and 6 ( )   diagrams tend to zero. Negative values of the spectral density in a narrow 

frequency interval indicate that because of the smallness of the imaginary part the diagrams of 
the higher order for an effective radius of the interaction are to be accounted for. It should be 

emphasized that in the given theory ( , ) 0R k  


 .  

In the CPA method [67], the spectral density is nonzero at the Fermi level that is a 
serious defect since in this case the Luttinger theorem [21] for the Fermi liquid is violated. In our 
case, such a problem does not arise because the spectral density of incoherent excitations tends 
to zero near the Fermi level at    . 

Fig. 6.9 displays the frequency dependence of the spectral density ( , )R k 


 in the 

approximation (6.31) for an effective line at n = 0.8, /W = 0.03 and t(q)/W = 1/3. The curves 1 
and 2 correspond to up- and down-spin bands at low temperature (T/W = 0.005) and curve 3 to 
the PM-2 phase. It is seen that very sharp peaks, characteristic for coherent polaron excitations, 
are only in the PM-2 phase (see inset in Fig. 6.9). Therefore, polarons are involved in the 
conductivity above the temperature TC and enhance it. Unfortunately, the value (Т) near TC (in 
the PM phase) does not exceed a few mOhm·cm that is inconsistent with the experiment. 
Seemingly, near the phase transition the vertex corrections in the Green’s function start to play 
an important role. This problem is very complicated and demands a special consideration. 
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to 4 ( )   in the PM phase; b) spectral density as a function of frequency for up- and down-spin 

bands and the PM phase (curves 1–3, respectively) at ( ) / 0.1t q W  




  

130 

-0.2 -0.1 0.0 0.1

0

2

4

6

8

3

2

 

S
pe

ct
ra

l d
en

si
ty

/W

1

a

-0.04 -0.02 0.00 0.02 0.04

0

2

4

6

8 b

2

1

 

 

S
pe

ct
ra

l d
en

si
ty

/W

3

 
Fig. 6.9. (a) Spectral density versus frequency obtained using the first approximation (Eq. (6.31)) 

at  = 0.03, ( ) / 1/ 3t q W 


, n = 0.8 and T/W = 0.005 for up- and down-spin bands 

 (curves 1 and 2, respectively) and for the PM phase at T/W = 0.01228 (curve 3).  
(b) The same plot near zero frequency on an enlarged scale 

 

The second approximation (Eqs. (6.35), (6.39) and (6.48)) is applicable to describe 
magnetoresistive effect. One will suppose that in the excitations spectrum a gap of the order of a 

small polaron binding energy  is formed at Т ~ TC. Using Eqs. (6.35), (6.39) and (6.48) we 

obtain a ~ 30% reduction of the TC at /W = 0.2. The chemical potential lies in the middle of the 
forbidden band. In Fig. 6.10 spectral densities as a function of frequency for up- and down-spin 

bands at T/W = 0.015 and for the PM phase at T/W = 0.0172 are shown at /W = 0.2, n = 0.8 and  
t(q)/W = 0.1. This correlates with results obtained in [83, 67].  
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Fig. 6.10. Spectral density versus frequency using the second approximation (Eq. (6.35)) 

for an effective line of the electron-phonon interaction for up- and down-spin bands (curves 1 

and 2, respectively, at T/W =0.015) and for the PM-2 phase (T/W = 0.0172) at =0.2, 

( ) / 0.1t q W 


, n = 0.8. (b) temperature dependences of the quasigap  for up-,  

down-spin bands and the PM-2 phase 
 

The difference is that in the CPA method a quasigap occurs at g/W  0.15 and the 
nonzero spectral density at the Fermi level is increased with increasing temperature. Fig. 6.10b 
illustrates the temperature dependence of a gap for up- and down-spin bands. In this 
approximation a gap in the PM phase near the phase transition does not depend practically on 
temperature. 
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The expression for conductivity ( )T of the s.c. lattice obtained on basis of the above 

results using the Kubo formula in the bubble approximation [37] has the form: 
2

( ) ( ( )) ( )
3 k

e
T t k t k

a N 





 
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
, (6.54) 

he ( ( ))t q


 function is related to the spectral density by the following differential equation:

2( ( ))
( , )

( ( ))

d t k
R k

d t k


     

 
 (6.55) 

Since the imaginary part of Green’s function (Eq. (6.52)) is a simple function of t(k) parameter 
the integration of the squared spectral density in Eq. (6.55) presents no problem. Here we will 

not derivate a sufficiently complicated expression for ( ( ))t k


. 

In Fig. 6.11 the resistivity versus band filling, (n), in FM and PM-2 phases (curves 1 

and 2, respectively) are shown at Т = 0 and  = 0. Curve 3 in Fig. 6.11 shows the dependence 

(n) in the PM phase calculated by the CPA method [37]. It is seen from Fig. 6.11 that the CPA 

method gives the minimal (n) value of the order of 1 mOhm·cm. In our case, the (n) resistivity 

in PM-2 and FM phases is rather smaller near their lower borders at n  n0 (n0 is equal to 0.116 
and 0.588 for PM-2 и FМ phases, respectively). According to the experimental data in the work 
[92], in La1-xSrxMnO3 the residuary resistance at x ~ 0.3 is essentially smaller than 1 mOhm·cm. 

For n1 the (n) resistivity in the FM phase is abruptly increased as in the CPA method. 
However, for a dielectric state (n = 1) the higher-order diagrams must be taken into account.  
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Fig. 6.11. Resistivity (n) in the DE model for FM and PM-2 phases (curves 1 and 2) at T = 0 
and h = 0. The curve 3 is obtained using the coherent potential approximation (CPA) [37] 

Fig. 6.12a shows the temperature dependence of the resistivity at n = 0.8 without 
electron-phonon coupling. Unlike the CPA method, a sufficiently abrupt growth of resistivity 
near the phase transition with increasing T is seen. In Fig. 6.12b the temperature dependences of 

imaginary parts of 4 ( )  and 6 ( )   at  = 0 are shown. A sharp increase of some of them near 

TC reflects essential strengthening of scattering processes in the range of the phase transition. In 
the PM phase the resistivity is weakly dependent on temperature, and its maximal value does not 
exceed several mOhm·cm as it was observed in [37]. The authors of [83, 86, 67] pointed out that 
it is the characteristic property of systems with a dominant DE as La1-xSrxMnO3 manganites. In 
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La1-xCaxMnO3 compounds, the polaron dynamics becomes important because of stronger 
electron-phonon coupling.  

In Fig. 6.13, the influence of a weak electron-phonon interaction on (Т) dependence 
calculated within the first approximation (6.31) for an effective line at n = 0.8 is shown. Indeed, 
above TC large polarons take part in conductivity enhancing it with increasing temperature. 

However, the resistivity falls off with increasing polaron binding energy . The discrepancy 
between calculated and experimental values of the maximum resistivity is due to the influence of 
vertex corrections in current correlators ignored in the bubble approximation. 
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Fig. 6.12. In the DE model the (T) dependences (a) and imaginary parts of 6 ( )   and 

4 ( )  (b) diagrams at n = 0.8 and  = 0 (curves 1, 3 and 2, 4 for up- and down-spin band, 

respectively). The curves 5 and 6 are the same plots for 6 ( )   and 4 ( )   in the PM-2 phase 
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Fig. 6.13. Effect of the weak electron-phonon interaction on (T) at n = 0.8 and h = 0  

for the polaron binding energy /W: 0, 0.003 and 0.005 (curves 1-3, respectively) 
 

Let us apply the second approximation (Eqs. (6.34)-(6.35)) to find the contribution of 5
  

diagram in the spectral density ( , )R k 


 calculated using Eq. (6.51) and taking into account that 
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in this approximation the contribution of 4 ( )   diagram is equal to zero. It is seen from Fig. 

6.14 that (Т) correlates well with the experimental maximum resistivity near the phase 
transition as in the case of La1-xCaxMnO3. At high temperatures, the chemical potential abruptly 
decreases providing zero spectral density. It points to limited usefulness of this approximation in 
resistivity calculations.  

In Fig. 6.14 the (Т) curves for different magnetic fields, h, at n = 0.8 and /W = 0.2 are 
shown. The values of both h and superexchange, J(0), were chosen as in Fig. 6.7. In Fig. 6.14 
one can see that the resistivity peak decreases and shifts towards higher fields with increasing 
applied magnetic fields. This agrees with the experimental data for the same values of h.  

0.01 0.02
0

10

20

30

3

2

T/W


m

O
hm

*c
m

1

Fig. 6.14. Temperature dependence of resistivity obtained using the second approximation  

(Eq. (6.35)) with account of the electron-phonon interaction at /W = 0.2, n = 0.8 and h = 0, J(0) = 0 
(curve 1) and at J(0)/W = 0.00215, h/W = 0.0001 and 0.0006 (curves 2 and 3, respectively).  

The spectral density was calculated using Eq. (6.51) 

Note that in [83, 86, 67, 93] h values obtained for the same reduction of  were five times larger 

than those in the experiment. The shift of the spectral density ( , )R k 


 peak (Eq. (6.53)) versus 

( )t k


 to the electron band edge as well as at 0kt   3 is the main reason of the sharp increase of 

resistivity. In this case, the ( ( )) ( )t k t k
 

 function (Eq. (6.54)) becomes almost antisymmetric. 

6.7. Conclusions 

Diagram techniques were proposed and developed taking into account quantum fluctuations of 
electron and ion spins in the model of a narrow-band Hubbard’s magnet with strong Hund’s rule 
coupling. On the basis of separated out self-consistent field in the DE model with electron-phonon 
coupling the equations for both magnetization and chemical potential were obtained. Quantum 
fluctuations of electron and ion spins were shown to reduce the Curie temperature at approximately 
30 %. In the pure DE model the obtained concentration dependence of TC in units of the bandwidth 
W well coincides with a similar result in the CPA method. The analysis of the temperature 

dependence of conductivity in the framework of a considered model shows that the (T) dependence 
rapidly drops with decreasing temperature below TC (as for, as in La1-xSrxMnO3 with an optimal Sr 
content). This is due to enforcing the scattering effects near the phase transition. In the CPA theory 

the minimal value 0 ~ 1 mOhm·cm was obtained for the PM phase at T = 0. The residual resistivity 
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0 << 1 mOhm·cm was found experimentally for some perovskite manganites. Our calculations 
agree well with this experimental result near the critical band filling with n0 ~ 0.116 and 0.588 for 
PM-2 и FМ phases, respectively The estimates of the influence of electron-phonon coupling on the 
magnetic structure, ordering temperature, spectral and transport properties using two approximations 
for the effective line of the interaction was made. Using the first approximation having regard to a 
few polaron bands with a quasigap near the Fermi level, a strong effect of the electron-phonon 
interaction on TC as well as on the magnetization was revealed. Analysis of the spectral density 
shows the presence of pronounced polaron peaks in the PM-2 phase responsible for the growth of 
conductivity above TC with increasing temperature. The resistivity falls off with increasing polaron 

binding energy . Such unusual behavior of (Т) is due to a miscalculation neglecting the influence 
of vertex corrections in the two-particle Green’s function. Using the second approximation the 
effective line of two polaron bands with a gap of the order of the polaron binding energy was 

accounted. The influence of the  parameter on both TC and magnetization was found to be 
essentially weaker than it is observed in the CPA method. This approximation describes well the 
temperature dependence of resistivity near the FM-PM phase transition as well as the influence of the 
applied magnetic field on the magnetoresistive effect. 
 
6.8. Appendix 
 

Annihilation operators are expressed as  

                              

9,1 10,2 11,3 12,4

9,2 10,3 11,4 12,5

3 1 1

2 22

1 1 3

2 22

c L L L L

c L L L L





   

   

                                      (6.56) 

To obtain similar formulae for electron creation operators, the Hermitian conjugate of (6.56) was 

performed. Since we used the wave functions of a model space in which 6 7,   and 8  

functions of orthogonal add-ins are excluded, the equality 1c c cc    fails for Fermi operators. 
However, under this consideration it is not important because the Wick’s theorem is applied 
directly to Hubbard’s operators for which the Fermi or Bose origin does not break down. 

The operators of electron n and hole p numbers have the form: 

1,1 2,2 3,3 4,4 5,5

9,9 10,10 11,11 12,12

ˆ

ˆ

n L L L L L

p L L L L

    

   
                                              (6.57) 

In this case p + n = 1. The operators of electron n and hole p numbers with spin  are 
determined as follows: 

                            

1,1 2,2 3,3 4,4

2,2 3,3 4,4 5,5

9,9 10,10 11,11 12,12

9,9 10,10 11,11 12,12

3 1 1
ˆ

4 2 4
1 1 3

ˆ
4 2 4

3 1 1
ˆ

4 2 4
1 1 3

ˆ
4 2 4

n L L L L

n L L L L

p L L L L

p L L L L









   

   

   

   

                                         (6.58) 
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The next relations take place: 

ˆ ˆ ˆn n n   , 
5

ˆ ˆ ˆ(1 )
4

p p n    , 
0

ˆ ˆ 2

1
ˆ ˆ

2

z

z

n n

p p S

 

 

 

 
(6.59) 

The z-projection of spin operator zS  in the truncated basis of t2g and eg electrons is expressed as 

1,1 5,5 9,9 12,12 2,2 4,4 10,10 11,113 3 1
( ) ( ) ( )

2 4 2
zS L L L L L L L L       

Imaginary parts of 4 ( )  and 6 ( )   functions after analytic continuation to the real axis 

ni i     are written in the form: 

a) approximation (6.31) with formulae (6.47) for 4 ( )   and 6 ( )  : 

0
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(6.60)  

where 0 0( )m m       . 
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   (6.61) 

б) approximation (6.34) – (6.35) with (6.48) for 6 ( )   : 

 
22 2 2 2

0 0
6 0 2 2 0

0 0

6 ( ) ( ) ( )1
Im ( ) 6

( ) ( )C
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
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7. RESISTIVE SWITCHING EFFECTS IN OXIDE-BASED 
HETEROSTRUCTURES 

 
7.1. Introduction 
 

Considerable efforts are nowadays devoted to developing the next generation of memory 
devices capable of overcoming the downscaling limitations of actual flash memories. In 
particular, resistive random access memories (ReRAM) based on cells with nanoscale 
metal/transition-metal oxide/metal setups are perspective candidates, exhibiting fast read/erase 
operations with very promising characteristics for high-density integration [94]. Their operation 
relies on the resistive switching phenomenon, a reversible change of the resistance between two 
well-defined magnitudes, high (HR) and low (LR) resistance ones, which is stimulated by 
applied electric pulses. The switching HR-to-LR effect is named bipolar when voltages of 
different polarities are controlling related transitions. In general, the bipolar cells exhibit better 
stability than unipolar ones. Even more, such devices based on binary transition-metal oxides 
usually demonstrate high compatibility with the traditional integration and retention times of 
more than 106 s. A large variety of binary oxides has been explored for ReRAM applications and 
the most popular of them is titanium dioxide TiO2 [95]. Since the first physical example of a 
solid-state memristive device in the paper [96], these compounds have become a target of many 
recent studies. At the same time, we can conclude that despite the fact that several physical 
mechanisms based on the resistive switching effect have been recently proposed, all ingredients 
involved in this phenomenon have not yet been fully understood. 

In this section, we discuss two issues related to the resistive switching phenomenon, the 
evidence of the HR-to-LR and inverse transitions at a single interface formed by a metal counter-
electrode and a complex-oxide surface using oxygen-deficient yttrium-barium four-component 
oxide as a prototype. Together with Slovak colleagues, we have observed resistance hysteresis 
switching loops similar to those obtained in the case of two active interfaces [94], as will be 
described below. The experimental results are qualitatively reproduced by our numerical 
simulations built on the idea of oxygen vacancies as an origin of the discussed resistance 
changes. The electroforming mechanism and the degradation process in such bilayers are 
discussed as well. The second part of the section is dealing with a novel self-textured 
nanofilament technique based on the resistive-switching effect in nano-scale transition-metal 
oxide films. While traditional tunneling and point-contact approaches to the electron-boson 
interaction spectroscopy in a strong-coupled superconductor are realized on different samples, 
the novel method allows one to get related data on the same device. We argue that the proposed 
nanoscale methodology provides a simple and promising way for studying an interaction 
responsible for Cooper pairing in superconducting materials. 
 
7.2. Electromigration effect in YBCO thin films 
 

Oxygen-deficient yttrium-barium copper oxide with the general formula YBa2Cu3O7-c      
(0 < c <1) was the first material found to become superconducting above 77 K, the boiling 
temperature of liquid nitrogen. Whereas YBa2Cu3O7 is a well-defined chemical compound with a 
specific structure and stoichiometry, the structure and physical characteristics of cuprates with 
less than seven oxygen atoms per formula unit strongly depend on the value of c, the oxygen 
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vacancies content representing availability of empty lattice sites, which might be occupied by a 
migrating atom. The YBa2Cu3O7-c (YBCO) compounds are generally considered to be quasi-
two-dimensional materials with electrons moving within weakly coupled copper-oxide (CuO2) 
layers. Their electronic properties strongly depend on the number of charge carriers put into the 
CuO2 planes. For low-carrier concentration (underdoped regime), when 1c  , the materials are 
insulating. The doping is achieved by adding oxygen atoms, which introduce positively charged 
carriers (`holes') into the CuO2 planes where the superconductivity is believed to originate and 
for a high-carrier concentration (overdoped regime) the YBa2Cu3O7-c compounds are metallic. In 
some in-between states they become superconducting with a maximal critical temperature Tc for 
the optimum doping [97]. The YBCO films studied by us just belonged to the latter regime. 

High-Tc superconductivity models are mainly based on the assumption that the introduced 
carriers are distributed uniformly, thus leading to an electronically homogeneous system as in 
conventional metals. However, now there is growing evidence for the presence of multiple phases 
with boundaries which are functions of temperature, doping, and magnetic field [98]. For example, 
scanning tunneling spectroscopy has revealed a strong spatial modulation of the local density-of-
states spectrum in Bi-based cuprates and the superconducting energy gap that varies on 
surprisingly short-length scale of a few crystalline unit cells [99]. In order to extend the imaging of 
the spatial inhomogeneity from nanometer- to meso-scale and from the sample surface to its bulk, 
the authors of the recent paper [100] performed scanning micro X-ray diffraction measurements 
from 280 to 85 K on a single-layer cuprate HgBa2CuO4+y at optimum doping (y = 0.12), with Tc 
about 95 K. Their results provided further evidence for the universality of a mesoscale phase 
separation even in the most optimized superconducting cuprates. 

Analyzing prior results for the charge distribution pattern, we can see that the high-Tc 
materials are very sensitive to local variations in the doping level on nano- and micrometer scales. 
The intricate scale-free pattern formation is set by a delicate balance among disorder, interactions, 
and material anisotropy, leading to a fractal nature of the cluster pattern [101]. Following the task to 
probe different intermediate lengths between the nanometer and macroscopic scales [101] our first 
goal was to fill this gap and to reveal the charge distribution pattern at the scale of about 100 nm. 

As was suggested in [101] and [102], the disordered charge distribution can give rise to 
hysteretic and memory phenomena in response to external inputs. Our next aim was just to study 
such effects in current-voltage characteristics of optimally doped YBCO layers in the normal state. 
Up to now, two (from the first sight, mutually exclusive) electric-field-effect mechanisms have been 
proposed. The first one, fundamentally electronic, is based on a conventional approach that takes into 
account the Coulomb interaction of an applied field with mobile current carriers [103]. It is very fast, 
symmetric with respect to the bias polarity and is expected to manifest itself in the enhancement or 
depletion of the number of charge carriers within a few near-surface atomic layers [103]. The second 
mechanism [104] is related to the direct interaction of oxygen ions with an applied electric field that 
causes their significant rearrangement due to a comparatively small oxygen migration energy and 
high density of vacancies within the oxygen sublattice in the optimally doping state. Such a process 
is characterized by a slower time constant and can be unequal in magnitude at positive and negative 
voltage biases of the same absolute values [104]. To choose between the two mechanisms of field-
induced changes in normal-state cuprates is an experimental task. Existing data cannot uniquely 
support any explanation since some evidences support direct doping of superconducting CuO2 planes 
by electric-field induced mobile charges [105] whereas others favor the oxygen-diffusion scenario 
[106]. In the following, we provide some new arguments to show that the latter picture is the basic 
phenomenon governing normal-state transport characteristics of a contact formed by a metal tip with 
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the YBCO optimally-doped film. At the same time, we stress that the effect of itinerant holes is very 
important since it can strongly influence hysteretic phenomena in such structures changing the 
resistance-switching voltage-bias polarity comparing to that observed in related bilayer samples, see, 
e.g., [107]. Below we argue that such radical modifications in optimally-doped YBCO films can 
arise due to the electromigration effect [108] that reveals itself in momentum transfer from current 
carriers moving in the applied electric field to the ions which make up the lattice of the material (the 
so-called “current-carrier wind”). Therefore, the last purpose of this work is to realize this effect 
experimentally and to develop a minimalist model able to shed some light on the nature of double-
valued transport characteristics in heterostructures based on normal-state YBCO films. 

Experiments provided in several laboratories have revealed that the charge conduction in 
the LR state is highly inhomogeneous and, in fact, is determined by one-dimensional paths 
associated with enhanced conduction channels. Such paths are created artificially by an initial 
application of strong electric fields bringing the oxide close to its breakdown. Thus, we assume 
that the electric transport is dominated by a single conductive path that is embedded within an 
insulating host. The next important feature of the model is the decisive role of oxygen vacancies 
in transition-metal oxides whose local resistivity is dramatically controlled by the local oxygen 
stoichiometry and we hope that the form of this dependence is not crucial for our results. The last 
assumption related an active region near the oxide surface where the main switching events take 
place. We suppose that it is a near-surface area in the yttrium-barium cuprate sample.  

Hole-wind effect. Oxygen vacancies, intrinsic to perovskite oxides, play a major role in 
electronic and magnetic properties of the strongly correlated systems. Our interpretation of 
resistance modulations in contacts formed by a metallic counter-electrode and a YBCO film is 
based on the assumption that these processes are caused by the migration of oxygen vacancies 
and, as a result, formation or dissolution of more or less conductive regions near the tip-YBCO 
interface depending on the voltage-bias polarity. 

Let us notice that, in contrast to binary oxides [96], an optimally doped YBCO compound is a 
conductor where charge carriers are holes rather than electrons in ordinary metals. In a conductor, an 
applied electric field E strongly impacts ionized migrating atoms with a net charge qnet = Znete  
(e is the elementary charge) that appears to be the result of incomplete screening of the ion charge by 
electrons. In ordinary metals qnet > 0 (qnet is negative in the case of oxygen ions) and due to the direct 
electric field acting on the defect F1 = qnetE positively charged ions should move to the cathode. 
However, in some cases they are migrating in the opposite direction forming hillocks at the anode 
[109]. This finding led to the conclusion that in metals there is also another driving force F2 = qwindE 
occurred due to momentum transfer from current carriers to a defect toward their flow under the field 
E (the so-called “charge wind”) [108]. As was shown in [110], the sign of Zwind depends on the 
character of the electron spectrum, i.e., on the electron dispersion law. To illustrate this, the author 
[110] considered a complicated model of a metal consisting of electron and hole bands with a 
quadratic dispersion law. He found that electrons and holes produce forces that drag the defect in 
opposite directions. In metals in which the “hole wind” predominates, it will be dragged by the 
current towards the cathode, whereas in electronic metals the itinerant electrons involve ions in their 
motion towards the anode. If to speak about negative oxygen ions, it means that the electric field 
applied to the YBCO hole-conducting film will exert a force F2 on them in the direction opposite to 
their flow under the direct force F1. Because of shielding, the latter force can be quite small when the 
density of charge carriers is high. Hence, the momentum exchange between the conducting electrons 
colliding with oxygen ions may change the direction of their flow to the opposite one. 
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The charge-wind effect is essentially nonlinear and occurs only above certain critical 
value of an external bias [111]. We can estimate an upper bound of the force F2 by the product of 
the maximal value of the momentum transfer 2mvF (m is an effective charge mass and vF is the 

Fermi velocity) and the rate of hole-defect collisions equal to JA/e, where J = E is the current 

density,  is the local electrical conductance, and A is the scattering cross section for this 

process. We assume that the upper bound of the linear-response ballistic regime 2 F2 /F mv JA e  

is valid for high-voltage biases in our experiments and hence we may introduce an effective 
valence Z* for mobile oxygen vacancies in the following form 

net F* 2Z Z mv A  . (7.1) 

As larger is the local concentration of itinerant holes, as smaller is the net valence netZ > 0 and as 

larger is the impact of the second term in Eq. (7.1). The sign of Z* depends on the balance 
between the two terms which in turn may radically vary from one point to another due to the 
strong inhomogeneity of the local surface conductivity in YBCO samples. 

Space-charge effects in YBCO film with a free surface. To characterize the initial state 
of such YBCO film, we are referring to previous experiments with planar Ag/YBCO bilayer 
junctions demonstrated hysteretic behavior as well [112, 113]. Low-voltage differential 
conductance G(V) = dI(V)/dV in LR and HR states was measured at 4.2 K when the c-axis 

oriented cuprate films were superconducting. At voltages V
 
of the order of the YBCO gap 

parameter, the LR state usually exhibited clear gap-induced features in G(V) curves typical for a 
metal-insulator-metal junction between a normal counter-electrode and a superconductor with 
dominant elastic tunneling contribution, whereas, in the HR state, a quasi-linear growth of the 
differential conductance with a very weak fine structure in the gap region was observed. It means 
that in the first case a narrow poorly conducting region was formed with a barrier height high 
enough to allow only quantum-tunneling processes and a width so thin that the charge 
transmissions were only elastic. The superconducting gap features almost disappeared in the HR 

state and the differential conductance ( )G V  grew rapidly with V  quasi-linearly ( )G V V . 

Such changes in ( )G V  can be understood as an effect of the increased barrier width when 

inelastic tunneling processes across the insulating layer become dominant. Note that a 
prerequisite for a quasi-linear conductance increase, a nearly constant density of bosonic 
excitations created in the charge energy-loss transmissions, is well satisfied in complex 
transition-metal oxides, at least, for phonons [114]. 

What is the origin of the poor-conducting region that is adjacent to the metal-cuprate 
interface and why its strength slowly increases in time in as-prepared metal-YBCO bilayers as 
was found in [115]? Is it the result of a technological factor or it has more fundamental grounds? 
To answer the questions, we assume that cuprates in the normal state may be regarded as 
quasiparticle insulators [116] with holes, the current carriers in optimally doped YBCO samples, 
localized at the ion sites and moving by hopping between them [117]. Next, following [117], we 
explain the existence of a space-charge region near the metal-YBCO interface by a theory 
proposed by Frenkel for ionic solids. It comes from the fact that in the bulk of a polar crystal, the 
condition of charge neutrality 0   constrains individual point defects (vacancies, in our case) 

to have stoichiometric ratios whereas near a surface, those with a lower formation energy would 
predominate. Spatial distributions of the charged defects lead to a potential difference between 
the bulk and the free surface in equilibrium. In the case of YBCO films, it can appear also during 
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the film fabrication process when the vacancies may be quenched at high temperatures when 
ionic mobility is high enough to maintain equilibrium. 

For the sake of simplicity, we shall limit ourselves to a one-dimensional approximation for a 
substrate-cuprate-metal trilayer with interfaces at x = 0 between the cuprate film and the substrate 
and x = d between YBCO and a metal counter-electrode. Letting the electrical potential equal zero at 

x = d, we can calculate its value 0 ( 0)x    from the neutrality condition. To derive it, we 

assume that point-defect formation energies do not change radically within the YBCO metallic phase 
and take them from Table I in [117] where corresponding energies were computed for the YBa2Cu3O7 

compound. Following the related procedure described in [117], we have found that the bulk potential 

0 0.19   V at 300 K. Thus, at room temperature in equilibrium (even without external electric fields) 

there is an initial electric potential gradient in in( ) ( ) /E x d x dx   inside the YBCO film in the 

direction normal to its surface. In typical metals, the depth of this sheath is given by the Thomas-Fermi 
screening length scale that is negligibly small due to the field screening by itinerant electrons. Usually, 
it is believed that in the optimally doped YBCO compound, the major changes of the electric potential 
are concentrated in one-two crystal cells near the free surface as well [103].  

However, these arguments do not take into account the fact that the initial field in ( )E x  

may lead to displacement of charged defects, most mobile of which are oxygen vacancies. The 
field is comparatively weak and the hole-wind effect is supposedly below related threshold value 

and, hence, *
in net 0Z Z  . The force ( ) * ( )F x Z eE x  generates a drift flow of vacancies 

drift ( ) ( ) ( )EJ x c x v x  where the drift velocity ( ) ( )Ev x F x  with B/( )D k T  , the ion mobility 

and D, the diffusion constant. Besides it, there is a diffusion flow proportional to the gradient of 

the vacancies concentration, dif ( ) ( ( ) / )J x D dc x dx  . In the stationary state, the total flux 

vanishes in ( ) 0J x  . Thus, the equilibrium distribution of oxygen vacancies in ( )c x  in a cuprate 

film with a free surface should satisfy the equation  

in net in
in

B

( ) ( )
( )

dc x Z ec x
E x

dx k T
      (7.2) 

that can be integrated using the boundary value of the potential 0 0.19   V and that of the 

vacancies concentration 0 0.24c   in an optimally doped YBCO film. Therefore, we get 

 net 0 in
in

B

( )
( ) 0.24exp

Z e x
c x

k T

  
  

 
.    (7.3) 

It follows from Eq. (7.3) that, at the optimal doping, the concentration of oxygen vacancies starts 

from in ( 0) 0.24c x    in the YBCO-film deepness and approaches the value 

 in net 0 B( ) 0.24exp /c d Z e k T  at the YBCO-metal interface. For net 0.2Z   and higher 

in ( ) 1c d  . In this case, near the YBCO-metal interface there is a sheath of an insulating YBCO 

compound with a huge Debye length at room temperature (see Table II in [117]). In contrast to 

the standard approach, assuming full screening of the surface charge on scales of the order of the 
YBCO lattice parameter, the analysis above shows that a large part of the bulk near the boundary 
will be affected by the internal electric field. As a result, the concentration of oxygen vacancies, 
and, consequently, the properties of the material are very heterogeneous as they approach the 
free cuprate surface, near which there is a thin layer of an underdoped metal-oxide compound 
YBa2Cu3O7-с with 1c   which, in turn, is an antiferromagnetic insulator. 
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The near-surface high-resistance region is just a ‘natural’ abnormally wide and low potential 
barrier that often appears on the YBCO surface and has been revealed in tunneling experiments with 
superconducting cuprates [113, 118]. The barrier strength can noticeably change in time [115]. 
Indeed, as-prepared cuprate films immediately after deposition are in a metastable state and oxygen-
ion diffusion, which takes place in perovskite oxides even at low temperatures due to their specific 
structural features [119], causes temporal modifications of the near-interface oxygen content 
resulting in its outdiffusion and, hence, in the continuous increase of the contact resistance like that 
observed in [115] or in decrease in dielectric constant with a time scale of 180 seconds in capacitive 
measurements [120]. We believe that these temporal processes are associated not with the 
imperfection of the samples but rather with the redistribution of oxygen ions. The presence of an 
adjacent to the surface region, depleted of oxygen, can explain the detection of two or more energy 
gaps in the tunneling characteristics of yttrium-barium cuprate [118], unusual linear differential 
conductance-vs-voltage relation [113] which apparently may arise from inelastic electron tunneling 
through an antiferromagnetic dielectric interlayer as well as charge carrier redistribution in cuprate 
thin-film multilayers over an anomalously large distance [121].  

Memristive-like effects in transport characteristics of metal counter-electrode–YBCO 
thin film contacts. Experiments with YBCO films can provide important information concerning 
the nature of the hysteretic phenomenon in I-V characteristics of the contacts based on complex 
transition-metal oxides. The prior discussion shows that the YBCO film can be conditionally 

divided into two parts, an active one from x d   to x d  where the man changes of the local 
resistivity take part and the rest that can be regarded as a reservoir for vacancies that come in and 
out under the influence of a periodically varying external bias and only slightly modify its 

metallic resistance 0 constR  . The local resistance within the film active part can be found 

using an approximate one-to-one relation between the homogeneous c-axis-oriented YBCO film 

resistivity  and its oxygen stoichiometry 0( ) ( )c f c   with ( ) exp(5 )f c c  [122] that allows 

quantitative modeling of the effect. This formula is valid for 0.2 < c < 0.7 (see Fig. 7.5 in [122]) 
but we extrapolate it up to 1c  , thus, underestimating the contribution of high-resistivity 

regions into the total contact resistance 0( ) ( , )
d

d
R t R x t dx    . The local resistivity-to-vacancy 

concentration correspondence 0( , ) ( ( , ))x t f c x t   makes it possible to calculate the contact 

resistance knowing the vacancy concentration c(x,t) in time and space domains. Imitating our 
experiments, we consider an ac voltage-bias source V(t) applied to the YBCO layer with mobile 
oxygen vacancies that generates the ac current I(t) and at the same time modifies the film 
conductance ( )G t  due to changes in the spatially dependent profile c(x,t). As a result, it leads to 

a double-valued dependence of the current ( ) ( ) ( )I t G t V t  on the voltage bias applied. 

The aim of this subsection is to show that we are just dealing with a voltage-controlled 
memristive system whose current-vs-voltage (the input-vs-the output) characteristic is defined by 
the equation ( ) ( , , ) ( )I t G z V t V t  where ( , , )G z V t  is the generalized response function, z is the 

set of variables describing the internal state of the system, whose evolution is defined by an 

equation ( , , )
dz

f z V t
dt

  [123]. Below we demonstrate that in our case the parameter z 

introduced in the theory of memristive systems is just the vacancy concentration c(x,t). 
The key relation describing the oxygen subsystem is the conventional mass balance 

(continuity) equation for c(x,t), a consequence of the conservation of the number of vacancies 
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( , ) ( , )
0

c x t J x t

t x

 
 

 
.      (7.4) 

Note that in our model approach the total number of oxygen vacancies in the region d x d   is not 
conserved since a part of them arrives and leaves the metallic part of the YBCO film. In the equation 

(7.4) the total vacancy flux dif drift( , ) ( , ) ( , )J x t J x t J x t  . Using relations given above we obtain  

B

( , ) * ( , )
( , ) ( , )

c x t Dq c x t
J x t D E x t

x k T


  


,    (7.5) 

where ( , ) ( , ) ( )E x t x t I t . Notice that at comparatively high voltage biases B*q V k T  the 

diffusion term in (7.5) is small comparing to the drift one and, thus, may be neglected. Physically, it 
means that at such high voltages which are of most interest to us the drift of oxygen vacancies in the 
external field is a dominating factor. Combining equations. (7.4) and (7.5), we get the following 
nonlinear partial differential equation for the oxygen vacancies concentration ( , )c x t  

B B

( , ) * ( , ) ( , ) ( ) * ( , ) ( , ) ( )
0

( ) ( )

c x t Dq x t c x t V t Dq c x t x t V t

t k T x R t k T x R t

   
  

  
. (7.6) 

This equation should be solved together with the appropriate initial vacancies distribution in ( )c x  

and respected boundary conditions. For a fixed ratio of resistances 0 0/R  , we get a single 

dimensionless control parameter  2
0 0 B* /( )Dq t V k Td  , 0V  and 0t  are the amplitude and period 

of the input voltage bias, that determines the hysteretic behavior of the current-voltage 
characteristics. 

In Figs 7.1 and 7.2 below we demonstrate our simulations of the current-voltage curves for 
two different cases, namely, that for the low mobile-charge concentration when q* > 0 and that for 
the high charge concentration when the hole wind becomes an effective factor for vacancies 
movement and, as a result q* < 0. From the figures we can conclude that the hole-wind presence 
really changes the bias polarities for LR-to-HR and HR-to-LR switchings in the studied contacts.  
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Fig. 7.1. Calculated current-voltage characteristic of the metal-YBCO contact for the 

positive parameter  = 0.5 (no influence of the hole wind or it is negligibly small). The left and 
right insets demonstrate spatial modification of the oxygen-vacancy concentration and temporal 
changes of the voltage bias applied as well as the YBCO-film conductance in the time domain, 

respectively. The arrows show direction of ( )I t  changes 
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Fig. 7.2. Calculated current-voltage characteristic of the metal-YBCO contact for the 

negative parameter  = -0.1 (an effect of the hole wind). The left and right insets demonstrate the 
spatial modification of the oxygen-vacancy concentration and temporal changes of the voltage 

bias applied and the YBCO-film conductance in the time domain, respectively. The arrows show 

direction of ( )I t  changes 

Frequency dependence of the memristive-like transport characteristics of metal 
counter-electrode–YBCO thin film contacts. Let us now discuss the frequency f dependence of 
the double-valued current-voltage characteristics of memristive structures formed by a metal 
counter-electrode and a complex transition-metal oxide film. Our theoretical model is based on 
the assumption of the diffusion of oxygen vacancies, the local concentration of which completely 
determines electrical characteristics of the metal-oxide compound. It is important to know how 
the response of the system depends on the vacancy-subsystem relaxation in the time domain that 

will be characterized below with a characteristic relaxation time . Therefore, we have an 
additional term in the right side of Eq. (7.6) that now reads as  

  in( , ) ( , ) ( )
( , ) ( , ) ( )

c x t c x t c x
c x t x t I t

t x
 


          
   

, (7.7) 

where f    and in ( )c x  describes the initial state of the vacancy subsystem. 

The frequency f impacts not only the alternating current ( )I t  period but also the 

parameter  which is inversely proportional to the frequency of the alternating current through 
the contact of the metal injector with the cuprate. Fig. 7.3 demonstrates the effect of the current 
source frequency f on current-voltage curves of the contact formed by a normal-metal emitter 
with an yttrium-barium oxide film. Numerical calculations have been performed using the 

formula (7.7) with a parameter (f) = (f0)/(f/f0), where the value of (f0) was set equal to 0.05. 
In Fig. 7.3 we neglected the effects of the vacancy subsystem relaxation to the initial state (their 
impact on the hysteresis curves is discussed below). As one would expect, with increasing 
frequency f , the ratio of the maximum contact resistance Roff to its minimum value Ron drops, see 
the inset in Fig. 7.3. It means that the operating frequency range of the memristor under 
discussion is substantially limited. For the range expansion, it is necessary to increase the 

parameter , i.e., to enhance the diffusion coefficient of oxygen vacancies D and to decrease the 
thickness d of the complex-oxide film.  
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Let us now discuss the role of relaxation effects in the structure under discussion, i.e. an 

effect of finite  values. Corresponding results shown in Fig. 7.4 demonstrate a weak influence 

of relaxation processes on the memristor characteristics even in the case when  changes by 

several orders of magnitude. The relaxation becomes essential only when the time  is 
comparable with the period of the alternating current through the contact. However, even in this 
case, after several current periods, a state stable in time with a clearly defined resistance period is 
achieved. This conclusion is of practical importance for the design of new elements of binary 
non-volatile memory. 
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Fig. 7.3. Effect of a current source frequency f on current-voltage characteristics of a 

contact formed by a metal with a YBCO film, parameters (f0) = 0.05, 0.75d d ,   , 

resistance R0 is assumed to be negligibly small, 5
in ( ) 0.2 0.5c x x   which corresponds to the 

experimental data [124]. The inset demonstrates temporal dependence of the contact resistance 
for three frequencies 
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Fig. 7.4. Effect of a finite relaxation time  on the temporal dependence of the resistance 
of a contact between a metal and YBCO film for a fixed ac frequency f = f0 

 
Therefore, with increasing frequency of the alternating current passed through a given 

contact, the ratio of its maximum resistance to the minimum value decreases, while the influence 
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of the vacancy-subsystem relaxation to the initial state is not significant in the case when the 
characteristic relaxation time substantially exceeds the period of the alternating current. 

Comparison of experimental data and numerical simulations of transport 
characteristics of metal counter-electrode–YBCO thin film contacts [124]. In the joint paper 
[124] we have compared measured at room temperatures current-voltage characteristics of 
YBCO/TiN and YBCO/PtIr junctions with our numerical calculations. Commercially available 
c-axis oriented epitaxial 400 nm-thick YBCO films on LaAlO3 substrates with a normal-to-
superconductor transition at 89 K have been studied. AFM topography was investigated with the 
Scanning Probe Microscope Solver P47-PRO from the NT-MDT Company. Local conductivity 
measurements were performed in the scanning spreading resistance microscopy (SSRM) mode. 
Current-voltage (I–V) characteristics were recorded using the SSRM setup with conductive 35-
nm diameter TiN-coated AFM tips. In this mode, the tip-sample distance was well controlled and 
the tip was always in direct contact with the sample without penetrating its surface. The SSRM 
results have been compared with our scanning tunneling microscopy (STM) data that were 
acquired with a PtIr tip whose diameter was supposed to be less than that of TiN-coated AFM 
tips since the PtIr tip was obtained by mechanical cut of the wire. In the STM measurements, the 
controlling factor was the current across the tip-sample junction but not the distance between 
them. The voltage bias was swept from –10 V to +10 V up and down via a piecewise linear 
modulation protocol. The measurement took about 2 seconds. In the previous studies of bipolar 
resistive switchings in large (µm-scale) planar Ag-YBCO junctions [107, 112] a transition from 
a HR to a LR state was observed when a negative (with respect to the counter-electrode) 
potential was applied to oxide films. Now, surprisingly, an inverse situation in all SSRM 
measurements was revealed, namely, after applying high negative voltages the sample remained 
in the HR state until it was transformed into the LR one by high positive voltage biases applied 
to the YBCO film. On the other hand, the YBCO-STM tip junctions exhibited ambiguous 
behavior. In this case, switching polarity varied from point to point and depended on the STM-
tip position during the measurement of a particular current-voltage characteristic.  

Thus, in all SSRM measurements and a number of the STM experiments, the YBCO thin 
film became more conductive and switched to the LR state when it was biased positively. After 
application of negative biases, the YBCO near-surface region transferred back to the HR state with 
characteristics close to those in the initial state. These results are in apparent contradiction with the 
previous studies of bipolar resistive switchings in planar junctions with YBCO films [107, 112, 125] 
as well as with [126] but can be well understood within the hole-wind hypothesis.  

Resuming the experimental part of the joint work, the main result of our Ref. [124] was 
confirmation of a strong inhomogeneity in the spatial charge distribution even in the most 
optimized YBCO thin layers at the nano- and sub-micrometer scale. The STM measurements 
clearly showed a broad distribution of the local conductance along the film surface and probably 
within its nearest neighborhood. The SSRM data obtained with a tip of the larger diameter is 
already the result of the averaging over an area where the local conductance variations are 
important. In this case, the dominant contribution to the current would arise from regions of the 
highest conductance and that is why all I-V curves measured in the SSRM mode have 
demonstrated opposite, to the previous experiments on planar metal counter-electrode–YBCO 
bilayers, voltage-bias polarity of the switching effect. The question arises why the data for 
bilayers where the averaging was, at least, at the micrometer scale have not followed this 
tendency. In our opinion, it is the result of small current densities across the bilayer interface due 
to its comparatively higher resistance when the hole-wind effect is strongly suppressed. 
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7.3. Spectroscopy setup based on a resistive-switching effect in a binary oxide interlayer 
 

Starting from pioneering works in 60s, fine structures in electron-tunneling spectra have 
been widely applied to identify fingerprints of the electron-boson interaction responsible for Cooper 
pairing in superconducting (S) materials [127]. Using the Eliashberg theory [128], very precise 
tunneling experiments on low-temperature superconductors have decisively confirmed the 
responsibility of the electron-phonon coupling for the conventional s-wave electron pairing. 
Moreover, the tunneling-spectroscopy technique applied to a lot of traditional superconductors has 
allowed to extract the Eliashberg function 2 ( )F  , the phonon excitation spectrum ( )F   weighted 

by the electron-boson coupling parameter 2 ( )   [127]. In high-temperature cuprates, electrons 

forming Cooper pairs are at the same time strongly coupled to a bosonic mode but, up to now, it is 
not clear if the two phenomena have any relation to each other or not, see the concerned discussion 
and references in the recent paper [129]. This example demonstrates the importance of reliable 
information about the electron-boson interaction obtained directly from spectroscopic measurements 
in the superconducting state and the interest in such techniques has recently revived. Below we settle 
this issue by analyzing a novel device based on the resistive-switching phenomenon in a nanometer-
thick transition-metal-oxide interlayer which separates two films, one of which is a superconductor 
under investigation and the second one is a normal (N) counter-electrode. 

As was mentioned above, the first well-developed methodology to study the relationship 
between superconductivity and electron-boson coupling was the analysis of subtle features in the 
differential conductance spectrum for a sandwich formed by a superconductor studied, a metallic 
N or S counter-electrode (CE) and an insulating (I) barrier usually formed by a nanoscale oxide 
interlayer which was created artificially or naturally at the surface of one of the electrodes. The 
nonlinear features reveal themselves in the differential conductance-versus-voltage curves due to 
the frequency-dependent structure of an electronic self-energy in the S state [128]. Since 70s 
another approach known as a point-contact spectroscopy has been developed [130]. In this case, 
a micro-constriction (c) is created by pressing a metallic tip onto an S sample. The study of such 
CE/c/S junctions turned out to be an important and straightforward spectroscopic means in 
phonon-mediated superconductors [131]. Its superconducting modification based on the Andreev 
backscattering phenomenon, an electron-into-hole (and inverse) transformation at a clean N/S 
interface [127], is known as a point-contact Andreev-reflection spectroscopy technique. The 
technique has been very useful for the study of energy gaps in novel superconductors, see reviews 
[132] and [133]. Besides gap features, Andreev retroreflection generates also an excess current, a 
shift of the current-voltage (I-V) characteristics of superconducting point contacts with respect to 
those in the N state. Due to the energy-dependent electron-boson interaction it exhibits observable 
phonon-induced nonlinearities several times larger than related N-state features, see [134]. 

At the beginning of 80s, a theory proposed by Blonder, Tinkham and Klapwijk (BTK) 
furnished a powerful tool to describe N/I/S contacts with transparency ranging from metallic to 
tunneling regime [135]. In this approach, the interface barrier strength is modeled with a Dirac delta 
potential of arbitrary amplitude. The theory, formulated in terms of Bogoliubov-de Gennes 
equations, provides transmission and reflection coefficients for charge carriers and has succeeded in 
explaining single-charge tunneling processes as well as the conversion of a quasi-particle current into 
a supercurrent due to the Andreev-reflection mechanism [135]. Despite a seemingly oversimplified 
description of the point-contact system (a step-gap function and one-dimensional transport), the BTK 
model often provides excellent fits to conductance spectra for innovative S materials.  
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Within the BTK theory, gap-induced features in the differential conductance spectrum  
G(V) = dI(V)/dV differ considerably in the two limiting modes discussed above. In an ideal N/S 
bilayer and at extremely low temperatures T, G(V) is twice larger than the normal-state value GN 
within the gap region and above it rapidly approaches GN (the point-contact Andreev-reflection 
methodology). In this approach, natural oxides or degraded surfaces of the contacting electrodes 
can form a low tunnel barrier controlled by a smooth adjustment of the pressure between the 
electrodes. For a sandwich-type tunnel N/I/S device and T = 0, the G(V) function is zero below 

the gap , exhibits a peak just at the gap value V = /e, and is approaching GN above it.  
After the great success of the tunneling technique in the determination of 

superconducting parameters in s-p metals [127], it was faced with great difficulties in the case of 
transition metals and their compounds. The problems were caused mainly by two factors arising 
due to the fact that the tunneling experiment probes material in depth within a superconducting 

coherent length  and thus its outcome is seriously affected by junction quality. The first one is a 
significant oxidation of the initially clean surface which contaminates a near-barrier region of the 

metal layer and the second one derives from comparatively short  values in transition-metal 
compounds. Similar obstacles, clean interface requirement and need for a nanometer-scale N/S 
orifice, have arisen through the interpretation of the point-contact energy-gap data, see the 
comprehensive analysis [136]. It became clear that very often the G(V) spectrum of a CE/c/S 
device experiences a strong influence from a finite lifetime broadening of the quasiparticle 

energies described by a phenomenological Dynes parameter  [137] which is very important for 
superconductors with near-surface inhomogeneities [138]. Other factors destroying an outcome 
are the proximity effect between a normal tip and a superconducting sample, the presence of a 
series resistance and so on [138]. As a result, conductance spectra often contain features which 
cannot be modeled within an ideal BTK approach. Further parameters have been included into 
the theory [133], but in this way the number of free fitting parameters, as well as the 
interdependence between them, increases, thus preventing the determination of unique values 
due to the degeneracy of fits to the conductance spectra. The tunneling CE/I/S junction looks 
more robust but requires a rather complicated fabrication process relating the need to create a 
high-quality potential barrier between the superconductor and a counter-electrode. 

To overcome the problems formulated above, we need an alternative experimental self-
formed methodology which could be regarded as an experimental realization of the BTK model. 
It means that the technique should be able to modify the N/S interface transparency over a wide 
range and thus to measure the same S sample in the two limits, for a perfect (without any barrier) 
contact and in a tunneling regime. Since related characteristics are expected to be qualitatively 
different, comparison of theoretically predicted curves with measured experimentally would 
provide convincing evidence of the participation (or not) of a feasible boson mode in the Cooper-
pairing process. The physical phenomenon behind the proposed approach is the so-called 
Resistive Switching (RS) that has been ubiquitously found in simple and complex oxide-based 
sandwiched structures [94, 114]. Its underlying mechanism in most cases can be basically 
understood following the so-called conductive filament model, in which the RS process is 
dominated by the formation/rupture of local conducting paths connecting terminal electrodes 
[94]. The model is based on the assumption that sufficiently high electrical field can induce a 
soft dielectric breakdown in the nanoscale oxide interlayer which sets the device to a conductive 
(low-resistive or ON) state. There can be two different filament-formation sources, cations from 
the counter-electrode material drifting from anode toward cathode and oxygen vacancies whose 
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migration changes the film stoichiometry and leads to strong modification of the electronic 
conductivity at their locations. The rupture of filaments initiated by applying a reversed bias 
voltage dissolves them electrochemically and turns the device to a high-resistive or OFF state. 
Temperature behavior of the contact resistance R can serve as a simplest indirect indicator of the 
filament structure. Usually, in the ON state, the R–vs-T curve demonstrates a typical metallic 
behavior while in the OFF state it is semiconductive. 

Up to now, there were only a few attempts to combine the two fundamental phenomena, 
the resistive-switching effect and superconductivity. In the paper [94], Nb/ZnO/Pt devices 
showing stable and reproducible bipolar RS behavior were fabricated. A sudden drop in 
resistance below the critical temperature Tc of niobium was associated with the onset of the 
superconductivity in Nb. It was concluded that precisely Nb ions diffuse into the oxide film 
inducing the RS effect. Similar superconducting behavior was detected [139] in an  

In/-Bi2O3/Au cell. In contrast to Nb/ZnO/Pt devices, the observed Tc ~ 5.8 K was inconsistent 
with the value of 4.3 K for the indium electrode but agreed well with the metallic Bi nanowire. It 

was concluded therefore that the RS effect in In/-Bi2O3/Au trilayers originates from the 
formation and rupture of a conducting filament composed of metallic Bi [139]. In the paper 
[140] where the authors succeeded to realize a point contact between a superconductor and a 
normal counter-electrode in Nb/NiO/Pt heterostructure using a metallic filament in a transition-
metal oxide generated by the RS effect.  

In this work, we have used a similar technique that was originally proposed in the paper 
[141] applying it not only for studying the gap region as in the papers [140,141] but rather for the 
analysis of phonon-induced features in the differential conductance-versus-voltage spectra of a 
superconducting material, see also our joint publication [142]. We show that the pre-formation 
procedure typical for the RS devices causes tough disorder in the S electrode strongly 
suppressing and blurring gap-induced features in the conductance spectra while the phonon-
induced nonlinearities, although small in size, remain almost untouched. Even more, we have 
been able to reveal the phonon-induced structure simultaneously in two limits for small and 
medium N/S interface transparences. To demonstrate the advantages of our approach, we have 
applied it to niobium, a conventional transition-metal superconductor, and magnesium diboride. 

The latter metal is characterized by two conducting electron groups which belong to - and -
bands with a dissimilar topology, see below. Changing the weighting factors w for the two 
contributions to a charge transport, we were able to obtain satisfactory agreement of calculated 
curves with the experimental ones. 

Modification of the conventional BTK approach. Phonon-mediated pairing interaction 

in a single-band superconductor is described by the isotropic Eliashberg function 2 ( )F   that 

determines the complex gap parameter ( )E
 
as a function of the real energy E [127]. Our 

modification of the standard BTK formulas [135] consists in the following. First, we replaced a 

constant gap value 0 with a function ( )E
 
in order to take into account the phonon spectrum 

structure and, second, we introduced a constant imaginary part of the electron energy E  E +i 

where  is determined by the sample fabrication conditions and is varied with temperature. Such 
a replacement can be justified by taking into account inelastic-scattering [143] or proximity-
induced [15] processes leading to a finite electron lifetime with a fixed energy E in a 
superconductor ( ) ( ) / (1 / )E E i E     . The modification is important only in the gap region 

since, as we show below, the experimentally obtained Dynes parameter  is of the order of 0 
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and at energies corresponding to phonon excitations ph >> 0 its impact is vanishing (also since 

the imaginary part phIm ( )
 
of the gap parameter caused by phonon-induced damping becomes 

very large [127]). The potential barrier in the BTK approach is represented by a repulsive 

potential U0(x) located at the N/S interface that enters into the calculations through the 

dimensionless parameter 0 F/ ( )Z U v 
 
where vF is the Fermi energy. Resuming, for a single-

band superconductor like niobium we have three fitting parameters, 0, , and Z.  
In the case of magnesium diboride, we have two intra- and two inter-band electron-

phonon spectral functions 2 ( )ijF   where , ,i j    and the Coulomb pseudopotential matrix 

*
ij  forming the basic input for the two-band Eliashberg theory [144, 145]. According to most 

calculations for magnesium diboride the 2 ( )ijF 
 
functions are dominated by the optical boron 

bond-stretching E2g phonon branch of around 60 – 70 meV [145]. We have used calculated in the 

paper [145] Eliashberg functions to obtain complex gap parameters , ( )E 
 

in MgB2 as 

functions of the real energy E. Next, we introduced , ( )E   into the BTK expressions and 

obtained the phonon-induced structure in the normalized conductance for the ballistic regime at 
any Z value which defines the barrier transmission and reflection normal-state probabilities 

2
N 1 / (1 )D Z   and 2 2

N / (1 )R Z Z  . Our figure of merit is a relative deviation of the 

differential conductance G(V) from its normal magnitude  N N( ) ( ) /g V G V G G  . We expect 

that the oxygen-vacancies filament generated in the ON state of the Al2O3/TiO2 oxide interlayer 
realizes a direct contact with the MgB2 surface of a very small diameter d and thus the current is 
flowing in a clean regime. The differential conductance G(V) spectrum can be found in the same 
way as it was explained above for a single-band superconductor. Therefore, for a two-band 
magnesium diboride the number of the fitting parameters increases up to seven, two energy gaps 

 and , two barrier strengths Z and Z , two smearing Dynes parameters  and , and a 

weighting factor w < 1 (w = 1 - w).  
The general formula taking into account self-energy effects in the superconducting order 

parameter can be written in the form similar to that proposed in the papers [146, 132]: 
 

2 22 2 2
N N N

22
N

1 ( ) ( ) 1 ( )
( )

1 ( )

D eV R eV R eV
g V

R eV

  



   



,

                                (7.8) 

where 
2 2

( )
( )

( ) ( )

eV
E

eV eV eV
 


  

. Below we shall discuss tunneling and point-contact 

limits. For a tunneling junction with DN << 1 the relative deviation of the differential 
conductance Gtun(V) from its normal magnitude GN reads as 
 

2

tun N
tun 22 2

N

Re ( )( )
( ) Re 1

2( )( ) ( )

eVG V G eV
g V

G eVeV eV

         
   

.               (7.9)  

 

For a ballistic point contact with DN = 1 we get 
 

 
2 22

pc N
pc 2 22 2

N

Re ( )( ) Im ( )( )
( )

4( ) 2( )( ) ( )

eVG V G eVeV
g V

G eV eVeV eV eV

       
   .   (7.10) 
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Thus the difference between the two limiting cases equals to  2
Im ( ) / (2 )eV eV . 

In Fig. 7.5 we demonstrate the effect of the barrier strength on pc ( )g V  and tun ( )g V  

curves for - and -bands. Note that the energy gap in the -band   is three times less than that 

in the -band , thus phonon-induced effects which are proportional to the gap squared, see 

Eqs. (7.9) and (7.10), differ by an order of magnitude. At voltages between 40 and 50 meV, the 
difference between point-contact and tunneling results is of the factor of 2 due to different 

denominators, compare Eqs. (7.9) and (7.10). At voltages about , , 2gV E       corresponding 

to E2g phonons, the g(V) curve changes its sign and subsequently decreases due to the strong 
enhancement of the imaginary part of the gap parameter. At last, let us estimate the values of the 

two contributions at ,V V  
 
when real and imaginary parts of the complex order parameter 

nearly coincide: tun ( ) 0g V 
 
while pc ( )g V  is roughly about 0.003 for the -band and about 0.03 

for the -band. 
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Fig. 7.5. Theoretical estimates for phonon-induced effects in MgB2-based samples. 

Figures a and b demonstrate - and -band contributions to relative deviations of the differential 

conductance spectra dI/dV-vs-V from the normal-state value for three magnitudes of the barrier 

strength Z, temperature T = 0,  = 2.7 meV,  = 0.5 meV,  = 7.2 meV,  = 1.5 meV 

 
Nb-based device in an ON state. The aim of this part of the work has been to develop 

and to verify the new technique for creating direct point contact between a normal counter-
electrode and a superconducting transition-metal layer. Niobium was chosen as the metal of 

interest because its phonon spectrum and the Eliashberg function 2 ( )F   have been previously 

investigated experimentally by proximity electron tunneling and point-contact spectroscopy 
methods [147, 140]. The earlier tunneling-probe studies of superconducting Nb have revealed 
two basic problems strongly influencing the outcomes, see the related discussion in the paper 
[147]. First, the samples should be of a high quality since the tunneling technique probes only 
about a coherence length into the material (~ 40 nm). Second, there should be a good insulating 
barrier for tunneling through. Unfortunately, niobium does not produce a native oxide barrier of 
sufficient quality for good tunneling measurements. It was proposed [147] to apply proximity 
S/Al/Al2O3/CE structures where the thickness of the normal Al interlayer was of several 
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nanometers, i.e., much less than the coherence length. In this case, the cleanliness of the initially 
prepared S surface can be preserved by depositing the Al film in situ and the excellent properties 
of thermally grown Al-oxide barriers lead to spectra of a high quality needed for determination 
of the Eliashberg function after some complication of the standard reconstruction procedure 
[147]. Point contacts with single-crystalline Nb samples were obtained by [134] using the shear 
technique. The contacts were shown to be dirty with the elastic mean-free path much shorter than 
the inelastic length. In the superconducting state, they revealed a fine structure at energies close 
to characteristic phonon energies of Nb. A pronounced feature at ~ 16 meV corresponded to 
transversely polarized phonons whereas a much weaker nonlinearity at 22-24 meV originated 
from longitudinal phonons of Nb in good agreement with the tunneling data [146, 134]. The 
features disappeared in the normal state and hence were definitely related to the presence of the 
energy-dependent superconducting gap parameter. 

Below we compare our theoretical expectations with experimental data obtained by 
Slovak colleagues [141]. The studied Nb/Al/Al2O3/TiO2/Pt devices have not revealed convincing 
phonon-induced singularities in the OFF state and we present only experimental conductance 
spectra for a low-resistive state. The main panel of Fig. 7.6 demonstrates comparison of the 

measured G(V) characteristics with calculated ones. In the latter case, we have used the 2 ( )F   
function obtained in the work [147]. The left inset shows a small decrease of the gap value 0(T) 

with temperature whereas the right one demonstrates a general agreement between our 
experimental phonon structure.  

-10 -5 0 5 10

0.99

1.00

1.01

1.02

1.03

 

 

 experiment
 theory

N
or

m
al

iz
ed

 c
on

du
ct

an
ce

Voltage, mV

T = 4.3 K

T = 5.5 K

T = 6.5 K

 
5 6

2

3

 

 

 


m

eV






Temperature, K
12 16 20 24 28

0.005

0.010

 

 

g(
V

)

 experiment
  theory

Voltage, mV  
                            a                 b         c 
 

Fig. 7.6. Main panel: Differential conductance traces dI/dV-vs-V normalized to the 
normal-state value for a Nb/Al/Al2O3/TiO2/Pt sample with a TiO2 barrier in the low-resistance 
state. The curves were recorded at three indicated temperatures. Numerical calculations have 

been performed for the energy gap value (4.2 K) = 1.5 meV, the barrier strength Z = 0.24 and 

the smearing Dynes parameter (4.2 K) = 2.8 meV. For clarity, the curves are shifted (except the 

upper one) in the conductance scale taking the high voltage value as a reference point. Left inset: 
Temperature effect on the gap value (circles) and the Dynes parameter (squares) extracted from 

the curves shown in the main panel. Right inset: Comparison of the experimental phonon-
induced structure measured at 4.2 K with the calculated one as it is described above 
 
MgB2-based devices in ON and OFF states. Nonlinearities in the measured conductance 

spectra of MgB2/Al/Al2O3/TiO2/Pt devices were revealed in a low-voltage region reflecting the 
presence of two MgB2 energy gaps below 20 mV (see the main panel in Fig. 7.7) and in a high-
frequency region from 60 to 110 mV probably related to phonon features (see the right inset in 
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Fig. 7.7). The main panel in Fig. 7.7 demonstrates good agreement of representative 
conductance-vs-voltage curves measured at different temperatures with those predicted by the 

BTK theory for a single -band in MgB2 with a significant inelastic scattering impact, see above.  
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Fig. 7.7. (a): Differential conductance traces dI/dV-vs-V normalized to the normal-state 
value for a MgB2/Al/Al2O3/TiO2/Pt sample with a TiO2 barrier in the low-resistance state. The 

curves were recorded at four indicated temperatures. Numerical calculations have been 

performed within a single -band model (w = 1, w = 0) for the energy gap value (4.2 K) = 2.7 

meV, the barrier strength Z = 0 and the smearing Dynes parameter (4.2 K) = 1.45 meV. For clarity, 

the curves are shifted (except the upper one) in the conductance scale taking the high voltage 

value as a reference point. (b): Temperature effect on the -band gap (circles) and the Dynes 

parameter (squares) extracted from the curves shown in the main panel. The (T) and (T) 

dependences are compared with the temperature behavior of the -band gap predicted by [144] 

(the dashed-dotted curve) and the empirical result a + bT6 found in [149], respectively.  
(c): Comparison of the experimental phonon-induced structure measured at 4.2 K with the 

calculated one 
 

Our  and  parameters found from the fitting procedure for a gap region were less 

than the respected gap values at lowest temperatures and rapidly increased approaching the 
critical temperature. Such temperature behavior agrees with that found [149]. Using angle-
resolved photoemission data for the high-Tc superconductor Bi2Sr2CaCu2O8 the authors of 

this work revealed that a single-particle scattering rate  is T-independent in the normal state 

and very rapidly decreases below Tc perfectly fitting to the form a + bT6, see the left inset in 
Fig. 7.7. According to [149] it means that electron-electron interactions are responsible for 

the non-zero  parameter. As was explained above, in our case the broadening  is mainly 

caused by the initial electroforming process creating pair-breaking scattering processes in the 
contact area. 

Limiting us to the low-voltage region, we should note that well-pronounced (although 
smeared comparing with the ideal one) gap structure was observed only in the low-resistance 
regime, most probably, due to the lower quality of the interface and, as a result, a comparatively 

large parameter  in the tunneling-like case when the conductance curves do not exhibit clear 

signs of the gap peak. The same statement about the quality of the interface was drawn in the 
tunneling study of MgB2/native oxide/Pb devices [150] where it was concluded that the fine 
structure is smeared out in junctions with large values of the product RNA (A is the cross-
sectional area, RN = 1/GN) due to thicker barriers and strong interface scattering. 
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Fig. 7.8. Temperature effect on the fine structure in the conductance spectra of a 

MgB2/Al/Al2O3/TiO2/Pt sample with a TiO2 barrier in the low-resistance state Note the shift of 
the peak related to the phonon-induced structure in the -band with increasing temperature as 

well as missing spectroscopic features on approaching Tc 
 

In contrast, we have detected nonlinear phonon-induced structure at voltage biases 
corresponding to the crystal-lattice vibrations not only in the ON-state curves but also in high-
resistance traces. Temperature dependencies of the conductance spectra were used to separate effects 
of the superconducting origin from those occurring also in the normal state. As an example, Fig. 7.8 
exhibits a clear indication of its relationship to superconductivity, the temperature dependence of the 
high-voltage fine structure in the differential conductance curves for a MgB2/Al/Al2O3/TiO2/Pt 
sample with a TiO2 barrier in the low-resistance state. We can see a shift of the feature at 

2( ) ( ) geV T T E    to the left due to the reduction of the gap ( )T  with increasing temperature, 

its suppression due to the decreasing ratio of the gap to the characteristic phonon energy and, finally, 
complete disappearance without any signs of a phonon-induced structure above Tc. 
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Fig. 7.9. Fine phonon-induced structure in the g(V) characteristic of MgB2/Al/Al2O3/TiO2/Pt 
sample with a TiO2 barrier in the low-resistance state. Dotted curves demonstrate theoretical 

estimates for - and -band inputs in the point-contact regime when a barrier between the MgB2 
layer and a counter-electrode is expected to vanish, Z = 0, T = 0,  = 2.7 meV,  = 0.7 meV,  
 = 7.2 meV,  = 1.5 meV. The sum of the contributions with the ratio of weighting factors 

w/w  2 shown by a dashed curve is compared with the experimental result measured at 4.2 K 
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Typical example of the G(V) curve measured at 4.2 K which revealed the presence of the 

only -band is exhibited in the right inset in Fig. 7.7 where it is compared with the numerical 

result for a -band contribution to the conductance spectrum of an ideal ON contact (Z = 0) 

shown in Fig. 7.1a. As was mentioned above, our junctions repeatedly demonstrated a -band 
phonon-induced structure shown, in particular, in the inset in Fig. 7.5. At the same time, there 

were junctions with a -band contribution as well. Conductance spectra for two representative 
MgB2/Al/Al2O3/TiO2/Pt samples with a TiO2 barrier in low- and high-resistance states are given 
in Figs. 7.9 and 7.10, respectively. They are compared with theoretical characteristics calculated 
for two extreme cases, the absence of any scattering at the interface with a MgB2 sample and the 

tunneling barrier. The energy gap values were fixed to  = 2.7 meV and  = 7.2 meV and three 

fitting parameters have been used, , , a weighting factor w. The resulting g(V) characteristic 

reads as ( ) ( ) ( )g V w g V w g V      with w.= 1- w. 

The general shape and amplitudes of dI/dV-vs-V traces reasonably agree each with other. 
It should be emphasized that the experimental curves comprise much fine structure than the 
calculated ones. Apparently, it is due to the fact that the real phonon spectrum of magnesium 
diboride [151] contains more small details comparing to the electron-phonon function used in the 
calculations.  
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Fig. 7.10. Fine phonon-induced structure in the g(V) characteristic of MgB2/Al/Al2O3/TiO2/Pt 
sample with a TiO2 barrier in the high-resistance state. Dotted curves demonstrate theoretical 

estimates for - and -band inputs in the tunneling-like regime with a barrier between the MgB2 

layer and a counter-electrode characterized by parameters Z = Z = 8, T = 0,  = 2.7 meV,  

 = 0.3 meV,  = 7.2 meV,  = 1.1 meV. The sum of the contributions with the ratio of 

weighting factors w/w  1.6 shown by a dashed curve is compared with the experimental 
spectrum measured at 4.2 K 

 
Finalizing this chapter, we would like to stress again that ionic transport-related 

phenomena are of primary importance in energy transformation and storage devices, such as 
solid oxide fuel cells or batteries. Traditionally, the main issue that hindered a wide spread of 
solid-state electrochemical devices is the slow ionic conduction and the reduced number of 
families of materials with pure ionic conductivity able to play the role of the electrolyte. The 
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ionic conductivity has been typically controlled by doping the oxides with aliovalent cations, 
which naturally creates charged defects to maintain the electroneutrality, Nonetheless, 
limitations came across in terms of materials instability, reactivity and defect interactions when 
trying to implement and operate these ionic conductors in real devices. By using interface-
dominated materials, like thin films or nanoscale filaments, both the concentration of charge 
carriers and their mobility can be modified. Engineering nanostructures can allow tuning the 
changes and to maximize their impact on the ionic conduction. An example of such engineering 
efforts can be a novel self-formed nanofilament technique based on the resistive-switching effect 
in binary transition-metal oxide films that can be applied for the study of electron-boson 
interaction spectra in strong-coupled superconductors. We have proved above that the 
superconductor/nanoscale transition-metal oxide/counter-electrode junction with a controllable 
interface transparency allows, in principle, to measure conductance characteristics in two modes, 
a point-contact regime with a vanishing interface barrier and a tunneling one. 
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